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1 Stochastic Processes

1.1 Probability Spaces and Random Variables

In this section we recall the basic vocabulary and results of probability theory.
A probability space associated with a random ezperiment is a triple (Q, F, P)
where:

(i) Q is the set of all possible outcomes of the random experiment, and it is
called the sample space.
(ii) F is a family of subsets of € which has the structure of a o-field:
a) e F
b) If A € F, then its complement A¢ also belongs to F
c) A, Ay,... e F= U2 A €F
(iii) P is a function which associates a number P(A) to each set A € F with
the following properties:
a) 0< P(A) <1,
b) P(Q) =1

c) For any sequence A;, Ay, ... of disjoints sets in F (that is, A;NA; =
0iti #J)

P (U;?;Ai) = Zil P(Ai)

The elements of the o-field F are called events and the mapping P is
called a probability measure. In this way we have the following interpretation
of this model:

P(F)="“probability that the event F' occurs”

The set () is called the empty event and it has probability zero. Indeed, the
additivity property (iii,c) implies

P®)+ P0) +---= P(0).

The set ) is also called the certain set and by property (iii,b) it has proba-
bility one. Usually, there will be other events A C 2 such that P(A) = 1. If
a statement holds for all w in a set A with P(A) = 1, then it is customary
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to say that the statement is true almost surely, or that the statement holds
for almost all w € €.

The axioms a), b) and c) lead to the following basic rules of the probability
calculus:

P(AUB) = P(A)+P(B)if ANB =10
P(A°) = 1- P(A)
A C B=> P(A) < P(B).

Example 1 Consider the experiment of flipping a coin once.

= {H,T} (the possible outcomes are “Heads” and “Tails”)
F = P(Q) (F contains all subsets of §2)

P{HY) = PUTY) =3

Example 2 Consider an experiment that consists of counting the number
of traffic accidents at a given intersection during a specified time interval.

Q = {0,1,2,3,...}

F = P(Q) (F contains all subsets of 2)
k

A
P{k}) = e”\y (Poisson probability with parameter A > 0)

Given an arbitrary family U of subsets of (2, the smallest o-field containing
U is, by definition,
oU)=n{G,G is a o-field, U C G}.

The o-field o(U) is called the o-field generated by Y. For instance, the o-field
generated by the open subsets (or rectangles) of R™ is called the Borel o-field
of R" and it will be denoted by Bgn.

Example 3 Consider a finite partition P = {A;,..., A,} of Q. The o-field
generated by P is formed by the unions A;, U---U A;, where {iy,... i} is
an arbitrary subset of {1,...,n}. Thus, the o-field o(P) has 2" elements.
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Example 4 We pick a real number at random in the interval [0, 2]. 2 = [0, 2],
F is the Borel o-field of [0,2]. The probability of an interval [a,b] C [0,2] is

P(lab) = 52

Example 5 Let an experiment consist of measuring the lifetime of an electric
bulb. The sample space (2 is the set [0, 00) of nonnegative real numbers. F
is the Borel o-field of [0, 00). The probability that the lifetime is larger than
a fixed value t > 0 is

P([t,00)) = e,

A random wvariable is a mapping
05 R
w— X(w)
which is F-measurable, that is, X !(B) € F, for any Borel set B in R.
The random variable X assigns a value X (w) to each outcome w in 2. The
measurability condition means that given two real numbers a < b, the set

of all outcomes w for which a < X(w) < b is an event. We will denote this
event by {a < X < b} for short, instead of {w € Q:a < X(w) < b}.

e A random variable defines a o-field {X ' (B), B € Bz} C F called the
o-field generated by X.

e A random variable defines a probability measure on the Borel o-field
Br by Px = P)O‘erl7 that is,

Px(B) = P(X"YB)) = P{w : X(w) € B}).
The probability measure Py is called the law or the distribution of X.

We will say that a random variable X has a probability density fx if fx(x)
is a nonnegative function on R, measurable with respect to the Borel o-field
and such that

Pla< X <b} = /bfx(x)dx,

for all a < b. Notice that fj;o fx(xz)dx = 1. Random variables admitting a
probability density are called absolutely continuous.
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We say that a random variable X is discrete if it takes a finite or countable
number of different values x;. Discrete random variables do not have densities
and their law is characterized by the probability function:

Example 6 In the experiment of flipping a coin once, the random variable
given by
X(H)=1,X(T)=-1

represents the earning of a player who receives or loses an euro according as
the outcome is heads or tails. This random variable is discrete with

P(X=1)=P(X=-1)=-.

Example 7 If A is an event in a probability space, the random variable
1 if wed
La(w) = { 0 if w¢gA

is called the indicator function of A. Its probability law is called the Bernoulli
distribution with parameter p = P(A).

Example 8 We say that a random variable X has the normal law N(m,c?)
if

1 b emm?
P(a<X<b):W/ e dr

for all a < b.

Example 9 We say that a random variable X has the binomial law B(n,p)
if

n

P(X=k)= (k)p’“ﬂ -p)" "
for k=0,1,...,n.

The function Fx : R —[0, 1] defined by

Fx(z) =P (X <) = Px ((—o0,1])

is called the distribution function of the random variable X.
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e The distribution function Fx is non-decreasing, right continuous and

with
lim Fx(z) = 0,
CIZ1—1>I—|I-100 Fx(z) = 1

e If the random variable X is absolutely continuous with density fy,
then,

Fxa)= [ fxty)a,
and if, in addition, the density is continuous, then F%(z) = fx(x).

The mathematical expectation (or expected value) of a random variable
X is defined as the integral of X with respect to the probability measure P:

E(X) = / XdP.
Q
In particular, if X is a discrete variable that takes the values aq,as,... on
the sets A1, Ag, ..., then its expectation will be

E(X) = Oélp(Al) + Oélp(Al) + -

Notice that E(14) = P(A), so the notion of expectation is an extension of
the notion of probability.

If X is a non-negative random variable it is possible to find discrete
random variables X,,, n = 1,2,... such that

Xi(w) € Xp(w) < -+

and
lim X, (w) = X(w)

n—oo

for all w. Then E(X) = lim,_.. E(X,,) < 400, and this limit exists because
the sequence F(X,,) is non-decreasing. If X is an arbitrary random variable,
its expectation is defined by

E(X)=E(X") - E(X"),



where X+ = max(X,0), X~ = —min(X,0), provided that both E(X ") and
E(X™) are finite. Note that this is equivalent to say that E(|X|) < oo, and
in this case we will say that X is integrable.

A simple computational formula for the expectation of a non-negative
random variable is as follows:

B(X) = /0 T PX > 1)t

In fact,

BE(X) = /QXdP: /Q</OOO 1{X>t}dt> dP
- /O P =

The expectation of a random variable X can be computed by integrating
the function x with respect to the probability law of X:

E(X) = / X(w)dP(w) = / xdPx ().
Q —00
More generally, if g : R — R is a Borel measurable function and E(|g(X)]) <
00, then the expectation of g(X') can be computed by integrating the function

g with respect to the probability law of X:

B(g(X)) = / 9(X (@))dP(w) = / " g(0)dPx (a).

The integral [ g(x)dPx(x) can be expressed in terms of the probability
density or the probability function of X:

- _ ffooo g(x)fx(x)dz,  fx(z)is the density of X
/— (z)dPx(z) = { ok g(xk)P();( = T), ) X is discrete
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Example 10 If X is a random variable with normal law N(0,0?) and \ is a
real number,

E(exp (A\X)) = \/W eMe 202dx

1 J ©_@e®n?
— e 2 e 22 dx
V2mo? -

o2A2
= e 2 .

o0

Example 11 If X is a random variable with Poisson distribution of param-
eter A > 0, then

&) —A)\n &) —)\)\n 1

Zn —)\_)‘Z (n— 1)

The wvariance of a random variable X is defined by
0% = Var(X) = E(X - B(X))") = E(X*) - [E(X)]",

provided E(X?) < oo. The variance of X measures the deviation of X from
its expected value. For instance, if X is a random variable with normal law
N(m,o?) we have

X —
P(m—190 < X <m+1.960)=P(-1.96 < =" < 1.96)

= $(1.96) — ®(—1.96) = 0.95,

where ® is the distribution function of the law N(0,1). That is, the proba-
bility that the random variable X takes values in the interval [m —1.960, m+
1.960] is equal to 0.95.

If X and Y are two random variables with F(X?) < co and F(Y?) < oo
then its covariance is defined by

cov(X,Y) = E[(X = EX)) Y - E(Y))]
E(XY) — E(X)E(Y).

Y

A random variable X is said to have a finite moment of order p > 1,
provided E(]X[?) < co. In this case, the pth moment of X is defined by

m, = E(XP).
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The set of random variables with finite pth moment is denoted by L?(Q2, F, P).
The characteristic function of a random variable X is defined by

px(t) = E(eitX)-

The moments of a random variable can be computed from the derivatives of
the characteristic function at the origin:

L @
= =% (1),
formn=1,2,3,....
We say that X = (Xi,...,X,) is an n-dimensional random vector if its

components are random variables. This is equivalent to say that X is a
random variable with values in R”.

The mathematical expectation of an n-dimensional random vector X is,
by definition, the vector

E(X) = (E(Xy),..., E(X,))

The covariance matriz of an n-dimensional random vector X is, by defini-
tion, the matrix 'y = (cov(X;, Xj)),, ;<,,- This matrix is clearly symmetric.
Moreover, it is non-negative definite, that means,

> Tx(i,j)aa; >0
ij=1
for all real numbers aq,...,a,. Indeed,

n

Z I'x(4,j)aa; = Z a;ajeov(X;, X;) = Var(z a;X;) >0
i=1

,j=1 i,j=1

As in the case of real-valued random variables we introduce the law or
distribution of an n-dimensional random vector X as the probability measure

defined on the Borel o-field of R™ by

Px(B) = P(X Y(B)) = P(X € B).



We will say that a random vector X has a probability density fx if fx(zx)
is a nonnegative function on R", measurable with respect to the Borel o-field
and such that

by

bn
P{ai<Xi<bi,i:1,...,n}:/ fX(CCl,...,l'n)dl'l“’dl'n,

1

for all a; < b;. Notice that

—+o00 “+o00
/ fx(z1,... xn)dey - - - dxy, = 1.

—00 — 00

We say that an n-dimensional random vector X has a multidimensional
normal law N(m,T"), where m € R", and I' is a symmetric positive definite
matrix, if X has the density function

1

fx(@, ... m,) = (2m det T) ™3 e~ 7 Siimr (Famma) (s —mi)l"

In that case, we have, m = E(X) and I' = I'x.
If the matrix I' is diagonal

=1 : :
0o ... ‘7%

then the density of X is the product of n one-dimensional normal densities:

n 1 7(90—";1')2
fx(x,...,x,) = e 2% .
x(@ ) H \/27r012

There exists degenerate normal distributions which have a singular co-
variance matrix I'. These distributions do not have densities and the law of
a random variable X with a (possibly degenerated) normal law N(m,T") is
determined by its characteristic function:

" 1
E (e’t X) = exp (it'm - itTt) ,

where ¢ € R™ . In this formula ¢’ denotes a row vector (1 X n matrix) and ¢
denoted a column vector (n x 1 matrix).
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If X is an n-dimensional normal vector with law N(m,I') and A is a
matrix of order m x n, then AX is an m-dimensional normal vector with law

N(Am, AT A").
We recall some basic inequalities of probability theory:

e Chebyshev's inequality: If A > 0

P(X| > X) < s B(XP).

e Schwartz's inequality:
E(XY) <VE(X?)E(Y?).

e Holder's inequality:
1 1
E(XY) < [E(X")] [E(Y])],
where p,q > 1 and %—k%: 1.

e Jensen's inequality: If ¢ : R — R is a convex function such that the
random variables X and ¢(X) have finite expectation, then,

p(E(X)) < E(p(X)).
In particular, for p(z) = |z|P, with p > 1, we obtain
[E(X)[” < E(1X]7).
We recall the different types of convergence for a sequence of random
variables X,,, n =1,2,3,.. .

a.s. .
Almost sure convergence: X, — X, if

lim X, (w) = X(w),

n—oo

for all w ¢ N, where P(N) = 0.
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Convergence in probability: X, N e , if

lim P(|X, — X|>¢) =0,

for all e > 0.

. e :
Convergence in mean of order p > 1: X,, — X if

lim E(|X, — X|") = 0.

n—oo

. c .
Convergence in law: X, — X if

lim Fx, (z) = Fx(x),

n—oo

for any point  where the distribution function Fx is continuous.

e The convergence in mean of order p implies the convergence in proba-
bility. Indeed, applying Chebyshev’s inequality yields

1
P(1X = X[ > ) < ZE(| X0 — XP).

e The almost sure convergence implies the convergence in probability.
Conversely, the convergence in probability implies the existence of a
subsequence which converges almost surely.

e The almost sure convergence implies the convergence in mean of order
p > 1, if the random variables X,, are bounded in absolute value by
a fixed nonnegative random variable Y possessing pth finite moment
(dominated convergence theorem):

1X,| <Y, B(Y?) < cc.

e The convergence in probability implies the convergence law, the recip-
rocal being also true when the limit is constant.
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The independence is a basic notion in probability theory. Two events
A, B € F are said independent provided

P(ANB) = P(A)P(B).

Given an arbitrary collection of events {A;,7 € I'}, we say that the events
of the collection are independent provided

P(A;, N---NA;, ) = P(Ay) - P(Ay)

for every finite subset of indexes {i1,...,i} C I.

A collection of classes of events {G;, ¢ € I} is independent if any collection
of events {A;,7 € I} such that A; € G; for all i € I, is independent.

A collection of random variables {X;,7 € I'} is independent if the collec-
tion of o-fields {X; ' (Bgn),i € I} is independent. This means that

P(X;, €B,,....,X;, €B;,)=P(X;, €B;,) ---P(X;, €By,),

for every finite set of indexes {i1,...,4;} C I, and for all Borel sets B, .
Suppose that X, Y are two independent random variables with finite
expectation. Then the product XY has also finite expectation and

E(XY)=E(X)E(Y)]

More generally, if Xi,..., X, are independent random variables,

Eg1(X1) -+ gn(Xa)] = E1(X0)] -+ Egn(Xn)],

where g; are measurable functions such that E'[|g;(X;)|] < oco.

The components of a random vector are independent if and only if the
density or the probability function of the random vector is equal to the
product of the marginal densities, or probability functions.

The conditional probability of an event A given another event B such that
P(B) > 0 is defined by

A
P(A|B) = 55

We see that A and B are independent if and only if P(A|B) = P(A). The
conditional probability P(A|B) represents the probability of the event A
modified by the additional information that the event B has occurred oc-

curred. The mapping
A+—— P(A|B)
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defines a new probability on the o-field F concentrated on the set B. The
mathematical expectation of an integrable random variable X with respect
to this new probability will be the conditional expectation of X given B and
it can be computed as follows:

B(X|B) = %E(leg).

The following are two two main limit theorems in probability theory.

Theorem 1 (Law of Large Numbers) Let {X,,n > 1} be a sequence of
independent, identically distributed random wvariables, such that E(|X1|) <
oo. Then,

X1++Xn a.s.
—=m
n
where m = E(X3).

Theorem 2 (Central Limit Theorem) Let{X,,n > 1} be a sequence of
independent, identically distributed random variables, such that E(X?) < oo.
Set m = E(X,) and o* = Var(X;). Then,

Xi+---+X,—nm

~e £ N(0,1).

1.2 Stochastic Processes: Definitions and Examples

A stochastic process with state space S is a collection of random variables
{Xi,t € T} defined on the same probability space (2, F,P). The set T
is called its parameter set. If T = N = {0,1,2,...}, the process is said to
be a discrete parameter process. If T' is not countable, the process is said
to have a continuous parameter. In the latter case the usual examples are
T =Ry =]0,00) and T = [a,b] C R. The index ¢ represents time, and then
one thinks of X; as the “state” or the “position” of the process at time t.
The state space is R in most usual examples, and then the process is said
real-valued. There will be also examples where S is N, the set of all integers,
or a finite set.
For every fixed w € €2, the mapping

t— Xy(w)
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defined on the parameter set 7', is called a realization, trajectory, sample
path or sample function of the process.
Let {X;,t € T'} be a real-valued stochastic process and {t; < --- <t,} C
T , then the probability distribution B, ; = Po (X,...,X;, )" of the
random vector
(X, Xy)) - Q — R™

is called a finite-dimensional marginal distribution of the process {X;,t € T'}.

The following theorem, due to Kolmogorov, establishes the existence of
a stochastic process associated with a given family of finite-dimensional dis-
tributions satisfying the consistence condition:

Theorem 3 Consider a family of probability measures
{Pt1,...,tn7 tl << tnan Z 17tz € T}
such that:

1. By, . .4, 15 a probability on R"

n

2. (Consistence condition): If {ty, < -+ < ty, } C {t1 < -+ < t,},
then Ptkl,u-i is the marginal of Py, . 4,, corresponding to the indexes
kv, ..., kmn.

km

Then, there exists a real-valued stochastic process {X;,t > 0} defined in
some probability space (Q, F,P) which has the family {P;, . ..} as finite-
dimensional marginal distributions.

A real-valued process { X¢,t > 0} is called a second order process provided
FE(X?) < oo for all t € T. The mean and the covariance function of a second
order process {X;,t > 0} are defined by

mx(t) = E(Xy)
Cx(s,t) = Cov(X, Xy)
E((Xs —mx(s))(X: — mx(t)).

The variance of the process {X;,t > 0} is defined by
o3 (t) =Tx(t,t) = Var(X,).
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Example 12 Let X and Y be independent random variables. Consider the
stochastic process with parameter ¢ € [0, 00)

The sample paths of this process are lines with random coefficients. The
finite-dimensional marginal distributions are given by

xr; —

P(Xy, <x1,...,X,, an):/FX (min
R

1<i<n

y) Py (dy).

)

Example 13 Consider the stochastic process
X = Acos(p + At),

where A and ¢ are independent random variables such that E(A) = 0,
FE(A?) < oo and ¢ is uniformly distributed on [0,2x]. This is a second
order process with

mx<t) =0
Ty(s,t) — %E(A2)cos)\(t—s).

Example 14 Arrival process: Consider the process of arrivals of customers
at a store, and suppose the experiment is set up to measure the interarrival
times. Suppose that the interarrival times are positive random variables
X1, Xs,.... Then, for each t € [0,00), we put N; = k if and only if the
integer k is such that

Xyt X SE< X+ + X,

and we put N; = 0 if t < X;. Then N; is the number of arrivals in the
time interval [0,¢]. Notice that for each ¢ > 0, N; is a random variable
taking values in the set S = N. Thus, {/V;,¢ > 0} is a continuous time
process with values in the state space N. The sample paths of this process
are non-decreasing, right continuous and they increase by jumps of size 1 at
the points X; + --- 4+ X,. On the other hand, N; < oo for all ¢ > 0 if and
only if



Example 15 Consider a discrete time stochastic process {X,,,n =0,1,2,...}
with a finite number of states S = {1,2,3}. The dynamics of the process is
as follows. You move from state 1 to state 2 with probability 1. From state
3 you move either to 1 or to 2 with equal probability 1/2, and from 2 you
jump to 3 with probability 1/3, otherwise stay at 2. This is an example of a
Markov chain.

A real-valued stochastic process {X;,t € T} is said to be Gaussian or
normal if its finite-dimensional marginal distributions are multi-dimensional
Gaussian laws. The mean mx(t) and the covariance function I'x(s,t) of
a Gaussian process determine its finite-dimensional marginal distributions.
Conversely, suppose that we are given an arbitrary function m : 7' — R, and
a symmetric function I' : T" x T' — R, which is nonnegative definite, that is

n
> T(tity)aa; > 0
ij=1
forallt; € T, a; € R, and n > 1. Then there exists a Gaussian process with
mean m and covariance function I'.

Example 16 Let X and Y be random variables with joint Gaussian distri-
bution. Then the process X; = tX + Y, t > 0, is Gaussian with mean and
covariance functions
mx(t) = tE(X)+ E(Y),
Ix(s,t) = t*Var(X) + 2tCov(X,Y) + Var(Y).

Example 17 Gaussian white noise: Consider a stochastic process {X;,t €

T} such that the random variables X; are independent and with the same law

N(0,0?). Then, this process is Gaussian with mean and covariance functions
mx (t) = 0

1 if s=t
Cx(st) = {o it st

Definition 4 A stochastic process { Xy, t € T'} is equivalent to another stochas-
tic process {Y:,t € T} if for each t € T
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We also say that {X;,t € T'} is a version of {Y;,t € T'}. Two equivalent
processes may have quite different sample paths.

Example 18 Let £ be a nonnegative random variable with continuous dis-
tribution function. Set 7" = [0, 00). The processes

Xt:O

[0 it E#£t
Yt_{liffzt

are equivalent but their sample paths are different.

Definition 5 Two stochastic processes {X;,t € T} and {Y;,t € T} are said
to be indistinguishable if X.(w) =Y.(w) for allw ¢ N, with P(N) = 0.

Two stochastic process which have right continuous sample paths and are
equivalent, then they are indistinguishable.

Two discrete time stochastic processes which are equivalent, they are also
indistinguishable.

Definition 6 A real-valued stochastic process { X, t € T}, where T is an
interval of R, is said to be continuous in probability if, for any ¢ > 0 and
everyt €T’

lsiE%Pth — X¢| >¢e)=0.

Definition 7 Fiz p > 1. Let {X;,t € T}be a real-valued stochastic process,
where T is an interval of R, such that FE (|X|P) < oo, for allt € T. The
process {X;,t > 0} is said to be continuous in mean of order p if

lim (|1, — X, ) = 0.

Continuity in mean of order p implies continuity in probability. However,
the continuity in probability (or in mean of order p) does not necessarily
implies that the sample paths of the process are continuous.

In order to show that a given stochastic process have continuous sample
paths it is enough to have suitable estimations on the moments of the in-
crements of the process. The following continuity criterion by Kolmogorov
provides a sufficient condition of this type:
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Proposition 8 (Kolmogorov continuity criterion) Let {X;,t € T} be
a real-valued stochastic process and T is a finite interval. Suppose that there
exist constants a > 1 and p > 0 such that

E(|1X: = X,[") < erlt — 5| (1)

for all s,t € T. Then, there exists a version of the process { Xy, t € T} with
continuous sample paths.

Condition (1) also provides some information about the modulus of con-
tinuity of the sample paths of the process. That means, for a fixed w € (Q,
which is the order of magnitude of X;(w) — X (w), in comparison [t — s].
More precisely, for each € > 0 there exists a random variable G, such that,
with probability one,

X (W) = X, ()] < Galw)lt =777, (2)

para todo s,t € T. Moreover, F(G?) < oc.

Exercises

1.1 Consider a random variable X taking the values —2,0,2 with proba-
bilities 0.4, 0.3, 0.3 respectively. Compute the expected values of X,
3X2 45, e X,

1.2 The headway X between two vehicles at a fixed instant is a random
variable with

P(X <t)=1-0.6e""%" —0.4e7 00
t > 0. Find the expected value and the variance of the headway.
1.3 Let Z be a random variable with law N (0,0?). From the expression
E(eM) = e2V,

deduce the following formulas for the moments of Z:

2k)!
E(sz) — <2kk>' 0_2]{?’
E(Z* Y = 0.
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1.4 Let Z be a random variable with Poisson distribution with parameter
A. Show that the characteristic function of Z is

¢ (t) =exp[A(e"—1)].
As an application compute E(Z?), Var(Z) y E(Z3).

1.5 Let {Y,,,n > 1} be independent and identically distributed non-negative
random variables. Put Z, =0, and Z, =Y, +---+Y, forn > 1. We
think of Z,, as the time of the nth arrival into a store. The stochastic
process {Z,,,n > 0} is called a renewal process. Let N; be the number
of arrivals during (0, ¢].

a) Show that P(N; > n) = P(Z, <t), foralln > 1 and ¢t > 0.
b) Show that for almost all w, lim;_,. Ni(w) = oo.
c) Show that almost surely lim; ZTN; = a, where a = E(Y7).

d) Using the inequalities Zy, <t < Zy,11 show that almost surely

1.6 Let X and U be independent random variables, U is uniform in [0, 27],
and the probability density of X is for x > 0

fx(z) = 2112,
Show that the process
X, = X?cos(2rt + U)

is Gaussian and compute its mean and covariance functions.
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2 Jump Processes

2.1 The Poisson Process

A random variable T': Q — (0, 00) has exponential distribution of parameter
A > 0if
P(T>t)=e™

for all £ > 0. Then T has a density function
fT(t) = )\G_At]_(o’oo) (t)

The mean of T is given by E(T) = %, and its variance is Var(T') = % The
exponential distribution plays a fundamental role in continuous-time Markov

processes because of the following result.

Proposition 9 (Memoryless property) A random variable T : Q2 — (0, 00)
has an exponential distribution if and only if it has the following memoryless

property
P(T>s+tT >s)=P(T>t)

for all s,t > 0.

Proof. Suppose first that T has exponential distribution of parameter
A > 0. Then

P(T > s+1)
P(T > HT > 8) = ———— 2
( sHUT>8) = —pr=7
e—)\(s—i-t) B
= — = M=P(T >t).

The converse implication follows from the fact that the function g¢(t) =
P(T > t) satisfies

9(s +1) = g(s)g(t),
forall s,t >0and g(0)=1. m

A stochastic process {N;,t > 0} defined on a probability space (€2, F, P)
is said to be a Poisson process of rate X if it verifies the following properties:

i) N, =0,
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ii) for any n > 1 and for any 0 < ¢; < --- < t, the increments NV, —
Ny, ..., Ny, — Ny, are independent random variables,

iii) for any 0 < s < ¢, the increment N; — N has a Poisson distribution with
parameter A(t — s), that is,

ey AE=s)"
P(N, — N, = k) = ¢ ¢ )T’

k=0,1,2,..., where A > 0 is a fixed constant.

Notice that conditions i) to iii) characterize the finite-dimensional marginal
distributions of the process { N;,¢ > 0}. Condition ii) means that the Poisson
process has independent and stationary increments.

A concrete construction of a Poisson process can be done as follows. Con-
sider a sequence {X,,,n > 1} of independent random variables with exponen-
tial law of parameter A\. Set 7o = 0 and forn > 1, T, = X; +--- + X,,.
Notice that lim,, .., T, = oo almost surely, because by the strong law of large
numbers

Let {N;,t > 0} be the arrival process associated with the interarrival times
X,. That is

Nt = Z n]‘{TnSt<Tn+l}' (3>

n=1

Proposition 10 The stochastic process { Ny, t > 0} defined in (3) is a Pois-
son process with parameter A > 0.

Proof. Clearly Ny = 0. We first show that N; has a Poisson distribution
with parameter \t. We have

P(N, = n)=P(T, <t<Ty)=P(T, <t <Th+ Xns1)

= / fr, () Ae M daxdy
{z<t<z+y}

t
= / an (.’L’)@i)\(tix)dil?.
0
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The random variable T,, has a gamma distribution I'(n, \) with density

An n— — AT
fr,(x) = N 1L g,00) (1)
Hence,
P(N;=n)= e_’\t—()\t> :
n!

Now we will show that Ny, — N is independent of the random variables
{N,,r < s} and it has a Poisson distribution of parameter A\t. Consider the
event

{Ns =k} ={Ti <t <Tpn1},
where 0 < s < t and 0 < k. On this event the interarrival times of the
process {N; — Ny, t > s} are

)?1 = Xk-i—l — (S — Tk)

and B

Xy = Xk-l—n
for n > 2. Then, conditional on {Ns; =k} and on the values of the ran-
dom variables X1, ..., X, due to the memoryless property of the exponen-

tial law and independence of the X,, the interarrival times {)N(n,n > 1}

are independent and with exponential distribution of parameter A. Hence,
{Niys — N5yt > 0} has the same distribution as {N;, ¢ > 0}, and it is
independent of {N,,r < s}. =

Notice that E(N;) = At. Thus A is the expected number of arrivals in an
interval of unit length, or in other words, A is the arrival rate. On the other
hand, the expect time until a new arrival is % Finally, Var(N;) = At.

We have seen that the sample paths of the Poisson process are discon-
tinuous with jumps of size 1. However, the Poisson process is continuous in
mean of order 2:

E[(N; — N)*] = A\t — s) + [\t — s)]* =5 0.
Notice that we cannot apply here the Kolmogorov continuity criterion.
The Poisson process with rate A > 0 can also be characterized as an
integer-valued process, starting from 0, with non-decreasing paths, with in-
dependent increments, and such that, as h | 0, uniformly in ¢,

P(Xt+h — Xt == 0) = 1 - )\h + O(h),
P(Xt-i—h — Xt — 1) — )\h + O(h)
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Example 1 An item has a random lifetime whose distribution is exponential
with parameter A = 0.0002 (time is measured in hours). The expected life-
time of an item is % = 5000 hours, and the variance is % = 25 x 10% hours?.
When it fails, it is immediately replaced by an identical item; etc. If N; is
the number of failures in [0,¢], we may conclude that the process of failures
{N;,t > 0} is a Poisson process with rate A > 0.

Suppose that the cost of a replacement is 3 euros, and suppose that
the discount rate of money is @ > 0. So, the present value of all future

replacement costs is
[o.¢]
C= E [fe In
n=1

Its expected value will be
[e'e) - 6)\
E(C) = E(e™*Tn) = —.
(€)= pr ™) =

For 5 =800, a = 0.24/(365 x 24) we obtain E(C') = 5840 euros.

The following result is an interesting relation between the Poisson pro-
cesses and uniform distributions. This result say that the jumps of a Poisson
process are as randomly distributed as possible.

Proposition 11 Let {Ny,t > 0} be a Poisson process. Then, conditional on
{Ny,t > 0} having exactly n jumps in the interval [s, s+1], the times at which
Jumps occur are uniformly and independently distributed on [s, s + t].

Proof. We will show this result only for n = 1. By stationarity of
increments, it suffices to consider the case s = 0. Then, for 0 < u <t

P(Ty, < ulN;=1)= PUT, <u}n{N,=1})

P(Ny=1)

P({N, =1} n{N, — N, = 0}
a P(Ny=1)
)\ue—)\ue—)\(t—u) U
Ate=t Tt
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2.2 Superposition of Poisson Processes

Let L = {L;,t > 0} and M = {M;,t > 0} be two independent Poisson
processes with respective rates A and pu. The process N, = L; + M, is called
the superposition of the processes Land M.

Proposition 12 N = {N;,t > 0} is a Poisson process of rate X + p.

Proof. Clearly, the process N has independent increments and Ny = 0.
Then, it suffices to show that for each 0 < s < ¢, the random variable N; — N,
has a Poisson distribution of parameter (A + u)(t — s):

P(N,—N, = n)=Y P(L—L,=k M, —M,=n—k)
k=0

N At — )] e [t — 5)]"
— k! (n—k)!

SO (E=9) [(A 4 ) (¢ — 9)]"
n! '

[

|
Poisson processes are unique in this regard.

2.3 Decomposition of Poisson Processes

Let N = {N;,t > 0} be a Poisson process with rate \. Let {Y,,n > 1}
be a sequence of independent Bernoulli random variables with parameter
p € (0,1), independent of N. That is,

PY, = 1)=p

PY, = 0)=1-np.
Set S, =Y, +---+Y,. We think of 5,, as the number of successes at the
first n trials, and we suppose that the nth trial is performed at the time T,
of the nth arrival. In this way, the number of successes obtained during the

time interval [0, ] is
Mt = SNtv

and the number of failures is

Lt - Nt - SNt.
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Proposition 13 The processes L = {L;,t > 0} and M = {M;,t > 0} are
independent Poisson processes with respective rates Ap and A(1 — p)

Proof. It is sufficient to show that for each 0 < s < t, the event
A:{Mt—MS:m,Lt—LSIk}

is independent of the random variables { M,,, L,;; u < s} and it has probability

e—Ap(t—s) — Q)" e~ A1) (t=5) _ — 9
PA4) = ot = 5) ALt o)

We have
A:{Nt—NS:m—i—k,SNt—SNS:m}.

The o-field generated by the random variables {M,, L,;u < s} coincides with
the o-field H generated by{/N,,u < s;Y;,...,Yn, }. Clearly the event A is
independent of H. Finally, we have

P(A) = > P(AN{N,=n})
n=0
= > P(Ny=n,N; = Ny =m+k, Suyien — Sy =m)
n=0

= Y P(Ne=n,N, = N, =m+k)P(Spsksn — Su = m)
n=0

— P(N;— N, = m+k)P(Spx = m)

NP — )" ) L
- (m + k)! i PP

2.4 Compound Poisson Processes

Let N = {N;,t > 0} be a Poisson process with rate A\. Consider a se-
quence {Y,,n > 1} of independent and identically distributed random vari-
ables, which are also independent of the process N. Set S, =Y; +---+Y,,.
Then, the process

Zy =Y+ -+ Yy = Sn,
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with Z, = 0 if N, =0, is called a compound Poisson process.

Example 2 Arrivals of customers into a store form a Poisson process N.
The amount of money spent by the nth customer is a random variable Y,
which is independent of all the arrival times (including his own) and all the
amounts spent by others. The total amount spent by the first n customers
isS, =Y +4+---+Y,if n>1, and we set Yy = 0. Since the number of
customers arriving in (0, ¢] is IV, the sales to customers arriving in (0, ¢] total
Zt = SNt~

Proposition 14 The compound Poisson process has independent increments,
and the law of an increment Z, — Z has characteristic function

o (v, @)=1)A(—s)

Y

where @y, (x) denotes the characteristic function of ;.

Proof. Fix 0 < s < t. The o-field generated by the random variables
{Z,,u < s} isincluded into the o-field H generated by{NV,,u < s; Y7, ..., Yy }.
As a consequence, the increment Z; — Zs = Sy, — Sy, is independent of the
o-field generated by the random variables {Z,,u < s}. Let us compute the
characteristic function of this increment

E(eix(Zt—Zs)) _ E(eix(Zt—ZS)

4N, =, Ny~ No=k})
0

E(eix(Serk*Sm) 1{N‘S:m,Nt—Ns:k})
0

I
Mz 1Mz 21

E(e™5)P(Ny, = m, N, — Ny = k)

m,k=0
- vk €M) N (E — )]
= Z [E(e™)] [k!(t )

= exp [(¢y,(x) = 1) At —s)].

|
If E(Y1) = u, then E(Z;) = pAt.
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2.5 Non-Stationary Poisson Processes

A non-stationary Poisson process is a stochastic process {N;,t > 0} defined
on a probability space (€2, F, P) which verifies the following properties:

i) Nt — 0,
ii) for any n > 1 and for any 0 < ¢; < .-+ < t, the increments N, —
Ny, ..., Ny, — Ny, are independent random variables,

iii) for any 0 < ¢, the variable N; has a Poisson distribution with parameter
a(t), where a is a non-decreasing function.

Assume that a is continuous, and define the time inverse of a by
7(t) = inf{s : a(s) > t},

t > 0. Then 7 is also a non-decreasing function, and the process M; = N,
is a stationary Poisson process with rate 1.

Example 3 The times when successive demands occur for an expensive “fad”
item form a non-stationary Poisson process N with the arrival rate at time
t being

A(t) = 5625t

for ¢ > 0. That is
t
a(t) = / A(s)ds = 625(1 — e~3 — 3te=).
0

The total demand N, for this item throughout [0, 00) has the Poisson dis-
tribution with parameter 625. If, based on this analysis, the company has
manufactured 700 such items, the probability of a shortage would be

0 —625 625 k
PN >T700)= Y %

k=701
Using the normal distribution to approximate this, we have
Ny — 625 > 1 2
P(Ny > 700) = P(——— >3) = / ——e " /2dx = 0.0013.
( ) ( V625 ) 3 V21
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The time of sale of the last item is Trgg. Since Trog < t if and only if N; > 700,
its distribution is

699 =0 (t)k
P(Troo < 1) = P(Ny 2 700) = 1= Y ——

k=0

Exercises
2.1 Let {N;,t > 0} be a Poisson process with rate A = 15. Compute

a) P(Ng=9),

b) P(Ng = 9, Nag = 13, Nig — 27)
¢) P(Nyy = 13N, = 6)

d) P(Ny = 6|Ny = 13)

2.2 Arrivals of customers into a store form a Poisson process N with rate
A = 20 per hour. Find the expected number of sales made during
an eight-hour business day if the probability that a customer buys
something is 0.30.

2.3 A department store has 3 doors. Arrivals at each door form Poisson
processes with rates Ay = 110, Ay = 90, A3 = 160 customers per hour.
30% of all customers are male. The probability that a male customer
buys something is 0.80, and the probability of a female customer buying
something is 0.10. An average purchase is 4.50 euros.

a) What is the average worth of total sales made in a 10 hour day?

b) What is the probability that the third female customer to purchase
anything arrives during the first 15 minutes? What is the expected
time of her arrival?
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3 Markov Chains

Let I be a countable set that will be the state space of the stochastic pro-
cesses studied in this section. A probability distribution 7 on I is formed by
numbers 0 < m; < 1 such that Ziel m; = 1. If I is finite we label the states
1,2,...,N; then 7 is an N-vector.
We say that a matrix P = (p;;,1,7 € I) is stochastic if 0 < p;; <1 and
for each ¢ € I we have
sz’j = 1.

j€I

This means that the rows of the matrix form a probability distribution on 1.
If I has N elements, then P is a square N x N matrix, and in the general
case P will be an infinite matrix.

A Markov chain will be a discrete time stochastic process with spate space
I. The elements p;; will represent the probability that X, ; = j conditional
on X, =1i.

Examples of stochastic matrices:

ﬂ:<1;alfﬁ)7 (4)

where 0 < o, 3 < 1,

0o 1 0
PB=( 0 1/2 172 |. (5)
/2 0 1/2

Definition 15 We say that a stochastic process {X,,n > 0} is a Markov
chain with initial distribution © and transition matriz P if for each n > 0,
io,il,...,in+1 el

(i) P(Xo=1o) = m;,
(ii) P(Xn—i-l = in+1|X0 = ?:0, Ce ,Xn = Zn) = pinin+1

Condition (ii) is a particular version of the so called Markov property.
This property refers to the lack of memory of a given stochastic system.
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Notice that conditions (i) and (ii) determine the finite dimensional marginal
distributions of the stochastic process. In fact, we have

P(XO - io,Xlzil,...,Xn:in)
= P(XO = Zo)P(Xl = i1|X0 = Z[))
P(Xn == Z'n‘XOI’io,...,Xn,1 Illnfl)
= TigPigiy * " " Pip_1in-
The matrix P? defined by (P?);, = > jcr Pijpjk 18 again a stochastic
matrix. Similarly P™ is a stochastic matrix and we will denote the identity

. 1 if i=j . (n)
by P°. That is, (P");; = 0 { 0 if i) We write p;; (P");; for
the (i,7) entry in P". We also denote by 7P the product of the vector 7
times the matrix P. With this notation we have

P(X, = j) = (xP"), (6)

1j

Proof of (6):

P(X, = j)=> Y PXo=io, X1 =1tr,...,Xp 1 =in1,X, =)

g€l in—1€1

= D > TigPigiy Pigay = (TP,

o€l in_1€1
Proof of (7): Assume P(X,, =) > 0. Then
P(Xner - ja Xm = Z)
P(X,, =)

Zioé[ U zin+m,161 Wiopioil o ‘pinlflipiim#»l e pin+7n71j
m
(mP™);

- Z T Z piim+1  Diamo1 = pgjn)

tm41€1 Intm—1€1

P(Xn—i—m = j|Xm:i):

Property (7) says that the probability that the chain moves from state
i to state j in n steps is the (7,j) entry of the nth power of the transition
matrix P. We call pg)the n-step transition probability from ¢ to j.

31



The following examples give some methods for calculating pgy):
Example 1 Consider a two-states Markov chain with transition matrix P,

given in (4). From the relation P]""™' = PP, we can write

n+1 n n
p§1+ )= p§2)5 +p§1)(1 —a).

( (n)

4 pﬁ) = 1, so by eliminating p;,” we get a recurrence

We also know that pi,

relation for pﬁ) :

it =+ pP (1 —a—0), pY =1.

This recurrence relation has a unique solution:

pﬁl):{ %ﬁJVQLW(l—OZ—ﬁ)" for a+03>0

1 for a+5=0

Example 2 Consider the three-state chain with matrix P, given in (5). Let

us compute pgﬁ). First compute the eigenvalues of Pp: 1

we deduce that . .
™ —a+b ! +c L
pll - 2 2 .
The answer we want is real, and

(ﬂ:%) = (5) (cos %isin%)

so it makes sense to rewrite pgq)

(n) (1)n nm . nhm
Py =a+ | = (ﬁcos——i—’ysm—)

g

’L' .
,5,— 5. From this

in the form

2 2 2

for constants «, 5 and . The first values of pgq) are easy to write down, so
we get equations to solve for «, 3 and ~:

I = pl=a+p
(1) 1
1

0 fry fry —
D1 044‘27
(2) 1

0 = — ey — =
P11 04 4ﬁ
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soa=1/53=4/5v=-2/5and
n 1 IN\" /B nm 2 . nmw
pgl) = g + (5) (g C087 — ESIH 7) .

Example 3 Sums of independent random variables. Let Yy, Ys, ... be inde-
pendent and identically distributed discrete random variables such that

for k=0,1,2,....Put Xg =0, and forn > 1, X,, =Y; +---+Y,. The space
state of this process is {0,1,2,...}. Then
P(Xn+1 — ?:n+1|X() — T:[), e ,Xn — Zn)
= P(Yn+1 = in+1 — anXO = io, Ce ,Xn = Zn) = pin+1—in
by the independence of ;11 and Xy, ..., X,,. Thus, {X,,n > 0} is a Markov

chain whose transition probabilities are p;; = p;—; if ¢« < j, and p;; = 0 if
¢ > j. The initial distribution is 7o = 1, m; = 0 for ¢ > 0. In matrix form

Po P1 P2 D3

bPo P1 P2

Po P1

P = Do
0

Let N,, be the number of successes in n Bernoulli trials, where the prob-
ability of a success in any one is p. This a particular case of a sum of inde-
pendent random variables when the variables Y,, have Bernoulli distribution.
The transition matrix is, in this case

l—p »p 0

l=p p
P = l—p p

0
Moreover, for j =1,...,n+1, pgl) = (j:)]ﬂ_“(l — p)nit,
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Example 4 Remaining Lifetime. Consider some piece of equipment which
is now in use. When it fails, it is replaced immediately by an identical one.
When that one fails it is again replaced by an identical one, and so on. Let
pr. be the probability that a new item lasts for k& units of time, £ =1,2,....
Let X,, be the remaining lifetime of the item in use at time n. That is

X1 = x>y (X — 1) + Lix, =0y (Zng — 1)

where Z, .1 is the lifetime of the item installed at n. Since the lifetimes of
successive items installed are independent, {X,,n > 0} is a Markov chain
whose state space is {0, 1,2,...}. The transition probabilities are as follows.
Fori>1
pij = P(Xpp1=71X,=1)=PX,—-1=jX, =1
B 1 if gj=1—-1
N { 0 if j#i—-1

and for i =0

poj = P(Xnp1=jlXy =0) = P(Zn1 —1=j[Xn =1)

Dj+1-

Thus the transition matrix is

p1 P2 Ps3

1 0 O

P = 1 0
0

Proposition 16 (Markov property) Let {X,,n > 0} be a Markov chain
with transition matriz P and initial distribution w. Then, conditional on
Xm = 1, {Xpim,n >0} is a Markov chain with transition matric P and
initial distribution 6;, independent of the random variables X, . ..., X,,.

Proof. Consider an event of the form

A={Xo=1ip, s X = im},
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where 7,, = i. We have to show that
P X0 =tm, s Xonin = tman )t NA| X, = 1)
= CiigPimimsr " Piminrimen T (A X = ).
This follows from

= 5“mplmlm+1 o 'pim+n—lim+np (A ) /P (Xm = Z) ‘

3.1 Classification of the States
We say that ¢ leads to j and we write ¢ — j if
P(X,, = j for some n > 0| Xy =) > 0.

We say that ¢ communicates with j and write i <~ j if ¢ — j and 7 — 1.
For distinct states ¢ and j the following statements are equivalent:

l.i—y
2. Digiy *** Pin_1i, > 0 for some states ig, 1, ...,%, with o =4 and ¢,, = j
3. pg-L) > 0 for some n > 0.

The equivalence between 1. and 3. follows from
pgl) < P(X,, = j for some n > 0| Xy = 1) < Zpg-l),
n=0

and the equivalence between 2. and 3. follows from
pz(;) = Z Piiy = Piy1j-
T1yeeybn—1

It is clear from 2. that ¢+ — j and j — k imply ¢« — k. Also i — 7 for
any state i. So <« is an equivalence relation on I, which partitions I into
communicating classes. We say that a class C'is closed if

1€ C,t— 7 imply j € C.
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A state i is absorbing if {i} is a closed class. A chain of transition matrix
P where [ is a single class is called irreducible.

The class structure can be deduced from the diagram of transition prob-
abilities. For the example:

20000
001 0O0O0
L g0 L 19
—| 3 3
P=1do00lly
0000 O01
000010
the classes are {1,2,3}, {4}, and {5,6}, with only{5,6} being closed.

3.2 Hitting Times and Absorption Probabilities

Let {X,,n > 0} be a Markov chain with transition matrix P. The hitting
time of a subset A of I is the random variable H* with values in {0, 1,2, ...}U
{oo} defined by

HA =inf{n >0: X, € A} (8)

where we agree that the infimum of the empty set is co. The probability
starting from ¢ that the chain ever hits A is then

hit = P(H* < 00| Xy = 1).

When A is a closed class, h# is called the absorption probability. The mean
time taken for the chain to reach A, if P(H* < c0) = 1, is given by

(2

k' = E(H| X, =1i) =Y nP(H"=n).
n=0

The vector of hitting probabilities h* = (h,i € I) satisfies the following
system of linear equations

hit =1 for ic A 9
h%A:Zjelpijhf fOI' Z%A ’ (>

In fact, if Xo =i € A, then HA =0so h! =1. If Xg =i ¢ A, then H* > 1,
so by the Markov property

P(H* < 00| X; = j,Xo=1i) = P(H" < 00| Xo = j) = h{
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and
ht = P(H" < 00Xy =1)
= Y P(H" <00, X; = j|Xo = i)

jEI
= vl
jEI
The vector of mean hitting times k4 = (k#,i € I) satisfies the following
system of linear equations

kA =0 for i€ A
]{3;4 =1 —i—ZﬁApij/{:f for i ¢ A
In fact, if Xo =i € A, then HA =050 k* = 0. If Xg =i ¢ A, then H* > 1,
so by the Markov property
E(HYXy = j, Xo =) = 1+ E(H|Xo = j)

(10)

and
kA = E(HAX,=1)
= Y E(H"x,—|Xo = i)
jeI
= Y B(HAX =, Xo = i) P(Xy = jXo = )
jel
= 1 + prij
J¢A
Remark: The systems of equations (9) and (10) may have more than
one solution. In this case, the vector of hitting probabilities h* and the

vector of mean hitting times k4 are the minimal non-negative solutions of
these systems.

Example 5 Consider the chain with the matrix

1000
1030
pP=1 2 2
010 3
0001

w
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Questions: Starting from 1, what is the probability of absorption in 37 How
long it take until the chain is absorbed in 0 or 37
Set h; = P(hit 3| Xy =4). Clearly hg = 0, hy = 1, and

1 1
h1 == §h0 + §h2

1 1
h2 = §h1 + §h3

Hence, hy = % and h; = %
On the other hand, if k; = E(hit {0,3}|Xo = i), then ky = k3 = 0, and

1 1
ki = 1+ =ky+ =k
1 +20+22

1 1
]{72 - 1+§k1+§]€3

Hence, k1 = 2 and ky = 2.

Example 6 (Gambler’s ruin) Fix 0 < p = 1 — ¢ < 1, and consider the
Markov chain with state space {0, 1,2, ...} and transition probabilities
Poo = 1,
Pii-1 = ¢ Diit1=p, fori=1,2,...

Assume Xy = ¢. Then X, represents the fortune of a gambler after the nth
play, if he starts with a capital of 7 euros, and at any time with probability p
he earns 1 euro and with probability ¢ he losses euro. What is the probability
of ruin? Here 0 is an absorbing state and we are interested in the probability
of hitting zero. Set h; = P(hit 0|X, = ¢). Then h satisfies

ho = 1,
hz‘ = ph¢+1+q}li,1,f0rl':1,2,...

If p # q this recurrence relation has a general solution

m=A+B<%.
p

If p < ¢, then the restriction 0 < h; < 1 forces B =0, so h; = 1 for all 7. If
p > q, then since hg = 1 we get a family of solutions

SORIE0)]

38



for a non-negative solution we must have A > 0, to the minimal non-negative

solution is h; = (%) . Finally, if p = ¢ the recurrence relation has a general

solution

and again the restriction 0 < h; < 1 forces B =0, so h; = 1 for all i.

The previous model represents the case a gambler plays against a casino.
Suppose now that the opponent gambler has an initial fortune of N — i, N
being the total capital of both gamblers. In that case the state-space is finite
I={0,1,2,..., N} and the transition matrix of the Markov chain is

100 0
q 0 p
0 ¢ 0 p
P= 0 g 0 p
: qg 0 p
0 0 0 1
If we set h; = P(hit 0|Xy = 7). Then h satisfies

ho = 1,

hz‘ = phi+1+qhi_1,fori:1,2,...,N—1

hy = 0.

The solution to these equations is

if p # ¢, and
N —1

N

ifp=q= % Notice that letting N — oo we recover the results for the case
of an infinite fortune.

hi =
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Example 7 (Birth-and-death chain) Consider the Markov chain with state
space {0,1,2,...} and transition probabilities

poo = 1,
Pii-1 = Gi,Piir1 = pi, fori=1,2,...
where, for i = 1,2,..., we have 0 < p; =1 —¢; < 1. Assume Xy = 7. As
in the preceding example, 0 is an absorbing state and we wish to calculate
the absorption probability starting from i. Such a chain may serve as a
model for the size of a population, recorded each time it changes, p; being

the probability that we get a birth before a death in a population of size 1.
Set h; = P(hit 0| Xy = 4). Then h satisfies

hO = 17

hi = pihiy1+qhi1,fori=1,2,...
This recurrence relation has variable coefficients so the usual technique fails.
Consider U; = hi—l - hi,, then Pilti+1 = q;U;, SO

_ % 49 -1-"q1
Uip1 = — WU = — UL = Y;U1,
Di DiPi-1- " P1

where
_ qiqi—1 """ q1

Vi :
PiPi—1 - P1

Hence,
hi=ho— (ur++u) =1— A+ 71+ +71),

where 7, = 1 and A = u; is a constant to be determined. There are two
different cases:

(i) If Y7 v = oo, the restriction 0 < h; < 1 forces A =0 and h; = 1 for
all 7.

(ii) IfD> "7, 7; < oo wecan take A > 0 aslongas 1—A(yy+v,+ - +7;_1) > 0
for all ¢. Thus the minimal non-negative solution occurs when A =

(Z;’io ’yi)_l and then N
_ 2i=i

20"
In this case, for 1 = 1,2, ..., we have h; < 1, so the population survives
with positive probability.

h;
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3.3 Stopping Times

Consider an non-decreasing family of o-fields
FoCFICFoaC -

in a probability space (2, F, P). That is F,, C F for all n.

A random variable T': Q — {0,1,2,...} U{oco} is called a stopping time
if the event {T" = n} belongs to F, for all n = 0,1,2,.... Intuitively, F,
represents the information available at time n, and given this information
you know when 7" occurs.

A discrete-time stochastic process {X,,n > 0} is said to be adapted to
the family {F,,n > 0} if X,, is F,-measurable for all n. In particular,
{X,,n > 0} is always adapted to the family F.X, where FX as the o-field
generated by the random variables { Xy, ..., X, }.

Example 8 Consider a discrete time stochastic process {X,,,n > 0} adapted
to {F,,n > 0}. Let A be a subset of the space state. Then the first hitting
time H* introduced in (8) is a stopping time because

{HA=n} ={Xo¢ A, ..., Xo1¢ A X, € A}

The condition {T'=n} € F, for all n > 0 is equivalent to {T' < n} € F,
for all n > 0. This is an immediate consequence of the relations

{T < np=Ui{T =3},

(T = ny={T<n}n({T <n-1}°.

The extension of the notion of stopping time to continuous time will be
inspired by this equivalence. Consider now a continuous parameter non-
decreasing family of o-fields {F;,¢ > 0} in a probability space (2, F, P). A
random variable T : 2 — [0, 0o] is called a stopping time if the event {T < t}
belongs to F; for all £ > 0.

Example 9 Consider a real-valued stochastic process {X;,t > 0} with con-
tinuous trajectories, and adapted to {F;,t > 0}. The first passage time for
a level a € R defined by

T, :=inf{t >0: X; =a}
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is a stopping time because

{Tagt}:{sup XSZa}:{ sup XSZG}EFt.
0<s<t 0<s<t,5€Q

Properties of stopping times:

1. If S and T are stopping times, so are S VT and S AT. In fact, this a
consequence of the relations

{SvT <t} = {S<t}u{T <t},
{SAT <t} = {S<t}n{T <t}.
2. Given a stopping time T, we can define the o-field
Fr={A: An{T <t} € F, forall t > 0}.

Fr is a o-field because it contains the empty set, it is stable by com-
plements due to

AN{T <t} =(AU{T > t}) = (An{T <t}) U{T > t})°,
and it is stable by countable intersections.

3. If S and T are stopping times such that S < T, then Fg C Fr. In fact,
if A e Fg, then

AnN{T <t} =[An{S<t}n{T <t} e F
for all ¢ > 0.

4. Let {X;} be an adapted stochastic process (with discrete or contin-
uous parameter) and let T be a stopping time. If the parameter is
continuous, we assume that the trajectories of the process {X;} are
right-continuous. Then the random variable

Xr(w) = Xr) (@)

is Fr-measurable. In discrete time this property follows from the rela-
tion

{XreB}n{T=n}={X,eB}nN{T'=n}eF,
for any subset B of the state space (Borel set if the state space is R).
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Proposition 17 (Strong Markov property) Let{X,,n > 0} be a Markov
chain with transition matriz P and initial distribution w. Let T" be a stopping
time of {Frf{} Then, conditional on T' < oo, and Xt = i, {Xr4n,n > 0}
1s a Markov chain with transition matriz P and initial distribution 0;, inde-
pendent of Xo, ..., Xr.

Proof. Let B be an event determined by the random variables Xg, ..., Xp.
By the Markov property at time m
P({XT+1 :jla---aXT—i—n :]n}ﬂBﬂ{T:m}ﬂ{XT :2})
= P({Xm—H :jly--'aXm-‘rn:jn}mBm{T:m}m{XT :Z})
- P(Xl :jl,,Xn:jn|X0:Z)
XP(BN{T =m}nN{Xr=i}).

Now sum over m = 0,1,2,..., and divide by P(T' < oo, X7 = i) to obtain

P{Xri1=j1,- . Xoin =Jn} N B|T < 00, X7 =1)
PiinPirja " Pinrgn P (B|T < 00, Xp = 1).

3.4 Recurrence and Transience
Let {X,,n > 0} be a Markov chain with transition matrix P . We say that
a state 7 is recurrent if
P(X,, = i, for infinitely many n) = 1.
We say that a state i is transient if
P(X,, =1, for infinitely many n) = 0.

Thus a recurrent state is one to which you keep coming back and a transient
state is one which you eventually leave for ever. We shall show that every
state is either recurrent or transient.
We denote by T; the first passage time to state ¢, which is a stopping time
defined by
T, =inf{n >1: X, =i},
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where inf ) = co. We define inductively the rth passage time Ti(r) to state ¢
by
7O 017V =T,

and, for r =0,1,2,...,

T —inf{n > T +1: X, = i}.

The length of the rth excursion to ¢ is then

S(T) _ T'Z(T) _ ];(7“—1) if jﬂi(r—l) < 00
‘ 0 if otherwise.

Lemma 18 Forr =2,3,... conditional on T" "

of {Xpn :m < TV} and

< 00, 8 is independent

(2

Proof. Apply the strong Markov property to the stopping time T =
Ti(r_l). It is clear that X = 7 on T' < oo. So, conditional to T" < o0,
{X74n,n > 0} is a Markov chain with transition matrix P and initial distri-
bution ¢;, independent of Xy, ..., X7. But

SZ-(T) =inf{n >1: Xr4, =1},

SO Si(r) is the first passage time of {Xr,,,n > 0} to state i. m
We will make use of the notation P(-| Xy =1i) = P;(-) and E(:| X, =1) =
The number of visits V; to state 7 is defined by

Vi= Z loix,=q
n=0
and . -
E(Vi) =Y P(X,=i) =Y p.
n=0 n=0
We can also compute the distribution of V; under P; in terms of the return
probability
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Lemma 19 Forr =0,1,2,..., we have P,(V; > r) = f.

Proof. Observe that if Xo = i then {V; > r} = {T") < co}. When
r = 0 the result is true. Suppose inductively that it is true for r, then

PV, > r+1)=P, (T}T“) < oo)
= P, (Ti(r) < oo and Si(rﬂ) < oo>
= P, (Si(rH) < oo|T!" < oo) P, (Ti(r) < 00 )
= fifi =i

]

The next theorem provides two criteria for recurrence or transience, one
in terms of the return probability, the other in terms of the n-step transition
probabilities:

Theorem 20 FEvery state v is recurrent or transient, and:
(i) if P(T; < 00) =1, then i is recurrent and .~ pg?) = 00,
(ii) if Pi(T; < 00) < 1, then i is transient and Y~ pz(i") < 00.
Proof. If P,(T; < o) = 1, then, by Lemma 42,
PV = o0) = lim B(V;>7)
= lim [R(T; < o00)" =1

SO i iS recurrent and .
> i = Ei(Vi) = .
n=0

On the other hand, if f; = P;(T; < o0) < 1, then by Lemma 42,

S = E(V) = SR =3 £ - 1_1f < o0
n=0 r=0 r=0 1

so Pi(V; = 00) = 0 and i is transient. m

From this theorem we can solve completely the problem of recurrence
or transience for Markov chains with finite state space. First we show that
recurrence and transience are class properties.
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Theorem 21 Let C' be a communicating class. Then either all states in C
are transient or all are recurrent.

Proof. Take any pair of states 7, j € C and suppose that i is transient.
There exists n,m > 0 with pgf) > 0 and p%n) > 0, and, for all » > 0

(ntr+m) p(n) (r), (m)

Pi; ij Pjj Pji
SO -
(7‘) n+7’+m)
ZPH < Z
pij jz =0

Hence, 7 is also transient. m
Theorem 22 FEvery recurrent class is closed.

Proof. Let C be a class which is not closed. Then there exists ¢ € C,
j ¢ C and m > 1 with

Since we have
P,({X, = 7} n{X, =i for infinitely many n}) =0
this implies that
P,(X,, = i for infinitely many n) < 1
S0 1 is not recurrent, and so neither is C'. m
Theorem 23 FEvery finite closed class is recurrent.

Proof. Suppose C' is closed and finite and that {X,,,n > 0} starts in C'
Then for some ¢ € C' we have

0 < P(X, =i for infinitely many n)
= P(X, =i for some n)P;(X,, = ¢ for infinitely many n)

by the strong Markov property. This shows that ¢ is not transient, so C' is
recurrent. m
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So, any state in a non-closed class is transient. Finite closed classes are
recurrent, but infinite closed classes may be transient.

Example 10 Consider the Markov chain with state space I = {1,2,...,10}
and transition matrix

0120000000
05 00002000
100000O0O0GO0DO
0000100000
p_ 0003 300030
0000010000
00000002320
001000401
0100000000
0 0030000 3

From the transition graph we see that {1,3}, {2,7,9} and {6} are irreducible
closed sets. These sets can be reached from the states 4, 5,8 and 10 (but not
viceversa). The states 4,5,8 and 10 are transient, state 6 is absorbing and
states 1,3,2,7,9 are recurrent.

Example 11 (Random walk) Let {X,,,n > 0} be a Markov chain with state
space Z ={...,—1,0,1,...} and transition probabilities

Pii—1 = ¢, Piit+1 = p, fori € Z,

where 0 < p =1 — ¢ < 1. This chain is called a random walk: If a person is
at position 7 after step n, his next step leads him to either ¢+ 1 or ¢+ — 1 with
respective probabilities p and g. The Markov chain of Example 6 (Gambler’s
ruin) is a random walk on N = {0, 1,2,...} with 0 as absorbing state.

All states can be reached from each other, so the chain is irreducible.
Suppose we start at i. It is clear that we cannot return to 0 after an odd
number of steps, so pgf ") = 0 for all n. Any given sequence of steps of
length 2n from ¢ to ¢ occurs with probability p™q", there being n steps up
and n steps down, and the number of such sequences is the number of ways
of choosing the n steps up from2n. Thus

(2n) 2n n .n
b = pq-.
n
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Using Stirling’s formula n! «~ v/27mn(n/e)™ we obtain
e _ 2n)! . (4pg)”

* (n!)? 2
as n tends to infinity.
In the symmetric case p = ¢ = %, SO

pen L
(4 /ﬂ_n

and the random walk is recurrent because »_ - 1/y/n = co. On the other
hand, if p # ¢, then 4pg =r < 1, so

@n T

Dy Nz
and the random walk is transient because >~ 7"/y/n < co.
Assuming Xy = 0, we can write X,, = Y; + --- +Y,,, where the Y; are
independent random variables, identically distributed with P(Y; = 1) = p
and P(Y; = —1) = 1 — p. By the law of large numbers we know that

XTL a.s.
SnA%op 1.
n

So lim,, . X,, = +o0 if p > 1/2 and lim,,_., X,, = —oc if p < 1/2. This also
implies that the chain is transient if p # q.

3.5 Invariant Distributions

We say a distribution 7 on the state space [ is invariant for a Markov chain
with transition probability matrix P if

TP = .

If the initial distribution 7 of a Markov chain is invariant, then the dis-
tribution of X,, is 7 for all n. In fact, from (6) this distribution is 7P" = 7.

Let the state space I be finite. Invariant distributions are row eigenvectors
of P with eigenvalue 1. The row sums of P are all 1, so the column vector of
ones is an eigenvector with eigenvalue 1. So, P must have a row eigenvector
with eigenvalue 1, that is, invariant distributions always exist. Invariant
distributions are related to the limit behavior of P". Let us first show the
following simple result.
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Proposition 24 Let the state space I be finite. Suppose for some i € I that

(n)

pij - 7Tj

as n tends to infinity, for all j € I. Then m = (nj,j € I) is an invariant
distribution.

Proof. We have

ij = Z le pgl) = le sz(?) =1

i€l i€l i€l
and
N (n+1) _ 1. (n) _ : (n)
mpo= i p™ = T Y e = ) lim pilp
kel kel
= Zﬂkzpkj
kel

where we have used the finiteness of I to justify the interchange of summation
and limit operation. Hence 7 is an invariant distribution. m
This result is no longer true for infinite Markov chains.

Example 12 Consider the two-state Markov chain given in (4) with o # 0, 1.
The invariant distribution is (O%ﬁ, +13)- Notice that these are the rows of
lim,, o P™.

Example 13 Consider the two-state Markov chain given in (5). To find
an invariant distribution we must solve the linear equation 7P = =w. This
equation together with the restriction

T+ o + T3 = 1
yields 7 = (1/5,2/5,2/5).

Consider a Markov chain {X,,n > 0} irreducible and recurrent with
transition matrix P. For a fixed state ¢, consider for each j the expected
time spent in j between visits to i:

T;—1
V= Ei ) Lixe=)-
n=0
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Clearly, 7¢ = 1, and

ZV; = E; (T;) :=m;

jel
is the expected return time in i. Notice that although the state ¢ is recurrent,
that is, P;(T; < oo) = 1, m; can be infinite. If the expected return time
m; = E;(T;) is finite, then we say that i is positive recurrent. A recurrent
state which fails to have this stronger property is called null recurrent. In a
finite Markov chain all recurrent states are positive recurrent. If a state is
positive recurrent, all states in its class are also positive recurrent.

The numbers {Vﬁ,j € I} form a measure on the state space I, with the

following properties:

L 0<7)<o0

2. v'P = ~*, that is 4% is an invariant measure for the stochastic matrix
P. Moreover, it is the unique invariant measure, up to a multiplicative
constant.

Proposition 25 Let {X,,n > 0} be an irreducible and recurrent Markov
chain with transition matrix P. Let v be an invariant measure for P. Then
one of the following situations occurs:

(i) v(I) = +o0. Then the chain is null recurrent and there is no invariant
distribution.

(ii) v(I) < co. The chain is positive recurrent and there is a unique invari-
ant distribution given by

Ty = —.
m;

Example 14 The symmetric random walk of Example 11 is irreducible and

recurrent in the case p = % The measure 7; = 1 for all ¢, is invariant. So

we are in case (i) and there is no invariant distribution. The chain is null
recurrent.

Example 15 Consider the asymmetric random walk on {0,1,2,...} with
reflection at 0. The transition probabilities are

Piiv1 = P
Pic1y = l—p=gq
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fori=1,2,... and pp; = 1. So the transition matrix is
0 1

q 0 p

P = qg 0 p

This is an irreducible Markov chain. The invariant measure equation 7P = 7
leads to the recursive system

T = Mi—1P + Tit1q
fori=2,3,... and

T = To

7T0+7T2q = 7.

We obtain myq = mp, and recursively this implies 7;p = 7;,19. Hence,

i—1

MMy« -+ T; 1 /p

T =mg——— =To— | —
o7y« +* Ti—1 q \q

for ¢« > 1.If p > ¢, the chain is transient because, by the results obtained
in the case of the random walk on the integers we have lim, .., X, = +oc.
Also, in that case there is no bounded invariant measure. If p = %, we
already know, by the results in the case of the random walk in the integers,
that the chain is recurrent. Notice that 7; must be constant, so again there is
no invariant distribution and the chain is null recurrent. If p < ¢, the chain

is positive recurrent and the unique invariant distribution is

1—1
(-0 ()
m=—(1=-%) (% ,
2q q) \q

if i >1and =4 (1-2).

3.6 Convergence to Equilibrium

()
ij

exists as n — oo

We shall study the limit behavior of the n-step transition probabilities p

(n)

as n — 00. We have seen above that if the limit lim,,o Pij
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for some i and for all 7, and the state-space is finite, then the limit must
be an invariant distribution. However, as the following example shows, the
limit does not always exist.

Example 16 Consider the two-states Markov chain

01
p- ( 0 ) |
Then, P?" = I, and P?"*! = P for all n. Thus, pg-l) fails to converge for all

1,7.
Let P be a transition matrix. Given a state i € I set

() = {n>1:p" > 0}.

The greatest common divisor of I(7) is called the period of the state ¢. In an
irreducible chain all states have the same period. If a states ¢ verifies pf? )
for all sufficiently large n,then the period of i is one and this state is called

aperiodic.

Proposition 26 Suppose that the transition matriz P is irreducible, recur-

rent positive and aperiodic. Let w; = m% be the unique invariant distribution.

Then
(n) _

lim p;;" =,

n—oo

foralli,jel.

Proposition 27 Suppose that the transition matriz P is irreducible, recur-
rent positive with period d aperiodic. Let w; = mi be the unique tnvariant
distribution. Then, for all ©,7 € I, there exists 0<r< d, with r = 0 if
1 =7, and such that

lim pg;—td-i—r) = dﬂ'j
pgld+8) -

foralls#r, 0<s<d.

Finally let us state the following version of the ergodic theorem.
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Proposition 28 Let {X,,,n > 0} be an irreducible and positive recurrent
Markov chain with transition matrix P. Let w be the invariant distribution.
Then for any function on I integrable with respect to ™ we have

n—1

IS0 Y

k=0 el

In particular,
1

n—1
- Z 1ix,=jy — 7;.
k=0
3.7 Continuous Time Markov Chains

Let I be a countable set. The basic data for a continuous-time Markov chain
on [ are given in the form of a so called )-matrix. By definition a ()-matrix
on [ is any matrix Q = (g;; : ¢, 7 € I) which satisfies the following conditions:

(1) ¢ <0 forall i,
(ii) gi; > 0 for all i # j,
(iii) >_;c; ¢y = 0 for all d.

In each row of ) we can choose the off-diagonal entries to be any non-
negative real numbers, subject to the constraint the the off-diagonal row sum

is finite:
9 = Z Qij < O0.
J#i
The diagonal entry g;; is then —¢;, making the total row sum zero.
A @Q-matrix () defines a stochastic matrix II = (7;; : 4,5 € I) called the
gump matriz  defined as follows: If ¢; # 0, the ith row of II is

Tij = Gij/ if j # i and
T = 0.

If ¢; = 0 then m;; = ¢,;. From II and the diagonal elements g; we can recover
the matrix Q).
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Example 17 The @-matrix

-2 1 1
Q= 1 =1 0 (11)
2 1 -3
has the associated jump matrix
0 1/2 1/2
IT = 1 0 0
2/3 1/3 0

Here is the construction of a continuous-time Markov chain with Q-
matrix () and initial distribution 7. Consider a discrete-time Markov chain
{Y,,,n > 0} with initial distribution 7, and transition matrix II. The stochas-
tic process { Xy, t > 0} will visit successively the sates Yj, Y1, Ys, .. ., starting
from Xy = Y. Denote by Ry,...,R,,...the holding times in these states.
Then we want that conditional on Yy, ..., Y, _1, the holding times Ry,..., R,
are independent exponential random variables of parameters gy;,...,qy,_,-
In order to construct such process, let £,,&,, ... be independent exponential
random variables of parameter 1, independent of the chain {Y,,n > 0}. Set

.

an— 1

T, =R, + -+ R,, and

Y, if T, <t<T,
Xt = .
oo otherwise

If gy, = 0, then we put R,,.1 = 0o, and we have X; =Y, for all T, <.
The random time

¢=supT, = f: R,
n n=0

is called the explosion time. We say that the Markov chain X; is not explosive
if P(¢ = 00) = 1. The following are sufficient conditions for no explosion:

1) I is finite,

2) sup;e; ¢ < 00,

o4



3) Xy =1 and i is recurrent for the jump chain.

Set
B !

P(t)
k=0
Then, {P(t),t > 0} is a continuous family of matrices that satisfies the
following properties:

(1) Ssemigroup property:
P(s)P(t) = P(s+1).

(ii) For all ¢ > 0, the matrix P(t) is stochastic. In fact, if ) has zero row
sums then so does Q™ for every n:

Do =2 > a Ve =i D a4k =0.

kel kel jel jel kel
So

% ik
Zpij(t) = 1+Z%Zq£?) =1.
n=1

jel " jel
Finally, since P(t) = I +tQ + O(t*) we get that p;;(¢) > 0 for all i, j
and for ¢ sufficiently small, and since P(t) = P(t/n)" it follows that
pij(t) > 0 for all 4, j and for all ¢.

(iii) Forward equation:
P'(t) = P(t)Q = QP(t), P(0) = 1.

Furthermore, Q = %hzo.

The family {P(t),t > 0} is called the semigroup generated by Q.
Proposition 29 Let {X;,t > 0} be a continuous-time Markov chain with

Q-matriz Q. Then for all times 0 < ty < t; < --- < t,1q and all states
10501, - - -, Int1 we have

P(Xi,,, = tng1|Xiy = G0, ., Xb,, = in) = Dinings (ng1 — tn).
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A probability distribution (or, more generally, a measure) 7w on the state
space [ is said to be invariant for a continuous-time Markov chain {X;,t >
0} if 7P(t) = m for all t > 0. If we choose an invariant distribution 7 as
initial distribution of the Markov chain {X;,¢ > 0}, then the distribution of
X;is wfor all t > 0.

If {X;,t > 0} is a continuous-time Markov chain irreducible and recurrent
(that is, the associated jump matrix II is recurrent) with Q-matrix @, then,
a measure 7 is invariant if and only if

TQ =0, (12)

and there is a unique (up to multiplication by constants) solution 7w which
is strictly positive.

On the other hand, if we set a;; = 7;¢;, then Equation (12) is equivalent to
say that « is invariant for the jump matrix II. In fact, we have o;(m;; —d;;) =
mqi; for all 4, j, so

(Oé(l_.[ — I))] = Zozi(mj - 51]) = Z’ﬂ'iqzj =0.
iel iel
Let {X;,t > 0} be an irreducible continuous-time Markov chain with
@-matrix (). The following statements are equivalent:

(i) The jump chain II is positive recurrent.
(ii) @ is non explosive and has an invariant distribution 7.

Moreover, under these assumptions, we have
1

Y
q51;

hm p”<t) = 7Tj =
t—o00
where m; = F;(T;) is the expected return time to the state i.

Example 18 We calculate py;(t) for the continuous-time Markov chain with
Q-matrix (11). @ has eigenvalues 0, —2,4. Then put

pi(t) =a+be * 4 ce

for some constants a,b,c. To determine the constants we use p11(0) = 1,
P171(0) = 11 = —2 and p7,(0) = qﬁ) =17, 50
3 1 3

pll(t) = g —|— 16_% —|— §6_4t.
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Example 19 Let {N;,t > 0} be a Poisson process with rate A > 0. Then,
it is a continuous-time Markov chain with state-space {0,1,2,...} and Q-
matrix

A A
XA
Q= DY

Example 20 ( Birth process) A birth process i as generalization of the Poisson
process in which the parameter ) is allowed to depend on the current state of
the process. The data for a birth process consist of birth rates 0 < ¢; < 00,
where ¢ = 0,1,2,.... Then, a birth process X = {X,,t > 0} is a continuous
time Markov chain with state-space {0, 1,2,...}, and Q-matrix

—qo 4o
-1 q1
Q= —q2 @

That is, conditional on Xy = ¢, the holding times Ry, Ry, ... are independent
exponential random variables of parameters ¢;, g;+1, - . . , respectively, and the
jump chain is given by Y,, =7+ n.

Concerning the explosion time, two cases are possible:

(i) It Z;ioqij < 00, then ¢ < o0,
(ii) If E;’;Oqu = 00, then ¢ ¥ co.

In fact, if Z;io % < 00, then, by monotone convergence
J

B R)-Y L <o
n=1

=y ditn—1

soy 2 R, T oo, If S>> L = o0, then [[22, (1 + ;> — o0 and

n=1 qi1n_1 qi+n—1
by monotone convergence and independence

exp<—n§Rn) ZﬁE(e_R"):ﬁ<1+ Al )_120

o7

E




s0 Y% R, = 0.

Particular case (Simple birth process): Consider a population in which
each individual gives birth after an exponential time of parameter A, all
independently. If 7 individuals are present then the first birth will occur after
an exponential time of parameter ¢\. Then we have ¢ + 1 individuals and,
by the memoryless property, the process begins afresh. Then the size of the
population performs a birth process with rates ¢; = A\i, i = 0,2, .... Suppose
Xo = 1. Note that >, ﬁ = 00, 50 ( = oo and there is no explosion in
finite time. However, the mean population size growths exponentially:

E(Xt) = e)‘t.
Indeed, let T be the time of the first birth. Then if u(t) = E(X;)
pt) = EXilr<y) + E(Xilrsy)

t
= / AeM2u(t — s)ds + e M.
0

Setting r =t — s we obtain eMu(t) =2\ fg e p(r)dr and differentiating we
get 1(t) = M),

3.8 Birth and Death Processes

This is an important class of continuous time Markov chains with applications
in biology, demography, and queueing theory. The random variable X; will
represent the size of a population at time ¢, and the state space is I =
{0,1,2,...}. A “birth” increases the size by one and a “death” decreases it
by one. The parameters of this continuous Markov chain are:

1) p; = probability that a birth occurs before a death if the size of the
population is 7. Note that po = 1.

2) «a; = parameter of the exponential time until next birth or death.

Define \; = p;cv; and p; = (1 — p;)cy;, so these parameters can be thought
as the respective time rates of births and deaths at an instant at which
the population size is 7. The parameters \; and p, are arbitrary non-negative

numbers, except py = 0 and \; + p; > 0 for all © > 1. We have p; = ﬁ
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As a consequence, the rates are g, A1 + (11, A2 + fo, . . ., and the jump matrix
is, in the case A\g > 0

0 1
1—p; 0 Pi
and the QQ-matrix is
-0 Ao
pr o =M=y A

Q= Lo —A2 =y Ao

o0 (n)

The matrix II is irreducible. Notice that Zf\:+;r” is the expected time
spent in state i. A necessary and sufficient condition for non explosion is
then: -

(o] o0 n

T
ZanO i 5o (13>
i=0 i+ py

On the other hand, equation 7@) = 0 satisfied by invariant measures leads
to the system

T = AgTo,
)\07T0 + pomy = ()\1 + [Ll)ﬁl,
Aot + g mipr = (N + ),
for + = 2,3,.... Solving these equations consecutively, we get
AoAr -+ Aiq
T = ———————™o,
Foy e By
for : = 1,2,... Hence, an invariant distribution exists if and only if

= AoAL - A
c= —_— < 0.
; [

59



In that case the invariant distribution is

1 . .
= if i=0
I+c  pypy -

Example 21 Suppose \; = A, p; = pi for some A, > 0. This corresponds
to the case where each individual of the population has an exponential life-
time with parameter u, and each individual can give birth to another after
an exponential time with parameter A\. Notice that \y = 0. So the jump

chain is that of the Gambler’s ruin problem (Example 6) with p = 2 + , that
is,
1 0
1l—=p 0 »p

IT= 1—p 0 p

If A < u we know that with probability one the population with extinguish.
If A > p, condition (13) becomes

PO L
Z A+u —szm o

and the chain is non explosive.
A variation of this example is the birth and death process with linear
growth and immigration: \; = \i+a, u, = ui, for allt > 0, where A\, u,a > 0.

Again there is no explosion because Y - W = 00. Let us compute

w;(t) := E;(X;) the average size of the population if the initial size is i.
The equality P'(t) = P(t)Q leads to the following system of differential

equations:
pz] Z qzk‘pk‘]

that is,
Pii(t) = pij—1(A(J = 1) +a) = p; (O[(A + p)j + a] + pjrap( + 1),

for all j > 1, and ply(t) = —pio(t)a + pi -
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Taking into account that g, (t) = >, jpi;(t), and using the above equa-
tions, we obtain

) = 2wl
= E:% (W +a)(G+ 1) = Jl(A+ p)i +al + plG = 1)j)

= pr ) (a+j(A— )

= a+ﬂk—umx)

The solution to this differential equation with initial condition p,;(0) = i
yields
p;(t) = at + i it A=p
{ i) = 525 (€O = 1) i A £

Notice that in the case A > p, p,(t) converges to infinity as ¢ goes to infinity,

and if A < pu, p,;(t) converges to 5

3.9 Queues

The basic mathematical model for queues is as follows. There is a line of
customers waiting service. On arrival each customer must wait until a serves
is free, giving priority to earlier arrivals. It is assumed that the times between
arrivals are independent random variables with some distribution, and the
times taken to serve customers are also independent random variables of an-
other distribution. The quantity of interest is the continuous time stochastic
process {X;,t > 0} recording the number of customers in the queue at time
t. This is always taken to include both those being served and those waiting
to be served.

3.9.1 M/M/1/cc queue

Here M means memoryless, 1 stands for one server and infinite queues are
permissible. Customers arrive according to a Poisson process with rate A,
and service times are exponential of parameter p. Under these assump-
tions, {X;,t > 0} is a continuous time Markov chain with with state space
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{0,1,2,...}. Actually it is a special birth and death process with Q-matrix

—A A
L —=A—pu A
Q= It —A—p A

In fact, suppose at time 0 there are ¢ > 0 customers in the queue. Denote by
T the time taken to serve the first customer and by S the time of the next
arrival. Then the first jump time R; is Ry = inf(S,7T"), which is an expo-
nential random variable of parameter A + . On the other hand, the events
{T" < S} and {T" > S} are independent of inf(S,T") and have probabilities
£ and 2, respectively. In fact,

Ap A+p?
P(T < S,inf(S,T)>2z)=P(T <S5,T > x)
= /00 e_)‘t,ue_”“tdt - e~ Atz

A+
= P(T < S)P(inf(S,T) > x).

Thus, Xg, = ¢ — 1 with probability F‘LH and Xg, = ¢+ 1 with probability
A
Mp
On the other hand, if we condition on {T" < S}, then S — T is exponen-
tial of parameter A\, and similarly conditional on {T" > S}, then T'— S is

exponential of parameter p. In fact,
A
PS—T > 2T <8)=""Fps—T>uz)
1

_ A + 1% o0 6_)\(t+x)ﬂ/e—,u,tdt — €_>\w.

K 0
This means that conditional on Xg, = j, the process{ X;,t > 0} begins afresh
from j at time R;.
The holding times are independent and exponential with parameters A,

A+, A+, .... Hence, the chain is non explosive. The jump matrix is
0 1
o A
PR R s
1= TR
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is that of the random walk of Example 13 with p = ﬁ If A > p, the chain
is transient and we have lim; .., X; = 400, so the queue growths without
limit in the long term. If A = px the chain is null recurrent. If A < p, the
chain is positive recurrent and the unique invariant distribution is, using (14)
or Example 13 :

my= (1=,

where r = ﬁ The ratio r is called the traffic intensity for the system. The
average numbers of customers in the queue in equilibrium is given by

- NS S L
EA(X) =Y Pu(Xy2i) =) (‘) TN
i=1 =1 \HM = A
Also, the mean time to return to zero is given by

1 4
m pr— =
0 qoTo A(M - A)

so the mean length of time that the server is continuously busy is given by

1 1
myg— — = ——.
‘ qo p— A

3.9.2 M/M/1/m queue

This is a queueing system like the preceding one with a waiting room of
finite capacity m — 1. Hence, starting with less than m customers, the total
number in the system cannot exceed m; that is, a customer arriving to find
m or more customers in the system leaves and never returns (we do allow
initial sizes of greater than m, however).

This is a birth and death process with A\; = A, for i = 0,1,...,m — 1,
A =0 for i >m and pu; = p for all © > 1. The states m+1,m+2,... are all
transient and C' = {0,1,2,...,m} is a recurrent class.

3.9.3 M/M/s/co0 queue

Arrivals from a Poisson process with rate A, service times are exponential
with parameter p, there are s servers, and the waiting room is of infinite
size. If i servers are occupied, the first service is completed at the minimum
of 7 independent exponential times of parameter u. The first service time

63



is therefore exponential of parameter ip. The total service rate increases
to a maximum of sy when all servers are working. We emphasize that the
queue size includes those customers who are currently being served. Then
the queue size is a birth and death process with A\; = A for all « > 0, u, = ip,
fori =1,2,...,s and p; = su for i > s+ 1. The chain is positive recurrent
when A < sp. The invariant distribution is

C’(%)l% for 1 =0,...s

C’(ﬁ) ﬁ for i>s+1

T =

with some normalizing constant C'.

In the particular case s = oo there are infinitely many servers so that no
customer ever waits. In this case the normalizing constant is C' = e™* and
7 is a Poisson distribution of parameter A/u. This model applies to very
large parking lots; then the customers are the vehicles, servers are the stalls,
and the service times are the times vehicles remain parked.

This model also fits the short-run behavior of the size (measure in terms
of the number of families living in them) of larger cities. The arrivals are the
families moving into the city, and a service time is the amount of time spent
there by a family before it moves out. In USA 1/u is about 4 years. If the
city has a stable population size of about 1.000.000 families, then the arrival
rate must be A\ = 250.000 families per year. Approximating the Poisson
distribution by a normal we obtain

P(997.000 < X; < 1.003.000) = 0.9974,

that is, the number of families in the city is about one million plus or minus
three thousand.

3.9.4 Telephone exchange

A variation on the M/M/s queue is to turn away customers who cannot be
served immediately. This queue might serve a simple model for a telephone
exchange, when the maximum number of calls that can be connected at once
is s: when the exchange is full, the additional calls are lost.

The invariant distribution of this irreducible chain is

(' &
ijo (A )’ %’
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which is called the truncated Poisson distribution.
By the ergodic theorem, the long-run proportion of time that the exchange
is full, and hence the long-run proportion of calls that are lost, is given by

(Erlang’s formula):
(A1) 5

Zj‘zo ()‘/N)j % ‘

s =

Exercises

3.1 Let {X,,,n > 0} be a Markov chain with state space {1, 2,3} and tran-
sition matrix

0 1/3 2/3
P=|1/4 3/4 o0
2/5 0 3/5
and initial distribution 7 = (2,12). Compute the following probabili-

ties:

(a) P(Xl:2,X2:2,X3:2,X4:1,X5:3>
(b) P(X5=2,X5=2[X,=2)

3.2 Classify the states of the Markov chains with the following transition

matrices:
08 0 02 0
0 0 1 0
P=t 1 o o o
03 04 0 0.3
0.8 0 O 0 0 02 0
0 0 0 0 1 0 0
01 0 09 0 0 O 0
b= 0 0 0O 05 0 0 0.5
0O 03 0 0 07 0 O
0 0 1 0 0 0 0
0O 05 0 O 0 05 0
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X

I
= O O Ol
Okl O O
Ol = O O
Okl o= O
== O O N

3.3 Find all invariant distributions of the transition matrix P; in exercise
2.2

3.4 In Example 4, instead of considering the remaining lifetime at time n,
let us consider the age Y, of the equipment in use ar time n. For
any n, Y,y = 0 if the equipment failed during the period n + 1, and
Y1 =Y, + 1if it did not fail during the period n + 1.

(a) Show that

. . 1-— D1 if 1=0
PV =1+1|Y, =1) = { Lpi——pit1 §f 5> 1

1=p1——pi

(b) Show that {Y,,,n > 0} is a Markov chain with state space {0, 1,2,...}
and find its transition matrix.

(c) Classify the states of this Markov chain.

3.5 Consider a system whose successive states form a Markov chain with
state space {1,2,3} and transition matrix

0 1 0
=1 04 0 06
0 1 0

Suppose the holding times in states 1,2, 3 are all independent and have
exponential distributions with parameters 2,5, 3, respectively. Com-
pute the @-matrix of this Markov system.

3.6 Suppose the arrivals at a counter form a Poisson process with rate A\, and
suppose each arrival is of type a or of type b with respective probabilities
pand 1 —p = q. Let X; be the type of the last arrival before t. Show
that {X;,¢ > 0} is a continuous Markov chain with state space {a, b}.
Compute the distribution of the holding times, the ()-matrix and the
transition semigroup P(t).
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3.7 Consider a queueing system M/M/1/2 with capacity 2. Compute the
Q-matrix and the potential matriz U* = (al —Q)™', where o > 0, for
the case A = 2, u = 8. Suppose a penalty cost of one dollar per unit
time is applicable for each customer present in the system. Suppose
the discount rate is . Show that the expected total discounted cost if,
starting at ¢, (U%g),, where g = (0,1, 2).
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4 Martingales

We will first introduce the notion of conditional expectation of a random
variable X with respect to a o-field B C F in a probability space (Q, F, P).

4.1 Conditional Expectation

Consider an integrable random variable X defined in a probability space
(Q,F,P), and a o-field B C F. We define the conditional expectation of X
given B (denoted by E(X|B)) to be any integrable random variable Z that
verifies the following two properties:

(i) Z is measurable with respect to B.

(ii) For all A € B
E(Z14) = FE(X1,).

It can be proved that there exists a unique (up to modifications on sets
of probability zero) random variable satisfying these properties. That is, if
Z and Z verify the above properties, then Z = Z , P-almost surely.

Property (ii) implies that for any bounded and B-measurable random

variable Y we have
E(E(X|B)Y)=E(XY). (15)

Example 1 Consider the particular case where the o-field B is generated
by a finite partition {Bj, ..., B,,}. In this case, the conditional expectation
E(X]|B) is a discrete random variable that takes the constant value £(X|B,)
on each set B; :
E (X1p)
E(X|B) = — =15,
Z P(B;)

Jj=1

Here are some rules for the computation of conditional expectations in
the general case:

Rule 1 The conditional expectation is lineal:

E(aX +bY|B) = aE(X|B) + bE(Y|B)
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Rule 2 A random variable and its conditional expectation have the same
expectation:

E(E(X|B)) = E(X)

This follows from property (ii) taking A = 2.

Rule 3 If X and B are independent, then F(X|B) = E(X).

In fact, the constant E(X) is clearly B-measurable, and for all A € B
we have

E(X14)=E(X)E(14) = E(E(X)14).
Rule 4 If X is B-measurable, then E(X|B) = X.
Rule 5 If Y is a bounded and B-measurable random variable, then
E(YX|B)=YE(X|B).

In fact, the random variable Y E(X|B) is integrable and B-measurable,
and for all A € B we have

E(E(X|B)Y14) = E(E(XY14|B)) = E(XY1,),

where the first equality follows from (15) and the second equality fol-
lows from Rule 3. This Rule means that B-measurable random vari-
ables behave as constants and can be factorized out of the conditional
expectation with respect to B.

Rule 6 Given two o-fields C C B, then

E(E(X|B)|C) = E (E(X|0)|B) = E(X]C)

Rule 7 Consider two random variable X y Z, such that Z is B-measurable
and X is independent of B. Consider a measurable function h(zx, z)
such that the composition h(X,Z) is an integrable random variable.
Then, we have

E (h<X7 Z)|B) =F (h(Xv Z)) |z:Z

That is, we first compute the conditional expectation E (h(X, z)) for
any fixed value z of the random variable Z and, afterwards, we replace
z by Z.
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Conditional expectation has properties similar to those of ordinary ex-
pectation. For instance, the following monotone property holds:

X <Y = FEX|B) <EY|B).
This implies |E(X|B) | < E(|X]||B).
Jensen inequality also holds. That is, if ¢ is a convex function such that
E(j¢(X)]) < oo, then
¢ (E(X|B)) < E(p(X)|B). (16)
In particular, if we take ¢(x) = |z|P with p > 1, we obtain
[E(X|B)P < E(IX[|B),

hence, taking expectations, we deduce that if E(|X|?) < oo, then E(|E(X|B)]P) <
oo and

E(EX|B)P) < E(IX]"). (17)

We can define the conditional probability of an even C' € F given a o-field

B as
P(C|B) = E(1¢|B).

Suppose that the o-field B is generated by a finite collection of random
variables Y7, ...,Y,,. In this case, we will denote the conditional expectation
of X given B by E(X|Y1,...,Y,,). In this case this conditional expectation
is the mean of the conditional distribution of X given Y7,...,Y,,.

The conditional distribution of X given Yi,...,Y,, is a family of distri-
butions p(dzx|yi, ..., yn) parameterized by the possible values yi, ...,y of
the random variables Y7, ...,Y,,, such that for all a < b

b
Pla< X <bYi,.... V) :/ p(dal Vi Y.
Then, this implies that
E(X|Y1,...,Ym):/xp(dx]Yl,...,Ym).
R

Notice that the conditional expectation F(X|Y3,...,Y,,) is a function g(Y3,...,Y,,)
of the variables Y7, ...,Y,,,where

g(yla s 7ym> = / l‘p(dl’|y1, s 7ym)
R
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In particular, if the random variables X, Y7,...,Y,, have a joint density
f(x,y1,...,Ym), then the conditional distribution has the density:

f(xvylw'wym)
‘/'_JFOOOO f(xayla' e 7ym)dy1 o dym

f@lyr, . ym) =

Y

and e
E(X|Y1,...,Ym):/ xf(x|Y1,. .., Yn)d.

o

The set of all square integrable random variables, denoted by L%(Q, F, P),
is a Hilbert space with the scalar product

(Z,Y) = E(ZY).

Then, the set of square integrable and B-measurable random variables, de-
noted by L?(2, B, P) is a closed subspace of L?(Q, F, P).

Then, given a random variable X such that F(X?) < oo, the conditional
expectation F(X|B) is the projection of X on the subspace L*(€2, B, P). In
fact, we have:

(i) E(X|B) belongs to L*(2, B, P) because it is a B-measurable random
variable and it is square integrable due to (17).

(ii) X — E(X]|B) is orthogonal to the subspace L?(2, B, P). In fact, for all
Z € L*(Q, B, P) we have, using the Rule 5,

E[(X - E(X|B)Z] = E(XZ)- E(E(X|B)Z)
= E(XZ)-E(E(XZ|B))=0.
As a consequence, E(X|B) is the random variable in L*(Q, B, P) that

minimizes the mean square error:

E[(X - E(X|B))’] = YGL%?B’P) E[(X-Y)"]. (18)

This follows from the relation
E[(X -Y)’] = E[(X - E(X|B))’] + E[(E(X|B) —Y)?]

and it means that the conditional expectation is the optimal estimator of X
given the o-field B.
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4.2 Discrete Time Martingales

In this section we consider a probability space (€2, F, P) and a nondecreasing
sequence of o-fields

FoCFICFC--CFyCre

contained in F. A sequence of real random variables M = {M,,n > 0} is
called a martingale with respect to the o-fields {F,,n > 0} if:

(i) For each n > 0, M, is F,-measurable (that is, M is adapted to the
filtration {F,,n > 0}).

(ii) For each n >0, E(|M,|) < oo

(iii) For each n > 0,

E(M,1|F,) = M,.

The sequence M = {M,,n > 0} is called a supermartingale (or sub-
martingale) if property (iii) is replaced by E(M,1|F,) < M, (or E(M1|F,)

Notice that the martingale property implies that E(M,,) = E(M,) for all
n. On the other hand, condition (iii) can also be written as

E(AM,|Fp_1) =0

for all n > 1, where AM,, = M,, — M,,_;.

Example 2 Suppose that {{,,n > 1} are independent centered random
variables. Set My = 0 and M, = & + ... +&,, for n > 1. Then M, is a
martingale with respect to the sequence of o-fields F,, = o(&y,...,§,) for
n > 1, and Fy = {0,Q}. In fact,

B(Muy|Fa) = E(My +€,|F,)
— M+ E(EIR)
= M+ E(,) =M

Example 3 Suppose that {£,,n > 1} are independent random variable
such that P(¢{, = 1) =p, 1 P(§, = —1) =1—p, on 0 < p < 1. Then
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CN\ErttEs,
y4

M, = 17 , My = 1, is a martingale with respect to the sequence

of o-fields F,, = 0(&y,...,¢&,) for n > 1, and Fy = {0, Q}. In fact,

1_p S T SR
iy — 5 (0

p

1 _ €1+"'+§n 1 _ én-‘rl
()
p p
1 _ £n+1
M,E (—p )
p

M,.

In the two previous examples, F,, = (Mo, ..., M,), for all n > 0. That
is, {F,} is the filtration generated by the process {M,,}. Usually, when the

filtration is not mentioned, we will take F,, = o(M,, ..., M,), for all n > 0.
This is always possible due to the following result:

Lemma 30 Suppose {M,,n > 0} is a martingale with respect to a filtration
{Gn}. Let F,, = o(My,...,M,) C G,. Then {M,,n > 0} is a martingale
with respect to a filtration {F,}.
Proof. We have, by the Rule 6 of conditional expectations,
E(Mn+1|fn) = E<E<Mn+1|gn>|]:n) = E(M|]:n) = M,.

|
Some elementary properties of martingales:

1. If {M,} is a martingale, then for all m > n we have

E(M,|F,) = M,.

In fact,

M, = E(Mn-kll-’fn) - E(E(Mn+2|}_n+1) |~’Tn)
= E(Mpys |F) = ... = E(My|F).

2. {M,} is a submartingale if and only if {—M,,} is a supermartingale.
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3. If {M,} is a martingale and ¢ is a convex function such that E(|o(M,)|) <
oo for all n > 0, then {¢(M,)} is a submartingale. In fact, by Jensen’s
inequality for the conditional expectation we have

E (o(Mni1)|Fn) 2 @ (BE(Mn 1| Fn)) = o(M,).

In particular, if {M,} is a martingale such that E(|M,|P) < oo for all
n > 0 and for some p > 1, then {|M,|"} is a submartingale.

4. If {M,} is a submartingale and ¢ is a convex and increasing function
such that E(|p(M,)|) < oo for all n > 0, then {¢(M,,)} is a submartin-
gale. In fact, by Jensen’s inequality for the conditional expectation we
have

E (p(Mp1)|Fn) = ¢ (E(Mpia|Frn)) > o(M,).

In particular, if {M,} is a submartingale , then {M;f} and {M, A a}
are submartingales.

Suppose that {F,,n > 0} is a given filtration. We say that {H,,n > 1}
is a predictable sequence of random variables if for each n > 1, H, is F,,_1-
measurable. We define the martingale transform of a martingale {M,,,n > 0}
by a predictable sequence {H,,n > 1} as the sequence

Proposition 31 If {M,,n > 0} is a (sub)martingale and {H,,n > 1} is
a bounded (nonnegative) predictable sequence, then the martingale transform
{(H - M),} is a (sub)martingale.

Proof. Clearly, for each n > 0 the random variable (H - M), is F,-
measurable and integrable. On the other hand, if n > 0 we have

E((H - M)niy — (H-M)u|F) = E(AMyia|F,)
= Hy 1 E(AM, 1| F,) = 0.

|

We may think of H,, as the amount of money a gambler will bet at time
n. Suppose that AM,, = M,, — M,,_1 is the amount a gambler can win or lose
at every step of the game if the bet is 1 Euro, and M, is the initial capital
of the gambler. Then, M, will be the fortune of the gambler at time n, and
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(H - M),, will be the fortune of the gambler is he uses the gambling system
{H,}. The fact that {M,} is a martingale means that the game is fair. So,
the previous proposition tells us that if a game is fair, it is also fair regardless
the gambling system {H,}.

Suppose that M, = My+&, +... +¢&,,, where {£,,,n > 1} are independent
random variable such that P(¢, = 1) = P(§, = —1) = 1. A famous gambling
system is defined by Hy =1 and for n > 2, H, = 2H,,_; if {, ; = —1, and
H,=1ift¢, ; =1. In other words, we double our bet when we lose, so that
if we lose k times and then win, out net winnings will be

—1—2—4— ... Lok —q

This system seems to provide us with a “sure win”, but this is not true due
to the above proposition.

Example 4 Suppose that S9 S! ... S? are adapted and positive random
variables which represent the prices at time n of d 4+ 1 financial assets. We
assume that S° = (1 + r)", where r > 0 is the interest rate, so the asset
number 0 is non risky. We denote by S, = (52,5} ..., 59) the vector of
prices at time n.

In this context, a portfolio is a family of predictable sequences {¢’,n >
1}, i =0,...,d, such that ¢/ represents the number of assets of type i at
time n. We set ¢, = (¢2, #?, ..., ¢%). The value of the portfolio at time n > 1
is then

We say that a portfolio is self-financing if for all n > 1

Vn = % + 2?21 ¢j : ASja

where Vj denotes the initial capital of the portfolio. This condition is equiv-
alent to

P+ On = Ppy1 - On
for all n > 0. Define the discounted prices by

Sp=(147r)"S, = (1,1 +7r) ™S, . (1+7r)"59.

Then the discounted value of the portfolio is

Vn = (1 + T)_nvn = ¢n : gna
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and the self-financing condition can be written as
(b * STL = ¢n+1 : S?’L?

for n > 0, that is, V41—V, = i1 (Spi1—S,) and summing in n we obtain

ffn:vo+2¢j-A§j.

Jj=1

In particular, if d = 1, then V, = (p* - g)n is the martingale transform of
the sequence {S,} by the predictable sequence {¢.}. As a consequence, if

{S,} is a martingale and {¢.} is a bounded sequence, {V } will also be a

martingale.

We say that a probability @) equivalent to P (that is, P(A) = 0 <
Q(A) =0), is a risk-free probability, if in the probability space (2, F, Q) the
sequence of discounted prices §n is a martingale with respect to F,,. Then,
the sequence of values of any self-financing portfolio will also be a martingale
with respect to F,,, provided the [, are bounded.

In the particular case of the binomial model (also called Ross-Cox-Rubinstein
model), we assume that the random variables

Sn ] AS,
Sn—l - Sn—l’
n = 1,...,N are independent and take two different values 1 4+ a, 1 + b,
a < r < b, with probabilities p, and 1 — p, respectively. In this example, the
risk-free probability will be

T, =

b—r
b—a

p:
In fact, for each n > 1,
E(T)=0+ap+(1+b1—-p) =1+
and, therefore,
E(Su|Fua) = (14+7)” ”E(S | Fr1)
= (14+7r)"S,_ 1E(T |]-"n 1)
(1+7)"'Su 1 B(T,)
- Sn—l-
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Consider a random variable H > 0, Fy-measurable, which represents the
payoff of a derivative at the maturity time N on the asset. For instance, for
an European call option with strike price K, H = (Sy — K)*. The derivative
is replicable if there exists a self-financing portfolio such that Vy = H. We
will take the value of the portfolio V,, as the price of the derivative at time
n. In order to compute this price we make use of the martingale property of
the sequence V,, and we obtain the following general formula for derivative
prices:

V= +r)" V" Eq(H|F,)]

In fact, B B
Vi, = Eq(Vn|Fn) = (1 +7)"N""E(H|F,).

In particular, for n = 0, if the o-field Fy is trivial,

Vo=(1+7r)"VEo(H)]

Example 5 Suppose that T is a stopping time. Then, the process
H, = 1{T2n}

is predictable. In fact, {T" > n} = {T' < n — 1} € F,_1. The martingale
transform of {M,,} by this sequence is

(H-M), = My+Y Lgrsj (M;— M)

Jj=1
TAn

- MO + Z (M] _— Mjfl) - MT/\n~
7j=1

As a consequence, if {M,,} is a (sub)martingale , the stopped process { Mra, }
will be a (sub)martingale.

Theorem 32 (Optional Stopping Theorem) Suppose that {M,} is a sub-
martingale and S < T < m are two stopping times bounded by a fized time
m. Then

E(Mr|Fs) > Ms,

with equality in the martingale case.
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This theorem implies that E(Mr) < E(Mg).
Proof. We make the proof only in the martingale case. Notice first that
Mo is integrable because

(M| <> M.
n=0

Consider the predictable process H,, = 1{g<p<r}na, where A € Fs. Notice
that {H,} is predictable because

{S<n<TINA={T <n}'Nn{S<n—-1}nA] e F,.

Moreover, the random variables H,, are nonnegative and bounded by one.
Therefore, by Proposition 31, (H - M), is a martingale. We have

(H-M)y = My,
(H-M), = My+14(Mp— Msg).

The martingale property of (H-M),, implies that E((H-M)o) = E((H-M),).
Hence,
EQa(Mp— Mg)) =0

for all A € Fg and this implies that E(Mp|Fs) = Mg, because Mg is Fg-
measurable. m

Theorem 33 (Doob’s Maximal Inequality) Suppose that {M,} is a sub-
martingale and A > 0. Then

P( sup M, >\ <

1
—F(Mn1
0<n<N _>\<N{

SUPQ<n< N MnZ/\} ) :

Proof. Consider the stopping time
T =inf{n >0: M, > A} AN.
Then, by the Optional Stopping Theorem,

E(My) > E(MT):E(MTl{

SUPg<n< N MnZ)\})
+E(MT1{SUP0§n§N Mn<>\})
> AP( sup M, >\)+ E(MNI{

0<n<N SUPg<n<N Mn<)\}>‘
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]
As a consequence, if {M,} is a martingale and p > 1, applying Doob’s
maximal inequality to the submartingale {|M, |’} we obtain

P( sup |M,|>A) <

0<n<N

1
FE(MAP),

which is a generalization of Chebyshev inequality.
Theorem 34 (The Martingale Convergence Theorem) If {M,} is a
submartingale such that sup, E(M,") < oo, then
M, =5 M
where M s an integrable random variable.

As a consequence, any nonnegative martingale converges almost surely.
However, the convergence may not be in the mean.

Example 6 Suppose that {£,,n > 1} are independent random variables
with distribution N(0,0?). Set My = 1, and

u n
M, = exp (Z € - §az> |
j=1

Then, {M,} is a nonnegative martingale such that M, *% 0, by the strong
law of large numbers, but E(M,,) = 1 for all n.

Example 7 (Branching processes) Suppose that {£',n > 1,4 > 0} are
nonnegative independent identically distributed random variables. Define a
sequence {Z,} by Zg =1 and for n > 1

P ?+1+...+§g:1 if Z,>0
nl 0 it Z,=0

The process {Z,} is called a Galton-Watson process. The random variable

Z, is the number of people in the nth generation and each member of a
generation gives birth independently to an identically distributed number of
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children. py = P(&' = k) is called the offspring distribution. Set p = E(E}).
The process Z,/u™ is a martingale. In fact,

E(Zpn|Fa) = Y B(Zniiliz,=1)|Fn)

k=1

= ZE(( gy fz—i—l) Loz | F)
k=1
k=1

- Z Lz EE 4+ 67
k=1

= Y Vgemihi = pZn.
k=1

This implies that E(Z,) = . On the other hand, Z, /™ is a nonneg-
ative martingale, so it converges almost surely to a limit. This limit is zero
if p <1 and £ is not identically one. Actually, in this case Z, = 0 for all
n sufficiently large. This is intuitive: If each individual on the average gives
birth to less than one child, the species dies out. If > 1 the limit of Z,, /u"
has a change of being nonzero. In this case p = P(Z, = 0 for some n) < 1 is
the unique solution of ¢(p) = p, where ¢(s) = > r-,prs” is the generating
function of the spring distribution.

The following result established the convergence of the martingale in mean
of order p in the case p > 1.

Theorem 35 If {M,} is a martingale such that sup, E(|M,|") < oo, for

some p > 1, then
Vi Vi

almost surely and in mean of order p. Moreover, M, = E(M|F,) for all n.

Example 8 Consider the symmetric random walk {S,,n > 0}. That is,
So=0and forn > 1, S, =& + ... + {,where {{,,n > 1} are independent
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random variables such that P(¢, = 1) = P(§, = —1) = 3. Then {S,} is a
martingale. Set
T=inf{n>0:S5, ¢ (a,b)},

where b < 0 < a. We are going to show that E(T") = |ab|.

In fact, we know that {Sra,} is a martingale. So, E(Stn,) = E(Sp) = 0.
This martingale converges almost surely and in mean of order one because
it is uniformly bounded. We know that P(7" < co) = 1, because the random
walk is recurrent. Hence,

a.s., Lt
ST/\n — ST € {b, a}.
Therefore, E(St) =0 = aP(Sy = a) + bP(Sy = b). From these equation we
obtain the absorption probabilities:

Now {S2?—n} is also a martingale, and by the same argument, this implies
n g

E(S2) = E(T), which leads to E(T) = —ab.
T

4.3 Continuous Time Martingales

Consider an nondecreasing family of o-fields {F;,¢ > 0}. A real continuous
time process M = {M;,t > 0} is called a martingale with respect to the
o-fields {F;,t > 0} if:

(i) For each t > 0, M, is F;-measurable (that is, M is adapted to the filtra-
tion {Ft,t 2 O})

(ii) For each t > 0, E(|M,]) < oc.
(iii) For each s <t, E(M;|F;) = M.
Property (iii) can also be written as follows:

E(M; — My|Fs) =0
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Notice that if the time runs in a finite interval [0, 7], then we have
M, = E(Mp|F),

and this implies that the terminal random variable My determines the mar-
tingale.

In a similar way we can introduce the notions of continuous time sub-
martingale and supermartingale.

As in the discrete time the expectation of a martingale is constant:

E(M;) = E(My).

Also, most of the properties of discrete time martingales hold in continu-
ous time. For instance, we have the following version of Doob’s maximal
inequality:

Proposition 36 Let {M;,0 < t < T } be a martingale with continuous
trajectories. Then, for all p > 1 and all A > 0 we have

1

P sup 1340 > 3) < BN

0<t<T A

This inequality allows to estimate moments of supgc;<p |M;|. For in-
stance, we have

E ( sup |Mt|2) < AE(|Mgp|?).

0<t<T

Exercises

4.1 Let X and Y be two independent random variables such that P(X =
1) =PY =1) =p,and P(X =0) = PY =0) =1—p. Set
Z = lixyy—oy. Compute E(X|Z) and E(Y|Z). Are these random
variables still independent?

4.2 Let {Y,},>; be a sequence of independent random variable uniformly
distributed in [—1,1]. Set Sp =0 and S, =Y, +---+ Y, if n > 1.
Check whether the following sequences are martingales:

Mél) - Z Slzflyka n > 17 M(gl) =0
k=1
M@ = 52— g MP =o.
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4.3 Consider a sequence of independent random variables { X, },,>1 with laws
N(0,0?). Define

Y, =exp (aZXk — n02) ,
k=1

where a is a real parameter and Yy = 1. For which values of a the
sequence Y, is a martingale?

4.4 Let Y1,Y5,... be nonnegative independent and identically distributed
random variables with £(Y,) = 1. Show that X, =1, X,, = V1Y5-- Y},
defines a martingale. Show that the almost sure limit of X, is zero if
P(Y, =1) <1 (Apply the strong law of large numbers to log Y,,).

4.5 Let S, be the total assets of an insurance company at the end of the
year n. In year n, premiums totaling ¢ > 0 are received and claims
¢, are paid where £, has the normal distribution N(u,0?) and p < c.
The company is ruined if assets drop to 0 or less. Show that

P(ruin) < exp(—2(c — p)So/0?).

4.6 Let S, be an asymmetric random walk with p > 1/2, and let 7" = inf{n :
S, = 1}. Show that S,, — (p — ¢)n is a martingale. Use this property to
check that E(T) = 1/(2p — 1). Using the fact that (S, — (p — q)n)* —
o’n is a martingale, where 0 = 1 — (p — ¢)?, show that Var(T) =
1-(p-9% /a9’
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5 Stochastic Calculus

5.1 Brownian motion

In 1827 Robert Brown observed the complex and erratic motion of grains
of pollen suspended in a liquid. It was later discovered that such irregu-
lar motion comes from the extremely large number of collisions of the sus-
pended pollen grains with the molecules of the liquid. In the 20’s Norbert
Wiener presented a mathematical model for this motion based on the theory
of stochastic processes. The position of a particle at each time ¢t > 0 is a
three dimensional random vector B;.
The mathematical definition of a Brownian motion is the following;:

Definition 37 A stochastic process { By, t > 0} is called a Brownian motion
if it satisfies the following conditions:

i) By=0

ii) For all0 <t <--- <t, the increments By, — By, ,,..., By, — By,, are
independent random variables.

iii) If0 < s < t, the increment By— By has the normal distribution N (0,t—

5)

iv) The process { B;} has continuous trajectories.

Remarks:

1) Brownian motion is a Gaussian process. In fact, the probability dis-
tribution of a random vector (By,,...,By,), for 0 < t; < -+ < t,,
is normal, because this vector is a linear transformation of the vector
(Btl, B, — By,,..., By, — Btn_1> which has a joint normal distribution,
because its components are independent and normal.

2) The mean and autocovariance functions of the Brownian motion are:

E(B;) = 0
E(B,B,) = FE(By(B,— B,+ B,))
= E(B,(B;— B,)) + E(B?) = s = min(s, t)
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if s < t. It is easy to show that a Gaussian process with zero mean
and autocovariance function 'y (s,t) = min(s,t), satisfies the above
conditions i), ii) and iii).

3) The autocovariance function I'y(s,t) = min(s,t) is nonnegative definite
because it can be written as

min(s,t)Z/ 1[0,3](7“)1[0,&(7“)617”7
0

SO

n

Zaiajmin(ti,tj) = Zaiaj/ Ljo,.4,)(r) 110, (r)dr
0

i,j=1 4,j=1

" 2
= / [Z ai1[07ti](7’)] dr > 0.
0

i=1
Therefore, by Kolmogorov’s theorem there exists a Gaussian process
with zero mean and covariance function I'x(s,t) = min(s,¢). On the
other hand, Kolmogorov’s continuity criterion allows to choose a version
of this process with continuous trajectories. Indeed, the increment
B, — By has the normal distribution N(0,¢ — s), and this implies that
for any natural number k£ we have

(t —s)k. (19)

So, choosing k = 2, it is enough because

E[(B; - B,)'] = 3(t — s)*

4) In the definition of the Brownian motion we have assumed that the prob-
ability space (2, F, P) is arbitrary. The mapping
Q — C(0,00),R)
w — B(w)
induces a probability measure Pg = P o B~! | called the Wiener mea-
sure, on the space of continuous functions C' = C' (][0, 00), R) equipped
with its Borel o-field Bo . Then we can take as canonical probability

space for the Brownian motion the space (C, B¢, Pg). In this canonical
space, the random variables are the evaluation maps: X;(w) = w(t).
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5.1.1 Regularity of the trajectories

From the Kolmogorov’s continuity criterium and using (19) we get that for
all € > 0 there exists a random variable G, such that

|B, — B,| < Gerlt — 5|77,

for all s,t € [0,T]. That is, the trajectories of the Brownian motion are

Holder continuous of order % — ¢ for all € > 0. Intuitively, this means that

N

ABt = Bt—i—At — Bt bt (At)

This approximation is exact in mean: F [(ABt)Q} = At.

5.1.2 Quadratic variation

Fix a time interval [0,¢] and consider a subdivision 7 of this interval
O=to<t1 <---<t,=t.

The norm of the subdivision 7 is defined by |7| = max; Aty,, where At), =
ty —te—1 . Set ABy = B;, — By, ,. Then, if t; = % we have

Z |AB| = n (—) — 00,
k=1 n

whereas
n

t
(AB)? 2 n— =t.
n
k=1
These properties can be formalized as follows. First, we will show that
Y orey (AB;C)2 converges in mean square to the length of the interval as the
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norm of the subdivision tends to zero:

E (i(Aka—t) - E (n [(ABy)? Atd)
E

k=1 k=1

\E

( (ABy)? — Aty] )

o

S

1

— [3(At)° — 2 (At)? + (Aty)?]

i
:P—‘

|7r\—>0

= 23" (a)® < 2tfr] " 0.

k=1

On the other hand, the total variation, defined by

V= supz |ABy|
T k=1

is infinite with probability one. In fact, using the continuity of the trajectories
of the Brownian motion, we have

|7r| 0

D (ABy)? < sup|ABk <Z|ABk|) < Vsup|ABk| (20)

k=1 k=1

if V < oo, which contradicts the fact that Sr_, (AB,) converges in mean
square to t as |w| — 0.

5.1.3 Self-similarity
For any a > 0 the process
{a?By,t >0}

is a Brownian motion. In fact, this process verifies easily properties (i) to

(iv).
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5.1.4 Stochastic Processes Related to Brownian Motion

1.- Brownian bridge: Consider the process
Xi = By — tBy,
t €[0,1]. It is a centered normal process with autocovariance function
E(X:X,) = min(s,t) — st,
which verifies Xg =0, X; = 0.
2.- Brownian motion with drift: Consider the process
Xy =oB; + ut,

t > 0, where 0 > 0 and p € R are constants. It is a Gaussian process
with
E(Xt) = /,Lt,

I'x(s,t) = o*min(s,t).

3.- Geometric Brownian motion: It is the stochastic process proposed by
Black, Scholes and Merton as model for the curve of prices of financial
assets. By definition this process is given by

X, = efth-‘rHt
t > 0, where ¢ > 0 and o € R are constants. That is, this process is

the exponential of a Brownian motion with drift. This process is not
Gaussian, and the probability distribution of X; is lognormal.

5.1.5 Simulation of the Brownian Motion

Brownian motion can be regarded as the limit of a symmetric random walk.
Indeed, fix a time interval [0,7]. Consider n independent are identically
distributed random variables &,,...,&, with zero mean and variance %

Define the partial sums

Rp=&+ - +& k=1..n
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By the Central Limit Theorem the sequence R, converges, as n tends to
infinity, to the normal distribution N(0, 7).
Consider the continuous stochastic process S, (t) defined by linear inter-
polation from the values

kT

Then, a functional version of the Central Limit Theorem, known as Donsker
Invariance Principle, says that the sequence of stochastic processes S, (t)
converges in law to the Brownian motion on [0, 7]. This means that for any
continuous and bounded function ¢ : C'([0,7]) — R, we have

E(¢(Sn)) — E(p(B)),

as n tends to infinity.

The trajectories of the Brownian motion can also be simulated by means
of Fourier series with random coefficients. Suppose that {e,,n > 0} is an
orthonormal basis of the Hilbert space L?([0,77]). Suppose that {Z,,n > 0}
are independent random variables with law N (0, 1). Then, the random series

iZn/te
n=0 0

converges uniformly on [0, T, for almost all w, to a Brownian motion { By, t € [0, T},

that is,
Z 7. / s)ds — B,

This convergence also holds in mean square. Notice that

(S [ o) (S [ )]
([ xtr) ([ et

<1[0,t]7 en>L2([07T]) <1[075]7 6”>L2([O,T])

sup 2o.

0<t<T

WE

n

N—»oo <

M =

Loy Lo.s)) poqgo.zyy = 5 At

3
Il
o
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In particular, if we take the basis formed by trigonometric functions,
en(t) = \/%? cos(nt/2), for n > 1, and ey(t) = \/LTW’ on the interval [0, 27], we

obtain the Paley-Wiener representation of Brownian motion:

B, = Z

\/_ZZM t € [0,2n].

n

\/_

In order to use this formula to get a simulation of Brownian motion, we
have to choose some number M of trigonometric functions and a number N
of discretization points:

M .
t; 2 sin(nt;/2)
Jo—L- + — Zpy—27
*Vor ﬁz n

5.2 Martingales Related with Brownian Motion

Consider a Brownian motion {B;,t > 0} defined on a probability space
(Q,F,P). For any time ¢, we define the o-field F; generated by the ran-
dom variables {Bs, s < t} and the events in F of probability zero. That is,
F; is the smallest o-field that contains the sets of the form

{Bs € A}UN,

where 0 < s < t, Ais a Borel subset of R, and N € F is such that P(N) = 0.
Notice that Fy C F; if s <t, that is , {F;,t > 0} is a non-decreasing family
of o-fields. We say that {F;,t > 0} is a filtration in the probability space
(Q,F,P).

We say that a stochastic process {us, v > 0} is adapted (to the filtration
F) if for all ¢ the random variable u; is F;-measurable.

The inclusion of the events of probability zero in each o-field F; has the
following important consequences:

a) Any version of an adapted process is adapted.

b) The family of o-fields is right-continuous: For all ¢ > 0

r_]s>t-}ts = ft-

90



If B; is a Brownian motion and F; is the filtration generated by B, then,
the processes

B,
B} —t

a’t
exp(aB; — 7)

are martingales. In fact, B, is a martingale because
E(B; — Bs|Fs) = E(B, — Bs) = 0.

For B? —t, we can write, using the properties of the conditional expectation,
for s <t

E(B}|F,) = E((Bi— B,+ B,)*|F,)
= BE((Bi— B, )*|F) +2E((B: — By ) B,|F)
+E(B2|F,)
E(B,— B, )*+2B,E((B, — B ) |F,) + B?
= t—s+ BZ.

Finally, for exp(aB; — %) we have

E(eB | F,) = eoBr BB Bs)ﬂf)
(LBg a2t
= B (e 7)
= eaBS@ 2(2 S)faT%:@aBS*%

As an application of the martingale property of this process we will com-
pute the probability distribution of the arrival time of the Brownian motion
to some fixed level.

Example 1 Let B; be a Brownian motion and F; the filtration generated
by B;. Consider the stopping time

:inf{tEOIBt:G},

AB

A2
where a > 0. The process M; = e 3 isa martingale such that

E(M,) = E(M,) = 1.
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By the Optional Stopping Theorem we obtain
E(M; i) =1,
for all N > 1. Notice that

N (r, AN
M AN = exp <)\BT,1/\N - %) < e,
On the other hand,

limy oo Myan = M, it 7, <00
th—>oo M’ra/\N =0 if Taq = OO

and the dominated convergence theorem implies

E (1{7—a<oo}M‘ra) =1,

A7,
B (1gcmern (172)) =

Letting A | 0 we obtain

that is,

P(r, <) =1,

2
E ( exp <—>\27a>) — e,

With the change of variables ’\72 = «a, we get

and, consequently,

E ( exp(—ar,)) = e V2, (21)
From this expression we can compute the distribution function of the random
variable 7,:
t —a?/2s
ae

P(r, <t)= /

(7 ) 0o V2ms?
On the other hand, the expectation of 7, can be obtained by computing the
derivative of (21) with respect to the variable a:

qe—V2aa
V2« ’

ds.

E(71,exp(—ar,)) =

and letting o | 0 we obtain E(71,) = +00.
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5.3 Stochastic Integrals

We want to define stochastic integrals of the form.

fOT utdBt .

One possibility is to interpret this integral as a path-wise Riemann Stieltjes
integral. That means, if we consider a sequence of partitions of an interval
0, T7:

T 0=ty <ty <--- <ty <ty =T

and intermediate points:

on: ty <sp <t ,i=0,...k, — 1,

n—~o0o

such that sup,(t —tI";) — 0, then, given two functions f and g on the
interval [0, T, the Riemann Stieltjes integral fOT fdg is defined as

nh_{go Z f(sic1)Ag
i=1

provided this limit exists and it is independent of the sequences 7,, and o,
where Ag; = g(t;) — g(ti-1).

The Riemann Stieltjes integral fOT fdg exists if f is continuous and ¢ has
bounded variation, that is,

supz |Ag;| < 0.

In particular, if ¢ is continuously differentiable, fOT fdg = fOT f(t)g'(t)dt.
We know that the trajectories of Brownian motion have infinite variation
on any finite interval. So, we cannot use this result to define the path-wise
Riemann-Stieltjes integral fOT ut(w)dBy(w) for a continuous process wu.
Note, however, that if u has continuously differentiable trajectories, then
the path-wise Riemann Stieltjes integral fOT u(w)dBy(w) exists and it can be
computed integrating by parts:

fOT UtdBt = 'LLTBT — fOT U;Btdt
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We are going to construct the integral fOT u;dB; by means of a global
probabilistic approach.
Denote by LiT the space of stochastic processes

u= {ubt € [07T]}
such that:

a) u is adapted and measurable (the mapping (s,w) — us(w) is measurable
on the product space [0,7] x Q with respect to the product o-field
B[O,T] X f)

b) E (fOT u?dt) < 00.

Under condition a) it can be proved that there is a version of u which
is progressively measurable. This condition means that for all t € [0,7],
the mapping (s,w) — us(w) on [0,%] x © is measurable with respect to
the product o-field Bjyy x F;. This condition is slightly strongly that being
adapted and measurable, and it is needed to guarantee that random variables
of the form fot usds are Fp-measurable.

Condition b) means that the moment of second order of the process is
integrable on the time interval [0, T']. In fact, by Fubini’s theorem we deduce

E(/ju?dt) :/OTE(uf)dt.

Also, condition b) means that the process u as a function of the two variables
(t,w) belongs to the Hilbert space. L?([0,T] x ).

We will define the stochastic integral fOT udBy for processes u in L as
the limit in mean square of the integral of simple processes. By definition a
process u in L?L’T is a simple process if it is of the form

Ut = Zqﬁjl(tj,l,tj](t)? (22)
7j=1

where 0 = #p < ¢ < -+ < 1, = T and ¢; are square integrable F; -
measurable random variables.
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Given a simple process u of the form (22) we define the stochastic integral
of u with respect to the Brownian motion B as

/ ! wdB, = i ¢; (B, — Bi,_,) - (23)
0 =1

The stochastic integral defined on the space £ of simple processes pos-
sesses the following isometry property:

E [( s utdBtﬂ -y ( I ugdt> (24)

Proof of the isometry property: Set AB; = By, — By, _,. Then

0 if i#£7

E(¢;,0.AB;AB;) = oo

(QSZQS] J) { E <¢§) (tj — tj—l) if 7= ]
because if 7 < j the random variables ¢,¢,AB; and AB; are independent and
if « = j the random variables gbf and (ABZ~)2 are independent. So, we obtain

2

E (/OT utdBt> = zn: E (¢;0;AB;AB;) = Z: E(¢7) (t: — ti1)

ij=1
T
= F (/ ufdt) .
0
O

The extension of the stochastic integral to processes in the class L
based on the following approximation result:

2

T 18

Lemma 38 If u is a process in LiT then, there exists a sequence of simple
processes u™ such that

T
lim F < /
n—oo 0

Proof: The proof of this Lemma will be done in two steps:

2
up — ui”)‘ dt) = 0. (25)
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1. Suppose first that the process u is continuous in mean square. In this
case, we can choose the approximating sequence

uin) = Z Ut]—71 ]-(tj—lrtj} (t)7
7=1

— T

n -

“(]

which converges to zero as n tends to infinity.

where t; The continuity in mean square of u implies that

U — ugn)

Zdt) S T sup E (lut - us|2) )

[t—s|<T/n

2. Suppose now that w is an arbitrary process in the class Lfb,T. Then,

we need to show that there exists a sequence v of processes in L2 .,
continuous in mean square and such that

T
lim F ( /
n—oo 0

In order to find this sequence we set

t t t
Ugn) = n/ usds =n (/ usds — / usld8> )
t— 0 0 "

with the convention u(s) = 0 if s < 0. These processes are continuous
in mean square (actually, they have continuous trajectories) and they
belong to the class L} ;.. Furthermore, (26) holds because or each (t,w)
we have

ug — o™

i dt) = 0. (26)

3=

T
/ |u(t,w) — v(")(iﬁ,w)‘2 dt =30
0
(this is a consequence of the fact that vt(n) is defined from u; by means of

a convolution with the kernel nl[flm) and we can apply the dominated
convergence theorem on the product space [0, 7] x € because

T ) T
/ |v(”)(t,w)‘ dt < / lu(t,w)|? dt.
0 0
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Definition 39 The stochastic integral of a process u in the LiT 18 defined
as the following limit in mean square

T T
/ wdB; = lim [ w"dB,, (27)
0

n—oo 0
where u™ is an approzimating sequence of simple processes that satisfy (25).

Notice that the limit (27) exists because the sequence of random variables
fOT wdB, is Cauchy in the space L2(€), due to the isometry property (24):

T T 2 T 2
(/ ugn)dBt —/ ugm)dBt> = F (/ (uff‘) — uﬁ””) dt)
0 0 0

T 2
2F / u™ — dt)
([ (=)
T 9 e
+2F (/ (ut — u?ﬂ)) dt) I,
0

On the other hand, the limit (27) does not depend on the approximating
sequence u™.
Properties of the stochastic integral:

([ wan) | = e ([ war).
g[([ wan)| <o

T T T
/ (auy + bvy) dBy = a/ u,dB; + b/ v dBy.
0 0 0

4.- Local property: fOT u,dB, = 0 almost surely, on the set G = {fOT uldt = 0} .

E

IN

1.- Isometry:
2

E

2.- Mean zero:

3.- Linearity:
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Local property holds because on the set G the approximating sequence

G- 1)T

) Zm[ﬁj . 1usds] 1uznr r (6)

n ’n
m

vanishes.

Example 1

/TBdB—1B2 1T
e

The process B; being continuous in mean square, we can choose as approx-

imating sequence
= Z Btj—1 1(tj—17tj] (t)’
j=1

o _
where ¢; = 2=, and we obtain

T n
/ BdB;, = lim ZBtH (Btj — Btj,l)
0 T

1 Z
1 1

If x; is a continuously differentiable function such that xy = 0, we know that

T T 1
/ Tedxy = / ryridt = —a2.
0 0 2

Notice that in the case of Brownian motion an additional term appears: —%T :

Example 2 Consider a deterministic function g such that fo s)%ds < oo.

The stochastic integral fo gsdB is a normal random variable Wlth law
T
NG, [ glsas)
0
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5.4 Indefinite Stochastic Integrals

Consider a stochastic process u in the space L7 ;.. Then, for any ¢ € [0, 7] the
process ulp also belongs to LZ’T , and we can define its stochastic integral:

t T
/ usdBs = / U514 (s)dBs.
0 0

In this way we have constructed a new stochastic process

t
{/ uSdBS,Ogth}
0

which is the indefinite integral of u with respect to B.
Properties of the indefinite integrals:

1. Additivity: For any a < b < ¢ we have

b c c
/ usd By —I—/ usd By :/ usdB.
a b a

2. Factorization: If a < b and A is an event of the o-field F, then,

b b
/ 1Ausst:1A/ usdBS.

Actually, this property holds replacing 14 by any bounded and F,-
measurable random variable.

3. Martingale property: The indefinite stochastic integral M; = fot usd By
of a process u € L? ;- is a martingale with respect to the filtration ;.

Proof of the martingale property: Consider a sequence u™ of
simple processes such that
2
dt) 0

T
lim E (/
n—oo 0

Set M,(t) = f(f uWMdB,. 1f ¢; is the value of the simple stochastic
process ul™ on each interval (t;_1,%;], j = 1,...,n and s < t; <

u — ul™
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tm—1 <t we have
E (M, (t) — My(s)|Fs)

m—1
= FE (Qbk(Btk - BS) + Z ¢jABj + ¢m<Bt - Btm1)|f8)

j=k+1

= E(¢u(By, — B)|F,) + mZ:I E (E(¢;AB;|F, ) |Fs)
B (B (008~ B ) )

= ¢, E ((By, — By)|Fs) + mzl E(¢,E (ABj|F,_,) | F)
B (B (B B ) )

= 0.

Finally, the result follows from the fact that the convergence in mean
square M, (t) — M, implies the convergence in mean square of the
conditional expectations. [J

. Continuity: Suppose that u belongs to the space Lz’T. Then, the
stochastic integral M; = fg usdB, has a version with continuous tra-
jectories.

Proof of continuity: With the same notation as above, the process
M, is a martingale with continuous trajectories. Then, Doob’s maximal
inequality applied to the continuous martingale M,, — M, with p = 2
yields

P (021% | M, (t) — M, (t)| > A) < %E (| M (T) — M, (T)?)

T
(]
A 0

We can choose an increasing sequence of natural numbers ng, k =
1,2, ... such that

u™ — " ‘ dt) P 0.

p ( sup | My, (t) — M,,(t)| > 2’“) <27*

0<t<T
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The events Ay, := {supgcicr | Mn,,, (t) — My, (t)] > 27} verify

f:P Ak <OO
k=1

Hence, Borel-Cantelli lemma implies that P(lim sup, Ay) = 0, or
P(lim il;f A7) =1

That means, there exists a set N of probability zero such that for all
w ¢ N there exists k;(w) such that for all k£ > ky(w)

sup | My, ,, (t,w) — My, (t,w)] <275,

0<t<T

As a consequence, if w ¢ N, the sequence M, (t,w) is uniformly con-
vergent on [0, 7] to a continuous function Jy(w). On the other hand,
we know that for any t € [0,7], My, (t) converges in mean square to
fo usdBs. So, Ji(w fo usdB;s almost surely, for all ¢ € [0, 7], and we
have proved that the indefinite stochastic integral possesses a continu-
ous version. [

. Maximal inequality for the indefinite integral: M; = fot usdBs of a pro-
cesses u € L2 p: For all A > 0,

1 T
P ( sup |M,| > )\) < SE (/ u?dt) .
0<t<T A 0

. Stochastic integration up to a stopping time: If u belongs to the space
LZT and 7 is a stopping time bounded by 7', then the process uljy
also belongs to L? ;. and we have:

T T
/ utl[O,T] (t)dBt = / Ut dBt (29)
0 0

Proof of (29): The proof will be done in two steps:

(a) Suppose first that the process u has the form w, = F1(4/(%),
where 0 < a < b < T and F € L*(Q, F,, P). The stopping times
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_N2" i i _ il pi _ ) (@=DT iT
Tn =D i1 tnlai, where £, = 55, AL = (5= <7 < 55 ¢ form a

nonincreasing sequence which converges to 7. For any n we have

/ Uy dBt == F(Bb/\Tn - Ba/\Tn>
0

T 2" T
/ Utl[o,rn} (t>dBt = Z 1A§L / ]-(a/\tﬁmb/\til} (t) FdB,

271
= Z 1A;F<BbAt; - BaAt@)
i=1

= F(Bb/\’rn - Ba/\’rn)-

Taking the limit as n tends to infinity we deduce the equality in
the case of a simple process.

(b) In the general case, it suffices to approximate the process u by
simple processes. The convergence of the right-hand side of (29)
follows from Doob’s maximal inequality. [

The martingale M; = fot usdBg has a nonzero quadratic variation, like the
Brownian motion:

Proposition 40 (Quadratic variation) Let u be a process in L], ;. Then,

n tj 2 IR (Q) t
Z / usd B, — / uids
ti_1 0

j=1 J

as n tends to infinity, where t; = J—nt

5.5 Extensions of the Stochastic Integral

[to’s stochastic integral fOT us,dBs can be defined for classes of processes
larger than L2 ;.

A) First, we can replace the filtration F; by a largest one H; such that
the Brownian motion B; is a martingale with respect to ‘H;. In fact, we only
need the property

E(B; — Bs|Hs) = 0.
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Notice that this martingale property also implies that E((B; — B,)* |H,) = 0,
because

t
B(B, — B)?|H,) — E(Q/ BydB, +1 — s|H,)

= 2UmE(Y_ By,(By, — By ,)[Hs) +1—s
i=1

= t—s.

Example 3 Let {B;,t > 0} be a d-dimensional Brownian motion. That
is, the components {By(t),t > 0}, k = 1,...,d are independent Brownian
motions. Denote by ft(d) the filtration generated by B; and the sets of prob-
ability zero. Then, each component By(t) is a martingale with respect to

FD but F? is not the filtration generated by By (t). The above extension
allows us to define stochastic integrals of the form

/ " By(s)dBL(s).

/0 sin(B2(s) + B?(s))dBs(s).

B) The second extension consists in replacing property F ( fOT u?dt) < 00
by the weaker assumption:

b’) P (fOTufdt < oo) ~1.
We denote by L, rthe space of processes that verify properties a) and b’).
Stochastic integral is extended to the space L, by means of a localization

argument.
Suppose that u belongs to L, 7. For each n > 1 we define the stopping

time .
Tn:inf{tz():/uzds:n}, (30)
0
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where, by convention, 7, = T if fOT u?ds < m. In this way we obtain a
nondecreasing sequence of stopping times such that 7,, T T'. Furthermore,

¢
t<7'n<:>/u§ds<n.
0

Set

uE") = wljor, (1)

2
The process u(™ = {ugn), 0 <t < T} belongs to L<21,T since E/ (fOT <u§”)> ds) <

n. If n < m, on the set {t < 7,} we have

¢ t
/ uMdB, = / u™dB,
0 0

because by (29) we can write

t t tATn
/ugn)dBS:/ ul™1y.,,1(s)dBs :/ u™dB,.
0 0 0

As a consequence, there exists an adapted and continuous process denoted
by fot usd B, such that for any n > 1,

t t
/ u"dB, = / uydB,
0 0
ift <r7,.

The stochastic integral of processes in the space L,r is linear and has
continuous trajectories. However, it may have infinite expectation and vari-
ance. Instead of the isometry property, there is a continuity property in
probability as it follows from the next proposition:

Proposition 41 Suppose that w € L, . For all K,0 > 0 we have :

T T )
P(/ usd By zK)gp(/ ugdsz(5>+—2.
0 0 K

Proof. Consider the stopping time defined by

t
T:inf{tZO:/ugds:(S},
0
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with the convention that 7 = T if fOT u?ds < §.We have

T T
P(/ uydB, ZK) < P(/ uidszcs)
0 0

T
+P ( / usd By
0
and on the other hand,

T T
P(/ u,dBg ZK,/ u§d5<5) = P(
0 0

T
zK,/ uids<5),
0

VAN
2=
=
N

|
As a consequence of the above proposition, if ©(™ is a sequence of pro-
cesses in the space L, which converges to u € L, in probability:

4 2
P(/ (ug")—us) ds
0
T T
/ ug")sti/ usdBy.
0 0

5.6 1t0’s Formula

> e> "0, foralle >0

then,

It6’s formula is the stochastic version of the chain rule of the ordinary differ-
ential calculus. Consider the following example

t 1 1
B,dB; = —B? — —t,
/0 27t 2

that can be written as

t
B? :/ 2B,dB, + t,
0
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or in differential notation
d (B}) = 2BdB; + dt.

Formally, this follows from Taylor development of B? as a function of ¢, with
the convention (dB;)?* = dt.

The stochastic process B? can be expressed as the sum of an indefinite
stochastic integral f(f 2B,dB,, plus a differentiable function. More generally,
we will see that any process of the form f(B;), where f is twice continuously
differentiable, can be expressed as the sum of an indefinite stochastic integral,
plus a process with differentiable trajectories. This leads to the definition of
1to processes.

Denote by L}LT the space of processes v which satisfy properties a) and

b)) P (fOT o] dt < oo) ~ 1.

Definition 42 A continuous and adapted stochastic process {X;,0 <t < T}
1s called an Ito process if it can be expressed in the form

t t
X = X0+/ uSdBS+/ v,ds, (31)
0 0
where u belongs to the space L, and v belongs to the space L}LT .

In differential notation we will write
dXt = UtdBt + Utdt.

Theorem 43 (Itd’s formula) Suppose that X is an Ité process of the form

(31). Let f(t,x) be a function twice differentiable with respect to the variable

x and once diﬁerentiable with respect to t, with continuous partial derivatives

ai, 325, and (we say that f is of class CY?). Then, the process Y; =
ft, Xy) is agam an Ito process with the representation

Y, = f(O,XO)—i-/ g—f(s,Xs)ds—l—/ %(S,Xs)usst
2

LO*f
/asX)de+ 82(sX)gds.
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1.- In differential notation Ito’s formula can be written as

=5 Iz 2W( LX) (dX,)7,

where (dX;)? is computed using the product rule

X dB, | dt
dB; | dt |0
a |0 0

2.- The process Y; is an Ito process with the representation

t t
Yt:yb+/ asst+/ Tyds,
0 0

where
YE) = f(o X0)7
u = gf (t, Xi)uy,
- 0 0 0?
v = (9{ (t, X¢) + 8f (t, X¢)ve —|— 5 5 J;(t X )u?

Notice that #; € Lar and U; € L 1 due to the continuity of X.

3.- In the particular case u; = 1, vy, = 0, Xy = 0, the process X; is the
Brownian motion By, and 1t6’s formula has the following simple version

f(t,B:) = f(0,0)+ /8SBdB+/8SB

N 2(sB)d

4.- In the particular case where f does not depend on the time we obtain
the formula

f(X /f S)usdB, +/f vsds + = /f” Yulds.
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Ito’s formula follows from Taylor development up to the second order.
We will explain the heuristic ideas that lead to 1t0’s formula using Taylor
development. Suppose v = 0. Fix ¢t > 0 and consider the times ¢; = %t .
Taylor’s formula up to the second order gives

n

f(Xe) = f(0) = Z [f(th) - f(th_l)]

J=1

= Y PL)A 3R (X (32

where AX; = X;, — X, | and Yj is an intermediate value between X;, _,
and X .

The first summand in the above expression converges in probability to
fot 1 (Xs)usdBg, whereas the second summand converges in probability to

%fot (X s)ulds.

Some examples of application of Ito’s formula:

Example 4 If f(z) = 2% and X; = B;, we obtain
t
B2 = 2/ B,dB, +t,
0
because f'(z) = 2x and f"(x) = 2.
Example 5 If f(z) = 2% and X; = B;, we obtain

t t
B =3 / BB, + 3 / B.ds,
0 0

because f'(z) = 3z? and f”(z) = 6x. More generally, if n > 2 is a natural

number,
t —1 t
Br = n/ BB, + M/ B ds.
0 2 0
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a2 (12
Example 6 If f(t,z) = e~ 2! | X; = B;, and Y; = ¢*B~"2! we obtain

t
Yt=1+a/ Y,dB,
0

because

of  10°f
ot 2 0x?

This important example leads to the following remarks:

= 0. (33)

1.- If a function f(t,z) of class C1? satisfies the equality (33), then, the
stochastic process f(¢, B;) will be an indefinite integral plus a constant
term. Therefore, f(t, B, will be a martingale provided f satisfies:

/Ot (%(S,Bs))QdS] < 00

2.- The solution of the stochastic differential equation

E

for all ¢ > 0.

dY; = aYdB,

a2

is not Y; = Pt but Y, = e*Br—%t,

Example 7 Suppose that f(t) is a continuously differentiable function on
[0, T]. Tt6’s formula applied to the function f(¢)z yields

s = [ gap.+ [ psias

and we obtain the integration by parts formula

/0 fudB, = [(1)B, /0 BuJlds.
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We are going to present a multidimensional version of 1t0’s formula. Sup-
pose that B, = (B}, BZ,...,B™) is an m-dimensional Brownian motion.
Consider an n-dimensional Ito process of the form

X=X+ [JultdBl + - + [y ulmdBr + [ vlds

Xp =X+ [yutdBl 4 -+ [yurmdBr + [ ulds

In differential notation we can write

dX] = uldB} + vjdt
=1
or
dXt = UtdBt + 'Utdt.

where v; is an n-dimensional process and u; is a process with values in the
set of n x m matrices and we assume that the components of u belong to
Lqr and those of v belong to L; ,

Then, if f : [0,00) x R® — RP is a function of class C*?, the process
Y; = f(t, X:) is again an Itd process with the representation

) "0 .
dyF = %(t,Xt)dtJr Z a—ﬁ(t,xt)dxg

- ka
- Z (t X,)dXidX].

The product of differentials dXtidth is computed by means of the product
rules:

1o 0 if i
dB;dB; = {dt if zij

dBidt
(dt)? =

In this way we obtain

dXjdX] = (Z u;kug’“> = (uguy),; dt.
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As a consequence we can deduce the following integration by parts for-
mula: Suppose that X; and Y; are 1to processes. Then,

t t t
XY, = XoYe + / X.dY, + / Y.dX, + / dX,dY,,
0 0 0

5.7 Ito’s Integral Representation

Consider a process u in the space Lg}T. We know that the indefinite stochastic

integral
t
Xt:/ USdBS
0

is a martingale with respect to the filtration F;. The aim of this subsection
is to show that any square integrable martingale is of this form. We start
with the integral representation of square integrable random variables.

Theorem 44 (Itd’s integral representation) Consider a random variable
F in L*(Q, Fr, P). Then, there exists a unique process u in the space L?L’T
such that

T
F =E(F) —|—/ usdBs.
0
Proof. Suppose first that F' is of the form

T A
F =exp (/ hsdBg — —/ h?ds) , (34)
0 2 Jo

where h is a deterministic function such that fOT h%ds < oo. Define

t 1 t
Y, =exp (/ hsdBs — —/ hids) )
0 2 )y

By It6’s formula applied to the function f(x) = e* and the process X; =
s hedB, — 1 [ h2ds, we obtain

1 1
dy, =Y, (h(t)dBt - §h2(t)dt) + SYi(h(t)dB,)’
— Y;h(t)dB,,

111



that is,
t
Y, =1 +/ Yih(s)dBs.
0

Hence,

T
F=Yr=1 +/ Y,h(s)dB,
0

and we get the desired representation because E(F) =1,

B[ vaean) = [ Bz
= / TefothzdshQ(s)ds

0

T T
< exp </ h?ds) / hZds < oo.
0 0

By linearity, the representation holds for linear combinations of exponentials
of the form (34). In the general case, any random variable F' in L?(Q, Frr, P)
can be approximated in mean square by a sequence F;, of linear combinations
of exponentials of the form (34). Then, we have

E[(Fu—Fn)] = E

= (E(F, - F,)’+E

T
> K [/ (ug") — ugm))QdS] :
0

The sequence F), is a Cauchy sequence in L*(Q, Fr, P). Hence,

n,Mm—00

E[(F, - F,)?*] "™="0
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and, therefore,

T
E [/ (u@ — ugm))2 ds| "=70.
0

This means that u(™ is a Cauchy sequence in L?([0,T] x ). Consequently,
it will converge to a process u in L*([0, T] x 2). We can show that the process
u, as an element of L*([0,7] x ) has a version which is adapted, because
there exists a subsequence u(™ (¢, w) which converges to u(t,w) for almost all
(t,w). So, u € L ;. Applying again the isometry property, and taking into
account that E(F),) converges to E(F'), we obtain

T
F = lim F, = lim (E(Fn)+ / ugmdBS)
n—oo n—oo 0

T
= E(F)+/ usdB,.
0

Finally, uniqueness also follows from the isometry property: Suppose that
u® and u® are processes in L2 ;. such that

T T
F = E(F) +/ uMdB, = E(F) +/ u?dB,.
0 0
Then

0=F

T 2
([ -y
0

T
0
(1) (2)

and, hence, us’(t,w) = us”’(t,w) for almost all ({,w). m

Theorem 45 (Martingale representation theorem) Suppose that {M,,t € [0,T]}
is a martingale with respect to the F;, such that E(M2%) < oo . Then there
exists a unique stochastic process u in the spaceLz,T such that

t
M, = E(My) + / usdB,
0

for all t € [0,T].
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Proof. Applying Ito’s representation theorem to the random variable
F = My we obtain a unique process u € L2 such that

T T
MT = E(MT) + / USdBS = E(Mo) +/ USdBS.
0 0
Suppose 0 <t <T. We obtain
T
M, — E[MylF] = E(Mo) + / wdB.|F)
0

t
= E(MO)+/ u,dBs.
0

Example 8 We want to find the integral representation of F' = B3.. By Itd’s
formula

T T
B%:/ SBEdBtJr?)/ Bydt,
0 0

and integrating by parts

T T T
/ Bydt = TBy —/ tdBt:/ (T — t)dB,.
0 0 0

So, we obtain the representation
T
B%:/ 3[B} + (T —t)] dB..
0

5.8 Girsanov Theorem

Girsanov theorem says that a Brownian motion with drift B, + At can be
seen as a Brownian motion without drift, with a change of probability. We
first discuss changes of probability by means of densities.

Suppose that L > 0 is a nonnegative random variable on a probability
space (€2, F, P) such that E(L) = 1. Then,

Q(A) = E(14L)
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defines a new probability. In fact, () is a o-additive measure such that

We say that L is the density of () with respect to P and we write

aQ _

= L.
dP

The expectation of a random variable X in the probability space (Q2, F, Q)
is computed by the formula

Eqo(X)=E(XL).
The probability () is absolutely continuous with respect to P, that means,
P(A)=0= Q(A) =0.

If L is strictly positive, then the probabilities P and @) are equivalent (that
is, mutually absolutely continuous), that means,

P(A) =0 <= Q(A) = 0.

The next example is a simple version of Girsanov theorem.

Example 9 Let X be a random variable with distribution N(m,o?). Con-
sider the random variable

2
L = 6_%)(—"_;7772,
which satisfies F(L) = 1. Suppose that @ has density L with respect to

P. On the probability space (2, F, Q) the variable X has the characteristic
function:

. . 1 o0 (z—m) mz | m2 | ;
EQ (eltX) — E(eltXL) — G*T*? m‘i’ltxdx
V21o? J oo

1 o <2 242
= eiﬁ+2tmd'x = 670-2 ,
—0o0

V2mo?
so, X has distribution N(0,c?).
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Let {B;,t € [0,7]} be a Brownian motion. Fix a real number A and
consider the martingale

L; = exp (—)\Bt - %215). (35)

We know that the process {L;,t € [0,7T]} is a positive martingale with ex-
pectation 1 which satisfies the linear stochastic differential equation

t
Li=1- / ALdBs.
0

The random variable L is a density in the probability space (€2, Fr, P) which
defines a probability @) given by

Q(A) = E(1aLr),

for all A € Fr.

The martingale property of the process L; implies that, for any ¢ € [0, T,
in the space (€2, F;, P), the probability @) has density L; with respect to P.
In fact, if A belongs to the o-field F; we have

Q(A) = E(14Lr)=E(E(1aL7|F))
= E(lAE (LT|~7:t))
RIAY

Theorem 46 (Girsanov theorem) In the probability space (Q, Fr, Q) the
stochastic process

(W, = B, + Xt,

15 a Brownian motion.
In order to prove Girsanov theorem we need the following technical result:

Lemma 47 Suppose that X is a real random variable and G is a o-field such
that

L2O'2

E(ewX|g) — 671 5

Then, the random variable X is independent of the o-field G and it has the
normal distribution N(0,c?).
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Proof. For any A € G we have

E(14e™Y) = P(A)e 2

Thus, choosing A = 2 we obtain that the characteristic function of X is that
of a normal distribution N(0,0?). On the other hand, for any A € G, the
characteristic function of X with respect to the conditional probability given
A is again that of a normal distribution N (0, c?):

u2o?

Eq (™) =e 2

That is, the law of X given A is again a normal distribution N(0,0?):
Py(X <z)=®(z/o),
where @ is the distribution function of the law N (0, 1). Thus,
P((X <) 4) = P(A)B(/0) = P(A)P(X < 2),
and this implies the independence of X and G . m

Proof of Girsanov theorem. It is enough to show that in the
probability space (Q, Fr, @), for all s < t < T the increment W, — Wy is
independent of F; and has the normal distribution N(0,¢ — s).

Taking into account the previous lemma, these properties follow from the
following relation, for all s <t, A € F,, u € R,

2

Eg (14e™MWmWo)) = Q(A)e™ 2 (72, (36)
In order to show (36) we write

EQ (lAeiu(Wt—Ws)) = FE (lAeiu(Wt—Ws)Lt)
- E (1Aeiu(Btst)Jriu)\(tfs)f)\(Bths)—%(tfs)LS>

= FE(14L,)F (e(iu—)\)(Bt—Bs)) eiu/\(t—s)_%(t_s)

(iu—\)2

_ Q(A)G#(t_s)—HUA(t_S)_%(t_S)

2

u

= QA)e T,

Girsanov theorem admits the following generalization:
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Theorem 48 Let {0;,t € [0,T]} be an adapted stochastic process such that
it satisfies the following Novikov condition:

E (exp (% /0 ' efdt)) < o0. (37)

t
Wt = Bt+/ 98d8
0

Then, the process

1s a Brownian motion with respect to the probability () defined by
Q(A) = E(1aLr),

t 1 t
Li=exp|— [ 0sdB,—= | 0%ds|.
2 S
0 0

Notice that again L, satisfies the linear stochastic differential equation

where

t
Li=1- / 0sLsdBs.
0

For the process L; to be a density we need E(L;) = 1, and condition (37)
ensures this property.

As an application of Girsanov theorem we will compute the probability
distribution of the hitting time of a level a by a Brownian motion with drift.
Let {B;,t > 0} be a Brownian motion. Fix a real number A, and define

AQ
Lt = exp (—)\Bt — ?t) .
Let @ be the probability on each o-field F; such that for all ¢ > 0
dQ)
dP

By Girsanov theorem, for all 7' > 0, in the probability space (€2, Fr, Q) the
process B; + At := B, is a Brownian motion in the time interval [0, 7. That
is, in this space B, is a Brownian motion with drift —\¢. Set

|-7'-t = L.

Ta = lnf{t Z O,Bt = a},
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where a # 0. For any ¢t > 0 the event {7, < t} belongs to the o-field F, x
because for any s > 0

{1e < t}0{ra Nt <s}={r. <t}N{r. < s}

= {Tagt/\S}efs/\tC./Ts.
Consequently, using the Optional Stopping Theorem we obtain

Q{Ta < t} =F (1{Ta§t}Lt) =F (1{Ta§t}E(Lt|~7:Ta/\t))
= F (1{Ta§t}LTa/\t) =L (1{Ta§t}LTa)

— E (1{Ta§t}e—)\a—%)\2’ra>
t
_ / G_Aa_%AQSf(S)dS,
0

where f is the density of the random variable 7,. We know that

Fls) = S 5.

Hence, with respect to () the random variable 7, has the probability density

la|  _(@tre)?
2s

e
vV 2ms3

, §>0.

Letting, ¢ T oo we obtain
Q. < o) = e (477) = g e,

If A =0 (Brownian motion without drift), the probability to reach the level
is one. If —Aa > 0 (the drift —\ and the level a have the same sign) this
probability is also one. If —Aa < 0 (the drift —X and the level a have opposite
sign) this probability is e=2*e.

5.9 Application of Stochastic Calculus to Hedging and
Pricing of Derivatives

The model suggested by Black and Scholes to describe the behavior of prices
is a continuous-time model with one risky asset (a share with price S; at
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time ¢) and a risk-less asset (with price S? at time t). We suppose that
SY = e where r > 0 is the instantaneous interest rate and S; is given by the
geometric Brownian motion:

2
— t—%-t+oB
St = S()@“ 2 'Te t,

where Sy is the initial price, p is the rate of growth of the price (E(S;) =
Soett), and o is called the wolatility. We know that S; satisfies the linear
stochastic differential equation

dSt = UStdBt + ,UStdt

o ds
! — 5dB, + pdt.
St

This model has the following properties:

a) The trajectories t — S, are continuous.

b) For any s < t, the relative increment StS;SSS is independent of the o-field
generated by {5,,0 <u < s}.

c) The law of % is lognormal with parameters <,u — §> (t—s), a2(t — s).

Fix a time interval [0,T]. A portfolio or trading strategy is a stochastic
process

¢ ={(a,5,),0 <t <T}

such that the components are measurable and adapted processes such that

T
/ loay|dt < o0,
0
T
%/(@fﬁ < 0.
0

The component oy is que quantity of non-risky and the component 3, is que
quantity of shares in the portfolio. The value of the portfolio at time ¢ is
then

Vi(9) = aue™ + 3,5,
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We say that the portfolio ¢ is self-financing if its value is an Ito process
with differential
dVy(¢) = rase™dt + 3,dS;.

The discounted prices are defined by
- o2
S, =e S, = Syexp ((M—T)t— ?t—i—aBt) :

Then, the discounted value of a portfolio will be

Vi(9) = e "Vi(¢) = ay + 3,5,
Notice that

dVi(¢) = —re "Vi(@)dt + e T dVi (o)
—  —rB,Sudt + e B,dS,
- ﬁtdgt-

By Girsanov theorem there exists a probability ¢) such that on the prob-
ability space (€2, Fr, @) such that the process

—r

W, = Bt—l— t

is a Brownian motion. Notice that in terms of the process W, the Black and
Scholes model is

o2
Sy = Spexp (rt — ?t + O’Wt) ,

and the discounted prices form a martingale:
St = €_TtSt = SO exp <—7t + O'Wt) .

This means that () is a non-risky probability.
The discounted value of a self-financing portfolio ¢ will be

Vt / B dSu,

and it is a martingale with respect to ) provided
T o~
/ E(B2S?)du < co. (38)
0
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Notice that a self-financing portfolio satisfying (38) cannot be an arbitrage
(that is, Vo(¢) = 0, Vp(¢) > 0, and P( Vr(¢) > 0) > 0), because using the
martingale property we obtain

Eq (Ve(0)) = Vo(6) =0,

so Vr(¢) = 0, Q-almost surely, which contradicts the fact that P( Vr(¢) >
0) > 0.

Consider a derivative which produces a payoff at maturity time T' equal
to an JFp-measurable nonnegative random variable h. Suppose also that
EQ(hQ) < Q.

e In the case of an European call option with exercise price equal to K,
we have

h=(Sr— K)*.

e In the case of an European put option with exercise price equal to K,
we have

h= (K- Sr)*.

A self-financing portfolio ¢ satisfying (38) replicates the derivative if
Vr(0) = h. We say that a derivative is replicable if there exists such a
portfolio.

The price of a replicable derivative with payoff h at time t < T is given
by

Vi(¢) = Eq(e™"""Vh|F), (39)

if ¢ replicates h, which follows from the martingale property of ‘Z(gb) with
respect to Q:

Eo(e"h|F) = Eq(Vr(9)|F) = Vi(9) = e "Vi(6).

In particular,

Vo(0) = Eq(e™""h).

In the Black and Scholes model, any derivative satisfying Fq(h?) < oo
is replicable. That means, the Black and Scholes model is complete. This is
a consequence of the integral representation theorem. In fact, consider the
square integrable martingale

M; = Eq (e7""h|F,).
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We know that there exists an adapted and measurable stochastic process K;
verifying fOT FEo(K?)ds < oo such that

t
M, = M, —I—/ K dWs.
0

Define the self-financing portfolio ¢, = (a4, 8;) by
5= L
a; = M,— 3,5,

The discounted value of this portfolio is

Vi(¢) = ar + 8,5 = M,,
so, its final value will be

Vr(¢) = erT‘N/T(QS) ="My = h.

On the other hand, it is a self-financing portfolio because

dVi(¢) = re"Vi(o)dt + e dVi(0)
= re""M,dt + e"dM,
= re""M,dt + " K, dW,
= re"laudt — Te”ﬁtgtdt + Je”ﬁtgtth
= re"taudt — re”ﬁtgtdt + e”ﬁtdgt
= re"toydt + 3, dS;.

Consider the particular case h = g(Sr). The value of this derivative at
time ¢ will be

Vi = B (e g(Sr)|F)
_ e—r(T—t)EQ (g<St€r(T—t)eo(WT—Wt)—02/2(T—t))|f~t> '

Hence,

Vi = F(t,5), (40)
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where
2
F(t,z) = e 7TV, <g(x€r(T—t)ea(WT—Wt)—o /2(T—t))) ‘ (41)

Under general hypotheses on ¢ (for instance, if g has linear growth, is
continuous and piece-wise differentiable) which include the cases

g(x) = (z—-K)7,
g(x) = (K—a)7,

the function F(¢, ) is of class C'*2. Then, applying Itd’s formula to (40) we
obtain

L oF toF
Vi, = V0+/0 J%(U,Su)Suqu—l—/o T%(U,Su)sudu

LOF 1 [tO*F 5 oo
—i—/o %(u, Su)du+§ i W(u,Su) o*S;idu.

On the other hand, we know that V, is an Ito process with the representation

t t
Vi=WVo+ / 03,SudW, +/ rV,du.
0 0

Comparing these expressions, and taking into account the uniqueness of the
representation of an Ito process, we deduce the equations

oF
By = %(tast)a
OF 1 0*F
TF(t, St> = E(t, St) —+ 50’25152@(?5, St)
OF
—H’St%(t, St)

The support of the probability distribution of the random variable S; is
[0,00). Therefore, the above equalities lead to the following partial differen-
tial equation for the function F'(¢,x)

2
a—F(t,az:) + m:a—F(t,x) + la—F(t,ﬂz:) o 1?2 = rF(t,x), (42)

ot oz 2 Ox?
F(T,z) = g(x).
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The replicating portfolio is given by

OF

ﬁt = a_x(t7 St)7

ar = e " (F(t,S;) — B3,S:) .

Formula (41) can be written as

F(t,x) = e T E, <9(mer(T*”e”(WT*Wt)*ﬁ/?(Tft)))

— e”"a—l /Oog(xe
V2T o

where § = T — t. In the particular case of an European call option with
exercise price K and maturity T, g(x) = (x — K)* , and we get

_o? 2
ro—5% 0+0\/§y)6 y /2dy,

1 o o2 +
F(t,z) = E/ Rk <x6_79+"\/§y—K6_’"0> dy

= |2®(d,) — Ke "I Hd(d ),

where
log % + (r— "72> (T —1)
d_ == )
oVl —t
log £ + <r+ é) (T —t)
d+ -
ovT —1
The price at time t of the option is
Ct - F(t, St>,

and the replicating portfolio will be given by

OF

=5, (15) = D(dy).

Exercises
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5.1 Let B; be a Brownian motion. Fix a time ty > 0. Show that the process
{ét = Bt0+t - Btoa t Z O}

is a Brownian motion.

5.2 Let B; be a two-dimensional Brownian motion. Given p > 0, compute:
P(|Bi] < p).

5.3 Let B; be a n-dimensional Brownian motion. Consider an orthogonal
n x n matrix U (that is, UU’ = I). Show that the process

Bt — UBt
is a Brownian motion.

5.4 Compute the mean and autocovariance function of the geometric Brow-
nian motion. Is it a Gaussian process?

5.5 Let B; be a Brownian motion. Find the law of B; conditioned by B,
B.,, and (By,, B:,) assuming t; <t < to.

5.6 Check if the following processes are martingales, where B, is a Brownian
motion:

X, = B}-3tB,
X, = t’)B,—2 / sB.ds
0

X, = et'? cos B,
X, = et/? sin B,
1

Xt = (Bt -+ t) eXp(—Bt — §t)
Xt == Bl (t)Bz(t)
In the last example, By and By are independent Brownian motions.

5.7 Find the stochastic integral representation on the time interval [0, 7] of
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the following random variables:

F = DBp

B T
0

= B}

= sin BT

T
= / tB2dt
0

5.8 Let p(t,z) = 1/v/1—texp(—2?/2(1 —t)), for 0 < t < 1, z € R, and
p(l,z) = 0. Define M; = p(t, B;), where {B;,0 <t < 1} is a Brownian
motion.

|
SV
NN

SRR T e e

1. a) Show that for each 0 <t < 1, M; = My + fot g—’;(s,Bs)st.

b) Set H; = %(t, B;). Show that fol H2dt < oo almost surely, but
B (fy HEdt) = oo.

5.9 The price of a financial asset follows the Black-Scholes model:

45 = 3dt + 2d B,
St

with initial condition Sy = 100. Suppose r = 1.

a) Give an explicit expression for S; in terms of ¢ and B;.

b) Fix a maturity time 7. Find a risk-less probability by means of
Girsanov theorem.

c) Compute the price at time zero of a derivative whose payoff at time
T is S7.
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6 Stochastic Differential Equations

Consider a Brownian motion {B;,t > 0} defined on a probability space
(Q, F, P). Suppose that {F;,t > 0} is a filtration such that B; is F;-adapted
and for any 0 < s < t, the increment B; — B, is independent of Fj.

We aim to solve stochastic differential equations of the form

dXt = b(t, Xt)dt + U(t, Xt)dBt (43)

with an initial condition X, which is a random variable independent of the
Brownian motion B;.

The coefficients b(t,x) and o(t,x) are called, respectively, drift and dif-
fusion coefficient. If the drift vanishes, then we have (43) is the ordinary
differential equation:

dX,

dt
For instance, in the linear case b(t,z) = b(t)zx, the solution of this equation
is

= b(t, X,).

X, = Xoelo ¥,

The stochastic differential equation (43) has the following heuristic in-
terpretation. The increment AX; = X;,a; — X; can be approximatively
decomposed into the sum of b(¢, X;)At plus the term o(¢, X;)AB; which is
interpreted as a random impulse. The approximate distribution of this in-
crement will the the normal distribution with mean b(¢, X;)At and variance
o(t, X;)2At.

A formal meaning of Equation (?7?) is obtained by rewriting it in integral
form, using stochastic integrals:

t t
Xt:X0+/ b(s,XS)ds+/ (s, X,)dB,. (44)
0 0

That is, the solution will be an It6 process {X;,¢ > 0}. The solutions of
stochastic differential equations are called diffusion processes.

The main result on the existence and uniqueness of solutions is the fol-
lowing.
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Theorem 49 Fix a time interval [0,T]. Suppose that the coefficients of
FEquation (??) satisfy the following Lipschitz and linear growth properties:

b(t,x) = b(t,y)| < Dilz—y| (45)
lo(t,z) —o(t,y)] < Dol —yl (46)
bt z)] < Ci(l+|z]) (47)
lo(t,z)| < Co(1+|2]), (48)

for all x,y € R, t € [0,T]. Suppose that X, is a random variable inde-
pendent of the Brownian motion {B;,0 < t < T} and such that E(X?) <
oo. Then, there exists a unique continuous and adapted stochastic process

{X:,t €[0,T]} such that
T
E </ |Xs]2ds> < 00,
0

which satisfies Equation (44).
Remarks:

1.- This result is also true in higher dimensions, when B; is an m-dimensional
Brownian motion, the process X; is n-dimensional, and the coefficients
are functions b: [0,T] x R®* — R™ o : [0,T] x R" — R™*™,

2.- The linear growth condition (47,48) ensures that the solution does not
explode in the time interval [0, T]. For example, the deterministic dif-
ferential equation

dX
d—ttzxf, Xo=1,0<t<1,
has the unique solution
Xy = ! 0<t<l1
t — 1— ta = )
which diverges at time t = 1.

3.- Lipschitz condition (45,46) ensures that the solution is unique. For ex-
ample, the deterministic differential equation

dX, 2/3
— =3X Xo=0
dt t 0 )
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has infinitely many solutions because for each a > 0, the function

0 if t<a
Xt—{ (t—a)® if t>a

is a solution. In this example, the coefficient b(z) = 32%? does not sat-
isfy the Lipschitz condition because the derivative of b is not bounded.

4.- If the coefficients b(t,z) and o(t,x) are differentiable in the variable z,

the Lipschitz condition means that the partial derivatives 22 and %

oz
are bounded by the constants D; and Ds, respectively.

6.1 Explicit solutions of stochastic differential equa-
tions

[t0’s formula allows us to find explicit solutions to some particular stochastic
differential equations. Let us see some examples.

A) Linear equations. The geometric Brownian motion

0_2
Xt _ Xoe(M_T)tJ’_UBt
solves the linear stochastic differential equation
dXt = ,LLXtdt + O'XtdBt.

More generally, the solution of the homogeneous linear stochastic dif-
ferential equation

where b(t) and o(t) are continuous functions, is

X = Xoexp [fot (b(s) — Lo%(s)) ds + fota(s)st} :

Application: Consider the Black-Scholes model for the prices of a
financial asset, with time-dependent coefficients p(t) y o(t) > 0:

dS; = Sy(u(t)dt + o(t)dBy).
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B)

The solution to this equation is

S, = Spexp Uot <,u(s) - 302(5)) ds + /Ota(s)st} |

If the interest rate r(¢) is also a continuous function of the time, there
exists a risk-free probability under which the process

o [ (),
M&+A EOR

. . . . . ~ _ t
is a Brownian motion and the discounted prices S; = Sie Jor(9)ds gre

martingales:
. t 1 t
Sy = Spexp (/ o(s)dWy — 5/ 02(3)d5) :
0 0

In this way we can deduce a generalization of the Black-Scholes formula
for the price of an European call option, where the parameters o2 and
r are replace by

1 T

22 = r_t ) 0'2(8)d8,
1 T
R = 71, r(s)ds.

Ornstein-Uhlenbeck process. Consider the stochastic differential equa-
tion

dXt = a(m—Xt)dt—i—adBt
X() = T,

where a, 0 > 0 and m is a real number. This is a nonhomogeneous linear
equation and to solve it we will make use of the method of variation of
constants. The solution of the homogeneous equation

dr; = —axdt

o = T
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is 7y = xe~*. Then we make the change of variables X; = Y;e~ %, that
is, Y; = X,e%. The process Y, satisfies

dY, = aX.edt + edX,
= ame™dt + ce™dB,.

Thus,
t
Y, =ax+m(e™ —1)+ 0/ e**dBs,
0

which implies

Xi=m+ (xr—m)e " 4 ge™™ fg e"*dBs.

The stochastic process X; is Gaussian. Its mean and covariance func-
tion are:

E(X;) = m+(x—m)e ™,

t s
ity = e ([ean) ([ o)
0 0

tAs
_ O_Qe—a(t+s) / e2a7"dr
0

_ 0—_2 (e—a|t—s| _ e—a(t-l—s)) ]
2a

The law of X; is the normal distribution

2

N(m+ (x —m)e ™, g—a (1—e?")

and it converges, as t tends to infinity to the normal law

0.2

v=N(m,—).

( Y 2a)
This distribution is called invariant or stationary. Suppose that the
initial condition X, has distribution v, then, for each ¢ > 0 the law of

X, will be also v. In fact,

t
Xi=m+ (Xg—m)e ™ + ae_“t/ e”dB,
0
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and, therefore

E(X;) = m+ (E(Xo) —m)e ™ =m,

([~

Examples of application of this model:

2

VarX, = e 2*VarX,+ o2e *®E

1. Vasicek model for rate interest r(t):
dr(t) =a(b—r(t))dt + o dB, (49)

where a, b are o constants. Suppose we are working under the
risk-free probability. Then the price of a bond with maturity 7" is
given by

Pt,T)=E (e— ftT’(s)dSU-}) . (50)

Formula (50) follows from the property P(7,7T) = 1 and the fact
that the discounted price of the bond e~ /o )4 P(¢, T is a mar-
tingale. Solving the stochastic differential equation (49) between
the times ¢ and s, s > t, we obtain

S

r(s) = r(t)e 70 4 p(1 — e727Y) 4 06_“8/ e dB,.

t

From this expression we deduce that the law of ftT r(s)ds condi-
tioned by F; is normal with mean

1— —a(T—t)
(r(t)—b)eT (T —t) (51)
and variance
2 2 —_ p—a(T-t)
_c a(m-tn\2 | © _ _1 e

This leads to the following formula for the price of bonds:

P(t,T) = A(t, T)e BE:Dr®) (53)
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where

_ ,—a(T—t)
B4, T) = tme™ 7
a
_ 2, 2 2 2
AGT) = exp (B(t,T) — T +1t) (b — 0/2) o*B(t,T)

a? 4a

2. Black-Scholes model with stochastic volatility. We assume that
the volatility o(¢) = f(Y};) is a function of an Ornstein-Uhlenbeck
process, that is,

05, = Si(udt + F(Y)dB,)
aY; = a(m—=Y;)dt+ pdW;,

where B; and W; Brownian motions which may be correlated:
E(B:Ws) = p(sN\t).
C) Consider the stochastic differential equation
dX; = f(t, Xy)dt + c(t) XydBy, Xo =z, (54)

where f(t,x) and ¢(t) are deterministic continuous functions, such that
f satisfies the required Lipschitz and linear growth conditions in the
variable x. This equation can be solved by the following procedure:

a) Set X; = F;Y;, where

F = exp (/Ot o(s)dB, — %/Ot 02<s)ds) |

is a solution to Equation (54) if f = 0 and = 1. Then Y; =
F' X, satisfies

dY, = F7 f(t, BY;)dt, Yy = x. (55)

b) Equation (55) is an ordinary differential equation with random co-
efficients, which can be solved by the usual methods.
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For instance, suppose that f(¢,z) = f(¢)z. In that case, Equation (55)

reads
4y, = f(t)Yidt,
and .
Y, = zexp </ f(s)ds) :
0
Hence,

X; = zexp (f(f f(s)ds + f(f c(s)dB, — 1 OtCZ(S)dS) :

D) General linear stochastic differential equations. Consider the equation

with initial condition Xy = =z, where a, b, ¢ and d are continuous
functions. Using the method of variation of constants, we propose a
solution of the form

X, =UV, (56)
where
and

dV, = a(t)dt + p(t)d B,

with Uy = 1 and Vy = . We know that

U, = exp (/Otb(s)der/Otd(s)st—%/OtdZ(s)ds>.

On the other hand, differentiating (56) yields

a(t) = Uwa(t) + B(t)d(t)U;
c(t) = UB@)
that is,
Blt) = ct) U
at) = la(t) —c(t)d(t) U,
Finally,

X, =U, (m + fot la(s) — c(s)d(s)] U, tds + fg c(s) Us_lst>
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The stochastic differential equation

¢ ¢
X = Xo+ / b(s, Xs)ds + / o(s, Xs)dBs,
0 0

is written using the Itd’s stochastic integral, and it can be transformed into a
stochastic differential equation in the Stratonovich sense, using the formula
that relates both types of integrals. In this way we obtain

t t 1 t
Xt:X0+/ b(s,XS)ds—/ 5 (00") (5, X.)ds + / o (s, X.) 0 dB,,
0 0 0

because the 1t6’s decomposition of the process o(s, X;) is
¢ 1
ot.X) = 00X+ [ (b= 300" (5. X0
0

+ /0 t (00") (s, X,)dB..

Yamada and Watanabe proved in 1971 that Lipschitz condition on the
diffusion coefficient could be weakened in the following way. Suppose that
the coefficients b and ¢ do not depend on time, the drift b is Lipschitz, and
the diffusion coefficient o satisfies the Holder condition

jo(x) = a(y)l < D]z —y|*

where a > % In that case, there exists a unique solution.
For example, the equation

dXt - |Xt|rdBt
XO — O

has a unique solution if r > 1/2.

Example 1 The Cox-Ingersoll-Ross model for interest rates:

dr(t) = a(b —r(t))dt + o/r(t)dW;.
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6.2 Numerical approximations

Many stochastic differential equations cannot be solved explicitly. For this
reason, it is convenient to develop numerical methods that provide approxi-
mated simulations of these equations.

Consider the stochastic differential equation

with initial condition X, = z.
Fix a time interval [0, 7] and consider the partition

T
=" i=0,1,...,n.
n

The length of each subinterval is §,, = %
Fuler’s method consists is the following recursive scheme:

i = 1,...,n, where AB; = B;, — B;, ,. The initial value is Xén) = .
Inside the interval (;_1,;) the value of the process X (™ is obtained by linear

interpolation. The process X ™ is a function of the Brownian motion and
we can measure the error that we make if we replace X by X™:

en = \/E [(XT - X§”)>2}

It holds that e,, is of the order 5&/ 2 that is,

en < 0571/ 2
if n > nyg.
In order to simulate a trajectory of the solution using Euler’s method, it
suffices to simulate the values of n independent random variables &,,...., &,

with distribution N(0, 1), and replace AB; by v/6,¢;.
Euler’s method can be improved by adding a correction term. This leads
to Milstein’s method. Let us explain how this correction is obtained.
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The exact value of the increment of the solution between two consecutive
points of the partition is

X(t) :X(ti_1)+/ti b(XS)ds+/ti o(X,)dB,. (58)

ti—1

Euler’s method is based on the approximation of these exact values by
t;
/ b(Xs)ds = b(X(ti—1))0n,
ti—
t; '
/ U(XS)st ~ O'(X(tl_l))ABl
ti—1

In Milstein’s method we apply [t6’s formula to the processes b(X;) and o(X;)
that appear in (58), in order to improve the approximation. In this way we
obtain

X(t) - X(ti)
_ /t “1 lb(X(ti_l))Jr /t sl (bb’+%b”a2> (X,)dr + /t Sl(o—b’) (XT)dBT} ds

i /tt {U(X(ti_l)) " /t (ba/ " %0%2) oydr /t (00”) (Xr)dBr} dB,
= b(XE;f:—l))5n + U(X(ti_;i;ABi +R. i

The dominant term is the residual R; is the double stochastic integral

/ ( / (00") (X»dBT) 1B..

and one can show that the other terms are of lower order and can be ne-
glected. This double stochastic integral can also be approximated by

(00") (X (ti1)) /t t < /t 51 dBT) dB,.

The rules of It6 stochastic calculus lead to

t; S t;
/ ( / dBr) dB, = / (B, — By, ,) dB,
ti_1 ti—1 ti—1

(B2 -B.) - Bus (B~ Bi) 5,

N~ DN =

[(AB;)? —4.,] .
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In conclusion, Milstein’s method consists in the following recursive scheme:

XO@) = X" (ti) +0(X (t21))0n + o(X" (1)) AB;

One can shoe that the error e, is of order 9,,, that is,

if n > ng.

6.3 Markov property of diffusion processes

Consider an n-dimensional diffusion process {X;,t > 0} which satisfies the
stochastic differential equation

dXt = b(t, Xt)dt + U(t, Xt>dBt, (59)

where B is an m-dimensional Brownian motion and the coefficients b and o
are functions which satisfy the conditions of Theorem 49.

We will show that such a diffusion process satisfy the Markov property,
which says that the future values of the process depend only on its present
value, and not on the past values of the process (if the present value is
known).

Definition 50 We say that an n-dimensional stochastic process {X;,t > 0}
1s a Markov process if for every s <t we have

E(f(X)| Xy r < s) = E(f(Xy)|X5), (60)
for any bounded Borel function f on R™.
In particular, property (60) says that for every Borel set C' € Bgn we have
P(X; € C1X,,r <s)=P(X, € C|Xy).

The probability law of Markov processes is described by the so-called
transition probabilities:

P(C,t,x,s) = P(X; € C|Xs = x),
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where 0 < s < t,C € Bgn and x € R". That is, P(-,t,x, s) is the probability
law of X; conditioned by X, = x. If this conditional distribution has a
density, we will denote it by p(y,t,x, s).

Therefore, the fact that X, is a Markov process with transition probabil-
ities P(-,t,z,s), means that for all 0 < s < ¢, C' € Bgn we have

P(X, € C|X,,r <s)=P(C,t, X,s).

For example, the real-valued Brownian motion B; is a Markov process with
transition probabilities given by

( " ) 1 _(296(—1;))2
p\wy,t,xr,s) = —F——=€ t=e) .
Y 27 (t — s)

In fact,

P(B; € C|F,)=P(B,— B,+ B, € C|F,)
= P(B;— Bs;+x € C)|y=s.,

because B, — By is independent of F,. Hence, P(-,t,z,s) is the normal
distribution N(z,t — s).

We will denote by {X;,t > s} the solution of the stochastic differential
equation (59) on the time interval [s, 00) and with initial condition X5 = z.
If s = 0, we will write X" = X7.

One can show that there exists a continuous version (in all the parameters
s,t, ) of the process

{X7",0<s<taxeR"}.

On the other hand, for every 0 < s <t we have the property:

Xy =x% (61)

In fact, X7 for ¢t > s satisfies the stochastic differential equation
t t
X7 = Xf+/ b(u,Xff)dujL/ o(u, X;))dB,.

140



On the other hand, X, satisfies
t t
xer =y [ x| otu X,

and substituting y by X? we obtain that the processes X7 and X; X5 are so-
lutions of the same equation on the time interval [s, 0o) with initial condition
X?. The uniqueness of solutions allow us to conclude.

Theorem 51 (Markov property of diffusion processes) Let f be a bounded
Borel function on R™. Then, for every 0 < s <t we have

Ef(X)IF] = Ef(X7)] |e=x.-

Proof. Using (61) and the properties of conditional expectation we ob-
tain

EIf(X0)|F] = B[ £(X;)

F| = BUFX) lomx.

because the process {X;*,t > s, € R"} is independent of F, and the
random variable X is F,-measurable. m

This theorem says that diffusion processes possess the Markov property
and their transition probabilities are given by

P(C,t,x,s) = P(X;" € O).

Moreover, if a diffusion process is time homogeneous (that is, the coef-
ficients do no depend on time), then the Markov property can be written
as

E[f(X)IF] = B [f(XZ )] le=x.-

Example 2 Let us compute the transition probabilities of the Ornstein-
Uhlenbeck process. To do this we have to solve the stochastic differential
equation

dX; =a(m— X;)dt + odBy

in the time interval s, co) with initial condition x. The solution is

¢
X =m+ (x —m)e ) 4 ae_“t/ e dB,
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and, therefore, P(-,t,z,s) = L(X;") is a normal distribution with parame-
ters

E(X7™) = m+ (& —m)e 2,

; 2
Var X" = 026_2“t/ e dr = g—(l — g 2alt=5))
s a

6.4 Feynman-Kac Formula

Consider an n-dimensional diffusion process {X;, ¢ > 0} which satisfies the
stochastic differential equation

dXt = b(t,Xt)dt+ O'(t,Xt>dBt,

where B is an m-dimensional Brownian motion. Suppose that the coefficients
b and o satisfy the hypotheses of Theorem 49 and X, = x( is constant.

We can associate to this diffusion process a second order differential oper-
ator, depending on time, that will be denoted by A,. This operator is called
the generator of the diffusion process and it is given by

n n 2
Asf (@) = 322 bils, $)aa_aj; + % Zi,jzl (UUT)i,j (s, ) 8928!;]-'

In this expression f is a function on [0,00) x R™ of class C'?. The matrix
(O'O'T) (s,z) is the symmetric and nonnegative definite matrix given by

(UUT)M. (s,7) = Z oik(s,x)o;k(s,x).

The relation between the operator A, and the diffusion process comes
from Itd’s formula: Let f(¢,x) be a function of class C'2, then, f(t, X;) is
an Ito process with differential

df(t, X,) = (g—{(t,Xt)JrAtf(t,Xt)) dt (62)

n m 0f ‘
+ Z Z %(t, Xt>0i,j(t7 Xt)ng

As a consequence, if

E</Ot_

2 ds) < 00 (63)



for every t > 0 and every ¢, 7, then the process

M, = f(t, X;) — /Ot (% + Asf) (s, Xs)ds (64)

1s a martingale. A sufficient condition for (63) is that the partial derivatives
have linear growth, that is,

ax’

< C(1+ |zY). (65)

In particular, ir f satisfies the equation % + Ay f = 0 and (65) holds, then
f(t, X;) is a martingale.

The martingale property of this process leads to a probabilistic inter-
pretation of the solution of a parabolic equation with fixed terminal value.
Indeed, if the function f(t,x) satisfies

F(T,x) = g(x)

in [0,7] x R", then

ft,2) = B(g(Xz")) (66)

almost surely with respect to the law of X;. In fact, the martingale property
of the process f(t, X;) implies

f(t, X) = B(f(T, Xr)|X,) = E(9(X1)|X,) = E(9(X7"))lo=x,-
Consider a continuous function ¢(z) bounded from below. Applying again

[t0’s formula one can show that, if f is of class C1? and satisfies (65), then
the process

t
M, = eifot q(XS)dsf(tvxt) N / e foe (af + A f qf) (57X8)d5
0

is a martingale. In fact,

= ot Xsdszz -(t, X¢)oi;(t, X,)dB].

=1 j=1
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If the function f satisfies the equation % + Asf —qf =0 then,

oo a(Xads 4 x,) (67)

will be a martingale.
Suppose that f(t,z) satisfies

%—’—Atf_Qf:O }
f(Tx) = g(x)

on [0, 7] x R™. Then,

Flta) = B (e 10050 (X)), (68)

In fact, the martingale property of the process (67) implies
[t X)) = B (e 459098 (T, X))
Finally, Markov property yields
B (e I 0000 (T, X)) = B (o7 I 0050 (X0 ) |,

Formulas (66) and (68) are called the Feynman-Kac formulas.

Example 3 Consider Black-Scholes model, under the risk-free probabil-
ity,
dSt == T‘(t, St)Stdt + O'(t, St)Stth,
where the interest rate and the volatility depend on time and on the asset

price. Consider a derivative with payoff ¢(Sr) at the maturity time 7. The
value of the derivative at time ¢ is given by the formula

V= B (o 170800 (5p)| 7).

Markov property implies
‘/t = f(tv St>7

where

f(t,x)=E (e— i 88 )ds S%x)> |
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Then, Feynman-Kac formula says that the function f(¢,x) satisfies the fol-
lowing parabolic partial differential equation with terminal value:

of Of | Lo pr@f _ _
5 +r(t,a:)xax —1—20 (t,z)z 92 r(t,x)f = 0,
f(Tz) = g(x)
Exercices

6.1 Show that the following processes satisfy the indicated stochastic differ-
ential equations:

(i) The process X; = % satisfies
dX, = ! Xydt + ! dB
S T
X() — O

(ii) The process X; = sin By, with By =a € (—%, %) satisfies

1 —
dXt == —§Xtdt + 1 - XEdBt,

fort <T =inf{s>0:B, ¢ [-Z,Z].
(iii) (X1(t), Xa(t)) = (t, €' By) satisfies

dX, 1 0
= dt dB
[de [XQ] + Lxll t

(iv) (Xi(t), Xa(t)) = (cosh(By),sinh(By)) satisfies

Xm _1 X1 X2
] =3 e [ ase

(v) X = (cos(By),sin(B;)) satisfies

1
dXt == §Xtdt + XtdBt,
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where M = [ (1) _01 ] . The components of the process X; satisfy

X1+ Xo(t)? =1,

and, as a consequence, X; can be regarded as a Brownian motion
on the circle of radius 1. 1.

(vi) The process X; = (z'/% + 1B,)*, x > 0, satisfies
1
dX, = gxg/ Sdt + X2dB,.

6.2 Consider an n-dimensional Brownian motion B; and constants «;, ¢ =
1,...,n. Solve the stochastic differential equation

dX, = rXydt + X, Y | apdBy(t).
k=1
6.3 Solve the following stochastic differential equations:

dXt = Tdt + CYXtdBt, X() =T

1
dXt = Ydt + OéXtdBt7 X() =T > 0
t
dX; = X/}dt+ aXdB;, Xo=1x > 0.
For which values of the parameters a,y the solution explodes?

6.4 Solve the following stochastic differential equations:

(i)
) = Lo Lo % ) L)

dXs(t) = X1(1)dt + BdBs(1)

(ii)

6.5 The nonlinear stochastic differential equation
dXt = ’T’Xt(K — Xt)dt + ﬁXtdBt, X() =x>0
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is used to model the growth of population of size X; in a random
and crowded environment. The constant K > 0 is called the carrying
capacity of the environment, the constant » € R is a measure of the
quality of the environment and 3 € R is a measure of the size of the
noise in the system. Show that the unique solution to this equation is
given by

x. exp ((T’K — %62)t+ﬁBt)
P —|—7"f0texp((rK—% ®) s+ BB,) ds’

6.6 Find the generator of the following diffusion processes:

a) dX; = pXdt + 0dBy, (Ornstein-Uhlenbeck process) p and r are
constants

b) dX; = rX,dt + aX;dB;, (geometric Brownian motion) « and r are
constants

c) dX; =rdt + aX;dB;, o and r are constants

dt
dX,

o [85]-[ o[ ]

0 e ]=lole+] o x| ]

h) X(t) = (X1, Xs,....X,),where

d) dY;:{

] whereX; is the process introduced in a)

ka(t) = rkadt"_XkZakdeja 1 S k S n

i=1
6.7 Find diffusion process whose generator are:

a) Af(x) = fr(x) + f"(x), f € CF(R)
b) Af(x) = 88—{ +cx% + %@%z%, f e C3R?)

2
c) Af(z1,22) = 23525% +log(1 + xj +$3)§—z€ +3 (L+a7) 3—;%
+ri50ds + 5 54, [ € G3RY

0102
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6.8 Show the formulas (51), (52) y (53).
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