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Abstract

In this paper a new temporal algebra constructed on a product of finite ones is introduced. Using
only algebraic tools, we show that every atom of the free temporal algebra F.(X) must be less or
equal than g0 A hO. This result will be used to give a new algebraic proof of Theorem 1.1 in [1]: for
each n € w, Fy(n) has 2" atoms.

Introduction

This paper is inspired by the excellent article [1] about atoms of tense algebras. F. Bellissima and
others authors (see, for example, [6] and [7]) deal, in more or less generality, with the study of algebra
of temporal logic; however tools and arguments in these works are essentially drawn from the logic and
its semantics of frames although sometimes the goal is to obtain results on the algebra, as is the case
in [1]. It can give the impression that Algebra does not have the resources to do analysis by himself;
nevertheless this is not the case. Authors of this paper have suggested how powerful is the language of
Algebra to study logics such as temporal logic (see, for example, [4] and [5]). In particular theorem 1.1 of
[1] can be proved using purely algebraic techniques —on the language of [3]— without an appeal to the
intuition about abbreviated schemes and without reasonings on complicated temporal structures; this is
the aim of our work. Our proof of the result will be the third, since in [6] and [7] one can find implicitly
a non-algebraic outline of a proof which is very different from ours and from that of F. Bellissima.

The proof of Theorem 1.1 in [1] exposed here is presented in two independent parts: the technical
(Sections 2 and 3) and the conclusion (Section 4). The critical point in the technical reasoning is based
on a certain product of finite temporal algebras in which the definition of ¢ and h has been specially
changed maintaining the structure of temporal algebra in the product. The main —and key— idea is to
intersect in an appropriate manner with previously selected antiatoms.

The first section is a summarized compilation of preliminary basic concepts and the main theorem of
[4]. Knowledge of both [4] and [5] is assumed in the reader of this paper. We have not found an explicit
treatment of simple temporal algebras in the literature, so we give here a very useful characterization
for them. In the second section we define the “modified product” of finite temporal algebras and we give
its essential properties; this leads us to Theorem 2.7. For this we use the concept of degree of a formula
given in Definition 2.2 and we analyze the essential differences with the notions of degree of [1] and [6].
Since we need Theorem 2.7 in full generality, in the third section we include the concept of simplicity
in our argument; so we reach the second case, namely, Theorem 3.7. As a consequenze we obtain that
every atom of the free temporal algebra F;(X) must be less or equal than g0 A h0 (Corollary 3.8). This
result will be used in an essential manner in the fourth section, where we first show that every temporal
algebra is the product of two of a specific kind. Then, as a straightforward corollary, we obtain that in
case X is finite with n elements, F;(X) has 2" atoms. The “structural explanation” of this fact is clearly
exposed in [1]; nevertheless the algebraic reasons can be found in the present paper.

We think our results, and especially our proofs, show some of the advantages of studying the alge-
braizable polymodal logics from the point of view, language, and techniques of Universal Algebra.



1 Preliminary

The paper deals with temporal algebras. A temporal algebra is an algebra A = (A, A,V,—,g,h,1) of
type (2,2,1,1,1,0) such that:

T.1) (A,A,V,—,1) is a Boolean algebra.

T.2) Both g and h are A-morphisms (i.e. k(a Ab) = ka A kb, for k € {g,h}).
T.3) The equivalence [ga V b =1 if, and only if, a VV hb = 1] is satisfied.

T.4) gl =hl=1.

As usual, we also consider in A the operators p = -h— and f = —g—, as well as the unary operators L
and M defined respectively by Lx = hx A x A gz and Mz = px V z V fx. In the sequel we will write
g«(X) for {gz: z € X} and similarly for h.

The class T of temporal algebras is a variety. In the sequel we will denote by F(X) (resp. F(X)) the
algebra of terms of type (2,2,1,1,1,0) over (resp. the free temporal algebra freely generated by) the
set X. The universe of F(X) (resp. F¢(X)) is denoted by F(X) (resp. F;(X)). F¢(X) is a quotient of
F(X) by certain congruence 6;(X), or simply 6. Hence, the elements of F;(X) are the quotient classes
a/6, with « € F(X). If we represent by mg, or simply 7, the epimorphic projection of F(X) onto Fy(X)
and ¢ is the inclusion map of X in F(X), it is well known that for all temporal algebras A and for all
mappings v : X — A there are unique morphisms 7 : F(X) — A and ¢ : F;(X) — A such that
v==vojand v =0om. If o € F(X), we will write indistinctly 7(a) or a/6.

The characterization of simple temporal algebras follows immediately from the standard characterization
of congruences by means of Boolean filters closed under the operators g and h; nevertheless we will sum
up the most useful for our purpose. In any simple temporal algebra an element different from 1 can be
diminished progressively to 0 by means of iterated applications of the operator L. Furthermore, this is
only possible in a simple algebra. Of course in this statement L can be changed to M, whenever the
roles of 1 and 0 are interchanged. In a temporal algebra A this is essentially due to two obvious facts:

1. If A is simple, X € P(A)\ {0,{1}}, and a € A, then there are Y, € P, (X) and n, € w such that
L"(AY,) < a, where P(A) (resp. P, (X)) is the set of all subsets of A (resp. of all finite subsets
of X)

2. If A is a temporal algebra, then the statements:

(a) For all X € P(A)\ {0,{1}} and a € A there are Y, € P,(X) and n, € w such that
L™ (A\Y,) <a.

(b) For all z € A\ {1} there is n, € w such that L™=z = 0.
are equivalent.
The announced theorem is the following.
Theorem 1.1. Let A be a temporal algebra. Then the statements:
1. A is simple.
2. For every a € A\ {1} there is ng € w such that L™*a = 0.
3. For every a € A\ {0} there is m, € w such that M™eaq = 1.

4. For all non-trivial temporal algebras B, if ¢ : A — B is a morphism of temporal algebras, then ¢
is a monomorphism.

are equivalent.

The paper [4] is devoted to the “algebraic finite model property”. We will use here the following result
proved there: let « € F(X) such that 7(a) # 1; then there exists a temporal valuation w, over a finite
temporal algebra A, such that @, # 1.

A filter F' (resp. an ideal I) of (A, A,V,—,1) is a temporal filter (resp. ideal) iff Lx € F (resp. Mz € I)
whenever x € F (resp. @ € I). The symbol T'sp(A) will represent the set of temporal filters of A . If
a € A, we henceforth will represent the set {z € A: a < z} (resp. {x € A: z < a}) by [a,1] (resp. [0,a]).
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2 The Key Construction

In this section we will introduce a particular example of finite temporal algebra constructed from the
product of two finite temporal algebras, and then we will we give some technical results about this
construction. Actually the construction is done by modifying “smoothly” the temporal operations of the
product algebra.

Our aim in this paper is to prove that if « € F(X) is such that 7(a) is an atom, then it is bounded by
g0 A hO. Tmplicitly in [2], F. Bellissima gives a proof of this fact. We offer here a direct, constructive and
purely algebraic proof. In the following we will use the shorthand w* for w \ {0}.

Definition 2.1. Let A and B be finite temporal algebras. Let us assume that: a,b € Atm(A), ¢ €
Atm(B), k € w*, and b < pa. We define in A¥ x B the unary operations g and h as follows. For all,
<y07"'ayk> € A¥ x B:

hyi, ifi=0or (:>0anda<y_1),
mi(h{Yo, - yk)) = S hyi A-b, if1<i<k—1landa £y 1,
hy; A=e, ifi=Fkanda £ yg_1.

9Yi, ifi=kor (i=k—1andc<y)
or (i<k—1andb<uy;y1),

gyi AN—a, if (i<k—1and b £ yi41)
or (i=k—1and ¢ < y).

mi(9(Yo, - Yk)) =

Next we give our temporal algebra, in fact the main tool in this paper. Let A and B be two finite
temporal algebras. Suppose that a,b € Atm(A), ¢ € Atm(B), k € w*, and b < pa. The algebra
Al x B, = (A¥ x B,A,V,=,g,h,1); where A, V, =, and 1 are the operations component-wise on the
product and the operations g y h are as in Definition 2.1, is a temporal algebra. In fact, for this algebra
the operations f and p are as follows:

DY, ifi=0or (1<i<k—-landa<y;_1)
or (i=kand a £ yg1),

py; Vb, ifl1<i<k—1landa<y 1,

py; Ve, ifi=kanda<yp_1

7Ti(p<y0, R 7yk7>) =

fui, f(0<i<k—1and by 1)

or (i=k—1andc¥€yg)ori=k,
fyivVa, if(0<i<k—1andb<y;i1)

or (i=k—1and ¢ <yg).

7ri(f<y07 LR 7y1€>) =

Remark 2.1. To shorten, we will assume in this section that A and B are both finite temporal algebras.
Moreover, when we write A’;’b x B. we presupose that: a,b € Atm(A), ¢ € Atm(B), b < pa, k € w*,
and, finally, that the temporal operations are according to Definition 2.1. Sometimes we will represent
the universe of Afj,b x B¢ by A’Z,b X B., though this universe is in fact the set A* x B.

Lemma 2.1. In A’;,b x B, the equality g0 = (g0,"*Y), g0) holds.

Proof. We have the equality g0 = (—a A ¢0, B —a A 90, g0). Since b < pa, we have that a < —g0, or
equivalently, g0 < —a; hence —a A g0 = g0. 0

Lemma 2.2. Let k € w such that 2 < k and (yo,...,yx) € Al;,b x Be. If there is m € w* such that
m < k—1 and y; = yo, for all 0 < i <m, then for all 0 <i < m, m;(h(yo,---,Yx)) = mo(h{Yo,-- -, Yx))
and fOT' all 0 < { <m— 1; ﬂ-i(g<y07 cee 7yk>) = 770(9<y0,. . ayk>)



Proof. From the hypotheses of the lemma we have m < k — 1. Suppose that j < k — 1 and that a £ y;
or, equivalently, that ; < —a. Since b < pa, it follows that hy; < b, that is, hy; A b = hy;. Hence, if
0 < i <'m, then m;(h{yo,...,yr)) = hyo, from which the first statement follows. Moreover, according to
the definition of g in A’;’b x B, we have, for all 0 <7 < m,

Yo, if(i=k—1andc<yy)
or (i<k—1andb<wy;y1),

gyoA—a, if(i=k—1andc¥yy)
or (i <k—1andb < yit1).

7Ti(9<y07 o ;yk>) =

From this it follows that each 0 < i < m — 1 satisfies m;(g{vo,-..,yx)) = gyo or m(g{yo,--.,Yk)) =
gyo N —a, depending on whether b < yy holds or not. O

We now need a notion of the degree of a formula. This notion is, in fact, the number of g-symbols in a
formula.

Remark 2.2. In the following we will assume that X is the finite set {x1,...,2,}, where n € w*.

Definition 2.2. Let oo € FI(X), the degree of o, deg(w), is defined as follows:

0, ifa € X,
deg(ﬂ)a if a = _‘ﬂv
) max{deg(),deg(v)}, ifa=pAr,
deg(er) = max{deg(5),deg(y)}, fa=pVry,
deg(p3), if a = hp,
deg(0) + 1, if o = gB.

Note that the concept of “degree” in [6] is defined on g and h, whereas it seems that in [1], F. Bellisima
defines “degree” counting “inmediate alternation” between f and p, occurrences of 0 and 1, and occur-
rences of elements in X. Our notion of degree is essentially different, based only on g, in order to make
induction easier; actually we don’t need to count any other feature in a. Consequently the arguments
and proofs in this paper belong to a different circle of ideas than that of [6] and [1].

The proof of the following theorem follows by induction over the complexity of the formula «. It is
straightforward after the definition of degree and Lemma 2.2.

Theorem 2.3. Let v: X — A be a temporal valuation and v its extension as a morphism to F(X).
Let us consider the temporal valuation w: X — A’{j,b X B. defined, for all 1 < i < n, by w(z;) =
(v(x;), v(w;),...,v(x;),0). For all o € F(X) and 0 < j < k — (deg(a) + 1), m;(w(a)) = v(a) (or
equivalently, 7; (0 (m())) = 0(w(a)) ), whenever deg(a) < k.

We will give some results about the formulas « such that pm(a) # 0. The first of these results is a
particular case of the “algebraic finite model property”.

Theorem 2.4. Let a € F(X) such that pr(«a) # 0. There exists a finite simple temporal algebra A,
and a morphism : Fy(X) — A, such that o(pm()) # 0 and o(7(a)) # 0.

Proof. Since —pr(a) # 1, there are (see [4]) a finite temporal algebra A and a morphism @: F¢(X) — A
such that ﬂ(ﬁpﬂ'(a)) #1,s0 ﬂ(pw(a)) 2 0. Since A is finite, then it is isomorphic to a product of finite
simple temporal algebras (see [5]). Composing @ with the canonical projection over the convenient simple
factor of A, A,, we obtain the mapping ¢ of the statement. It is clear that @(pw(a)) # 0. Therefore the
equality o (m(a)) = 0 is imposible. O

In the following we will consider that w(a) € Fy(X) satisfies pr(a) # 0. So A, and ¥ will represent
the algebra and the morphism of Theorem 2.4. We will assume too that a,b € Atm(A,) are such that
a <9(m(a)) and b < 9(pm(a)). Moreover, if B is a temporal algebra, we define the map 7: B — B by
the equality 7(y) = fpy. In the following we will use the symbol Ej to represent the simple temporal
algebra (B, A, V, -, k, k,1), where B = {0,1} and k: B — B is the map defined by k(0) = k(1) = 1.
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Theorem 2.5. Let A be a finite temporal algebra. In the algebra AZ;H x (Eqg)¢, where m € w* and
c =1, the equality:

7((0,.™,0,a,0)) = (0,779,0,a,7(a), 7*(a),..., 7 (a),0) (1)
holds for all 0 <7 < m.

Proof. The proof is by induction on ¢. For ¢ = 0 the statement is obviously true. Let us assume that
the theorem holds for j and let us take ¢ = j 4+ 1. It is straightforward to show that a < Ta. Since 7 is
an increasing funtion, {77(a)};e, increases with j, hence for all j € w, a < 77a and so b < p7i(a). By
definition of f and p we have:

78((0,.™) ,0,a,0)) = fp(0,™77),0,a,7(a), 7%(a),. .., (a),0)
= £(0,779).0,pa,pr(a),pr?(a), ..., pri (a),1)
=(0,"7971,0,a,aV 1(a),aV 7%(a),...,aV 7711 (a),0)
=(0,79,0,a,7(a), 7(a),...,7(a),0)

which is just what we wanted to show. O
Equation (1) is valid when i = m, even if m = 0; therefore the following corollary holds.

Corollary 2.6. Let A be a finite temporal algebra. In the algebra AZT;'l x (Ep)., where m € w and
¢ =1, the equality 7™ ((0,.™) ,0,a,0)) = (a,7(a), 7%(a),...,7™(a),0) holds.

Theorem 2.7. Let a € F(X) be such that pr(a) # 0, A, a finite simple temporal algebra, v: F¢(X) —
A, such that O(pm(a)) # 0, and consider the element 7™(fg0) € Fy(X), where m = deg(a). If the
equality g0 = 0 holds in A, then 0 < w(a) AT™(fg0) < 7(c).

Proof. We have o(7™(fg0)) = 7™ (f9(g0)) = 7™(f0) = 0. Since ¥(m(a)) # 0, the inequality m(ar) <
7™M(fg0) is not possible; therefore 0 < 7(a) A 7™(fg0) < 7(a). All we need to do is to show that
0 < m(a) AT™(fg0). For this, take the algebra AF, x (Eo)., where ¢ = 1 and k = deg(a) + 1, and
define the temporal valuation w: {z1,...,z,} — A’;’b x B, by the equality w(z;) = (v(z;), B, v(z;),0).
According to Theorem 2.3, for all 0 < j < k — (deg() 4+ 1), m; (w(r(a)) = 9(m(a)) holds. In particular
mo(w(m(e))) = o(m(e)), hence (a,0, .0y < w(m(c)). Since g0 = 0 holds in A,, the value of fg0
in A’;b x (Eqg)e is (07’?._.1),0,6170). According to Corollary 2.6 we have (a,0, .@.,0} < w(Tm(fQO)).
Since @ (m(r)) A w(7™(fg0)) = w(m(a) AT™(fg0)), it follows that m(a) A 7™(fg0) # 0, and so 0 <
() AT™(fg0) < m(a). O

3 Simplicity

In this section we introduce the hypothesis of simplicity in the general construction. The simplicity of A
and B implies that Alé,b x B, is simple and conversely. Nevertheless, this is more than what we need, so
we will prove a weaker result. The following lemma indicates what can we expect about conmutativity
between M and m;. Its proof follows easily by induction on m using that py; < m;(p{yo,.-.,Ux)),
fyi <mi(f{yo,...,yx)) and that M is an increasing function.

Lemma 3.1. Let A and B be finite temporal algebras. For allm € w and 0 <1 < k, in A’;b x B, the
inequality M™7;({yo, ..., yx)) < m(M™{yo,...,yr)) holds.

Theorem 3.2. Let A and B be two finite simple temporal algebras and y € A\ {0}. If (y,*7D,y, 2) €
A’;’b X B, then there exists m € w* such that M™(y,*7D y, 2) = (1,57D 1, 2'), for some 2’ € B satisfying
M™mz < 2.

Proof. Since A is simple and y # 0, by Theorem 1.1, there exists m € w* such that M™y = 1. This
and Lemma 3.1 imply that there is 2/ € B such that M™(y, k=D gy, z) = (1, k=D 1, Z'). Tt is clear from
Lemma 3.1 that M™z < 2/. O



Remark 3.1. If B = A and ¢ = b, the symbol A’;fgl (resp. A) will represent the algebra A’;b x Ay (resp.
ALy

Corollary 3.3. Let a A be a finite simple temporal algebra and y € A\ {0}. If (y,...,y) € A’(;b then
there exists m € w* such that M™(y,...,y) =(1,...,1) and M™y = 1.

Definition 3.1. Let A be a finite simple temporal algebra for which the condition g0 # 0 holds and
there are a,b € Atm(A) such that b < pa. From Lemma 2.1 and Corollary 3.3, the set of all j € w such
that M7g0 = 1 at the same time in A’; , and A is non-empty; so it is possible to take the minimum s of
this set. Let 7

r=min{j € w: (0,%71,0,a) < MIg0} (2)

and
I = max{s —r,1}. (3)

We define the value ¢(A,a) by the equality
t(A,a) =min{2j: j € w and [ + 1 < 2j}. (4)
Finally, let us define 0: B — B by o(y) = ghy.

Definition 3.2. Given g € w*, if B represents the set {0,1} we define the funtions g, h: B?? — B?? as
follows:

Yo N Y1, ifi=0,
i (h(Yo, - -+, y2q-1)) = 3 0, if i is odd,
Yi—1 N Yi NYit1, otherwise.
Yis if 4 is even,
ﬂ-i(g<y0a"'7y2q—1>) = y2q727 1f@22q—1»

Yi—1 N\ Yiy1, otherwise.

Remark 3.2. Let q¢ € w*. It is clear that the algebra B%? = (B¢ A,V,—, g, h,1) is a temporal algebra.
For B2 the operations f and p are as follows:

Yi, if 4 is even,
7Ti(f<y07"'7qu—1>) - y2q72, 1f7,:2q_ 1’
Yi—1 V Yit1, otherwise.

yO \/ yl; if 'L = 0,
T (Yo, - - -, Y2q-1)) = 4 0, if 7 is odd,
Yi—1 VY; Vyiy1, otherwise.

Moreover, in B2? the equality g0 = 0 holds.

Lemma 3.4. Let A be a finite simple temporal algebra such that g0 # 0 and let a,b € Atm(A) be such
that b < pa. Let s be the least j € w satifying M7g0 = 1 at the same time in A’;’b and A. If r is the
value given by (2), ¢ = (1,0,...,0), and q € w* then the following properties hold:

1. Forallj <r and 0 <i<k—1, the value of m; (Mng) m A’g,b x B24 coincides with its value in
Ak,

2. Forallj <r, wk(Mng) =0 1n A’;’b x B2,
3. wk,l(MTgO) =a in A’;b x B2,
4. Ifr < s and s—r+1<2q, then for allr < j <s, Wk(Mjg()) =(1,777,1,0,...,0) in A’;yb x B2,

5. If 2q is the number t(A,a), defined in (4), and (yo,...,Y2q—1) 5 Tk (Msg()) in Agb x B24, then
Y2q—1 = 0.



Proof. We will prove the first two statements at the same time by induction. Actually, in the two
algebras the values of g0 are (g0,.%) . ¢0,0) and (g0,.%) , g0) respectively. So the properties follow in
the case 7 = 0. Let assume that the properties hold for j < r. It is easy to verify the first one in the
cases 0 < i < k—1. When i =k — 1, as m,(M7g0) = 0 in A’;b x B24, the value of m;,_1(fM7g0) is
fme—1(M7g0). In the case of A’;Vb, the value of m_1(fM7g0) is frr_1(M7g0); but, by the inductive
hypothesis, m_1(M7g0) has the same value in the two algebras under cosideration, so the result holds
for k — 1. Since r is the least natural 7 such that (0,%71,0,a) < M?g0, it follows that a £ 71 (M7 g0)
in A’;’b x B24, and so m,(pM7g0) = p0 and 71, (f M7 g0) = f0. This implies that m(M7+1g0) = 0. The
third property is obvious from the first one. The fourth statement follows by induction too. For j = r+1
the result holds. Actually, according properties 2 and & we have 7y (M J gO) =0 and mp_1 (M "gO) = a;
then (pM’"gO) = (1,0,...,0) and, furthermore, (M’“‘HgO) = (1,0,...,0). Let assume that 1 < i,
r+i+1 <s, and that the result holds for r+i. If (yo, . .., y24—1) represents to m (M’“‘HgO), the inductive
hypothesis means that yo = -+ = yp4s—1 = 1 and y,4; = - -+ = yoq—1 = 0. It is clear that

M’r‘+i+1

ﬂ'k( 90) = p{yo, - - s Y2g-1) V (Yo, -+, Y2q—1) V f{Yo, - -, Y2g-1)

Hence all we need to do is to examine the right-hand member of this equality. Represent by (zo, ..., 2z2¢—1)
(resp. (ug,...,uze—1)) the value p(yo,...,y2q—1) (resp. f(Yo,...,Y2g-1)). As M"T1g0 < M"+ig0, then
Yo = 1, and so zg = ugp = 1. In the other hand, ysq—2 = 0, hence 2z24—1 = u24—1 = 0. In case that
j ¢ {0,2q — 1}, the values of z; and u; are as follows:

case a) y; = 1; in this case the result is obvious,
case b) y;_1 =1 and y; = 0; if j is even (resp. odd) then z; =1 (resp. u; = 1),
case ¢) yj—1 =0, y; = 0; therefore y; 11 = 0 and so, if j is either even or odd, z; = 0 and u; = 0.

So the fourth property is established. The fifth follows from the fourth and the given definitions since
the equality

(0,...,0), ifs=r,
(Yo, - Y2g—1) =< {1,...,1,0), if s £ r and [ is even,
(1,...,1,0,0), if s#r and ! is odd,
holds. [

Remark 3.3. We adopt in the sequel the following notational use. On one hand, for all 0 < i < 2¢—1
let z; be the element of B2 satisfying for all 0 < j < 2¢ — 1 the condition

1, ifi=j,
m;(2i) :{

0, otherwise.

On the other hand, if y = (yo,...,yx) is in Alcf’b x B24 then for every 0 < i < 2¢g — 1, 9;(y) will be the
abbreviation of 7; (yx).

Lemma 3.5. Let A be a finite simple temporal algebra such that g0 # 0 and a,b € Atm(A) such that
b<pa. Let q € w* and let ¢ be the atom zy of B*1. If (0,...,0, 204—1) £ M?%g0 in Agb x B24 for some
s € w, then (0,...,a,0) £ 07(M*g0).

Proof. Let us assume that (0, ...,0,2z24—1) j{ M?g0 and use induction to show that for all 0 <i < g —1,
(0,...,0,2904—y-1) £ 0'(M?g0). In the case i = 0, the result follows directly from the hypotheses.
Suppose that 0 <i < g—1,(0,...,0,22(4—s)—1) % o' (M*g0), and nevertheless (0,...,0, zo(g—(i+1))-1) <
o1 (M?g0). Hence (0,.. 0, 29(g—iy—3) < gho'(M?g0). This implies that Va(q—i)—3 (ghoi(Mng)) = 1.
According to the definition of g, since 2(¢ — i) — 3 is odd and different from 2q — 1, we conclude that
Vo(g—i)—2 (hO'i(MSQO)) = 1. Since 2(¢ — i) — 2 is even, i < g — 1, therefore, by the definition of h,
the equality ¥a(4—s)—1(c*(M*g0)) = 1 holds, or equivalently, (0,...,0,22(q—s)—1) < o*(M*g0) which is
contradictory with the inductive hypothesis. In particular we have (0,...,0,21) £ 097 '(M*g0). Let
us suppose now that (0,...,a,0) < ghot~! (MSQO), that is, a < Wk,l(ghaqfl(Mng)). Since a # 0
and zp = ¢, we have that zy < m (haq’l(Mng)); hence zy < hmy (aqfl(Mng)) and, consequently,
21 < Ty (Uq*l(Mng))7 which is contradictory. Therefore, (0,...,a,0) £ ¢ (MSgO). O
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Theorem 3.6. Let o € F(X) be such that pr(a) # 0 and both A, and ¥ the algebra and the morphism
whose existence ensures Theorem 2.4. Let us assume that the condition g0 # 0 holds in A, and take
the atoms ¢ = (1,0,...,0) and d = (0,...,0,1) of BtA=9) [fdeg(a) = m, k = m + 1, and @ is the
extension to F¢(X) of the temporal valuation:

w: X — Ak x BiA«)

defined by w(zx;) = (v(x;),.%*) ,v(x;),0), then the properties:

t(Aq,a)

1. o(o™ 2 (M#g0)) = 1.

2. (0,.%),0,d) £ w(M?g0).

t(Aq,a)

3. (a,0,.%),0) £ w(o™F = (M?g0)).
hold.

Proof. According to the choice of s, the equality M*g0 = 1 holds in A. Since for all j € w we have

. (A a) (A sa)

that 07(1) = 1, it follows that o (M#g0) = 1 and so 17(0””7 2 (M*g0)) = 1. The second
property is an immediate consequence of part 5 in 3.4. For the third property we will show that, under
the hypotheses of the theorem, if ¢ represents to t(As,a)/2(> 1) and, for all 0 < ¢ < k — 1, u; is the

element of A* x B29~! satisfying for 0 < j < k:

a, ifj=i,
mi(uwi) = {

0, otherwise,

then in A}, x B2? the condition w,,—; £ o"9(M*g0) holds for all 0 < i < m. If i = 0 the result is true by
Lemma 3.5. Let us suppose that 0 < i < m and that the result holds for 4, that is, u,—; € o"T%(M*g0).
If Up—i—1 < gho™T9(M?g0) then a < mp,—;—1(gho'™9(M*g0)) and, so long as m —i—1 < k — 1, we have

b < i (Ro"TI(M?g0)) (5)

Si_nce m —1i < k— 1, we deduce from (5) that b < hmy,—; (U““I(MSgO)); but b < pa, hence u,,—; <
o'T9(M*g0), which contradicts the inductive hypothesis. In particular, we have ug ¢ o™ 2(M*g0), that
is to say (a,0,.%),0) £ o"T9(M?g0), which proves part 3. O

Theorem 3.7 is the analogous result to Theorem 2.7 for the case g0 # 0.

Theorem 3.7. Let o € F(X) such that pr(a) # 0 and let us assume that in A, the condition g0 # 0
holds. Let m = deg(«) and both s and t(A, a) the values defined in 3.1. Then
t(Aq.a)

0<m(a)ANo™T = (M®°g0) < ()

H(Aaa)
Proof. The morphism v: F(X) — A, satisfies that o(c™" %5 (M?g0)) = 1 and that v(7(a)) # 0.
(Ag,a)
So 0 < (m(a) A o (M?g0)). For w: Fy(X) — AF, x Bt A=) where A, is written just as A
and a is the selected atom satisfying a < o(m(a)), the condition (a0, K0y £ w(amg(A;m (M*g0))
holds (see 3.6). Nevertheles, since k& = m + 1, Theorem 2.3 ensures that m(w(m(r))) = v(pi(a)),

therefore (a,0,.%) ,0) < w(m(c)). It follows that

t(Ag,a)

m(a) £ o™ (Mg0)

t(Ag,a)

and so 0 < () Ao™T =2 (M%g0) < m(a). O

Corollary 3.8. Let a € F(X) be such that w(a) € Atm(F;(X)). Then m(a) < g0 A hO.
Proof. If m(a) £ g0 A RO, it is easy to show that pm(a) # 0 or fr(a) # 0 (in fact this logical disjunction

(Ag,a)

is equivalent to the former condition). If pr(«) # 0 then take § equal to 7™ fg0 or oMt (M?g0)
as needed (see Theorem 2.7 and Theorem 3.7). It follows that

0<7(a)Ap < m(a),

hence the result. In case that fr(a) # 0, it is feasable to give a dual reasoning. O
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4 Atoms of Free Temporal Algebras

Speaking in the language of temporal structures, it is clear that every generalized structure is the disjoint
union of two: (W, R, P) and (V, S, Q), where R = () and S satisfying “for all # € V there exists y € V
such that =Sy or ySx”. The algebraic meaning of this is that every temporal algebra is the product of
two: the first one satisfying g0 = 1 and the second one satisfying g0 A h0 = 0. Below we give the clues
to understand this result and an outline of its proof (not found explicitly in the literature).

Definition 4.1. Let A be a temporal algebra. Let us denote by O(A) the set of elements z in A such
that pr = fz =0, i.e., O(A) ={x € A: pr =0 = fz}.

The following lemma is straightforward.
Lemma 4.1. For any temporal algebra A, O(A) = [0,90 A h0] and this set is a temporal ideal.

Given a temporal algebra A, in the sequel we will write Fy (resp. Fi) instead of [g0 A hO,1] (resp.
[f1Vpl,1]). Since g.(A) Uh.(A) C Fy it follows that Fy € T'sp(A). Moreover, from the above and the
obvious equality F; = ~O(A) it follows that F} € T'sp(A). The class of algebras A with extreme value
of O(A), namely A and {0}, provides a simple but useful theorem for our purpose. The class O (resp.
W) of temporal algebras satisfying g0 = 1 (resp. g0 A h0 = 0) is obviously a variety.

Definition 4.2. Given a temporal algebra A, we define Osp(A) and Wsp(A) by the equalities Osp(A) =
{DeTsp(A): A/D e O} and Wsp(A) ={D € Tsp(A): A/D € W}

Lemma 4.2. For all temporal algebras A, Fy € Osp(A) and F; € Wsp(A).

Proof. We have established before that Fy, F1 € T'sp(A). We will prove that A/Fy € O. Since fhz < z,
for all z € A, it follows that fh0 = 0. Moreover, using that f is monotone we obtain that f(h0Ag0) < fhO;
hence f(h0 A g0) = 0 and so f(1/Fy) = 0/Fy. This proves the first statement. For the second, since
(g0 A RO)/Fy = 0/ Fy, we have that g(0/F;) A h(0/Fy) = 0/F. It follows that A/F; € W. O

Definition 4.3. In virtue of Lemma 4.2 we can define Rad,(A) and Rad,(A) by the equalities:
Rad,(A) = () Osp(A) and Rad,,(A) = Wsp(A).

Lemma 4.3. Let A be a temporal algebra. Then Rad,(A) = Fy and Rad,,(A) = Fy.

Proof. It follows from Lemma 4.2 that Rad,(A) C Fy and Rad,,(A) C Fy. The converse inclusions also
hold. Indeed, if D € Osp(A) then g(0/D) = h(0/D) = 1/D and so (g0 A h0)/D = g(0/D) A h(0/D) =
1/D. This implies that g0 A h0 € D. Moreover, if D € Wsp(A) then A/D € W. It follows that
g(0/D) ANh(0/D) =0/D, i.e., g0 AhO € =D, or equivalently f1V pl € D. O

Definition 4.4. Let A be a temporal algebra. We define A, by A, = A/Rad,(A) and A, by A, =
A/Rad,(A).

Obviously, any two congruences of a Boolean algebra permute; moreover, from Lemma 4.3, Rad,(A) U
Rad,(A) = A and Rad,(A) N Rad,,(A) = {1}. Therefore, as a consequence we have the following.

Theorem 4.4. Let A be a temporal algebra. Then A = A, X A,,.

Therefore the variety T of temporal algebras is generated by the class O UW. If we decompose F;(X)
according to the previous theorem, we find that one of the factors (the one satifying g0 A h0 = 0) has no
atoms; therefore its atoms come from the other factor. So if X is finite with n elements, then we will
find the form of the 2™ atoms in F;(X).

Let X be a non-empty set, B(X) = (B(X), A, V, 1, 1) the free Boolean algebra freely generated by X, and
k: B(X) — B(X) the map defined by k(a) = 1 for all a € B(X). Let us denote the free temporal algebra
of O (resp. W) over the set X by F,(X) (resp. Fy,(X)). It is clear that B,(X) = (B(X), A, V,~, k, k, 1)
is in O and it coincides with F,(X). This implies that the variety O is locally finite. The concept of
atom in a temporal algebra depends just on the order relation of the underlying Boolean algebra. So the
set of atoms of B,(X) coincides with the set of atoms of B(X), which has 2" elements whenever X has



n elements, i.e., if X is a non-empty set then |[Atm(B,(X))| = [Atm(B(X))|. Let n € w*, o € {-1,1}",
and X = {z1,...,z,}; define &, € B(X) by the equality &, = A{z7" : 1 <i <n}, where

, a, ifr= 1,
o =
-,  ifr=-—1.
Let n € w* and X = {z1,...,2,}. Then F,(X) has 2" atoms and Atm(F,(X)) = {&: 0 € {0,1}"}.

Moreover, note that for temporal algebras A and B, Atm(A x B) = {(a,0): a € Atm(A)} U{(0,b): b €
Atm(B)}

To enumerate the atoms of a free temporal algebra freely generated by a finite set X we need to express
F,(X) and F,,(X) as quotients of F;(X). As we will see, the suitable temporal filters are Fj and F}
respectively.

Theorem 4.5. Let X be a non-empty set. Then F,(X) is isomorphic to F(X)/Fy and F,(X) is
isomorphic to Fy(X)/Fy.

Proof. Let A be an algebra of O and let n: X — A. Since F;(X) is the free temporal algebra freely
generated by X, there is a unique morphism of temporal algebras ' such that n = 1’ o 4. Since A
is in O we have n'(h0 A g0) = h0 A g0 = 1 and so Fy C ker(n’). Hence there is a unique morphism
n': Fy(X)/Fy — A such that ' = 1" o, where 7 is the natural morphism from F;(X) to Fy(X)/Fo.
The first statement follows from this since the variety O is not trivial and so o ¢ is one-to-one. Now,
the rest of the proof is straightforward. O

Lemma 4.6. Let w(a)/Fy € Fy(X)/Fy. Ifn(a)/Fy € Atm(Fy(X)/Fy) then gOAROAT (o) € Atm (F4(X)).

Proof. Let us suppose that 7(a)/Fp is an atom of F,(X). If hO A g0 A m(a) = 0, then we would
have that 0 = h0 A g0/Fy A w(a)/Fy = 1 A w(a)/Fy = w(a)/Fy and this is impossible. Therefore
hO A g0 A () # 0. Let w(8) € Fi(X) be such that w(8) < hO A g0 A m(c). Then we have the
inequality h0 A g0 A m(3) < h0 A gO A (). The above is equivalent to m(3)/Fy < w(a)/Fy, so either
w(B)/Fy = 0 or w(8)/Fo = m(a)/Fp. In the case where w(3)/Fy = 0 we would have hO A g0 A 7(5) =0
and w(8) < hO A g0 A w(a)) < hO A g0, which implies that 7(3) = h0 A g0 A 7(5) = 0. In the case where
hOAgOAT(a) = hOA gOAT(S), it follows that hOA gOA7(a) < w(8). Since we have the other inequality

by choice of 3, h0 A g0 A w(a) = 7(53). O
Lemma 4.7. For all o € F(X), if m(a) € Atm(Fy(X)) then w(a)/Fy # 0/ Fp.

Proof. 1t follows from Corollary 3.8 that m(cr) A g0 A h0 = m(cr), whenever m(c) € Atm(F;(X)). Since
m(a) is an atom, it is different of 0; therefore m(a) A g0 A hO # 0, so 7w(a)/Fy # 0/ Fy. O

Lemma 4.8. Let o be an element of F(X). If m(a) € Atm(F (X)) then w(a)/Fy € Atm(F(X)/Fp).

Proof. Let us assume that 7(a) € Atm(F;(X)). Lemma 4.7 ensures that m(a)/Fy # 0/Fy. Then
suppose that 7(8)/Fy < w(a)/Fy. It follows that hO A g0 A 7(8) < m(a) and this implies that either
hOAgOAT(B) =0or hOA g0 A7(8) = 7(a). The first equality is equivalent to w(3)/Fy = 0/Fy and the
second one to 7w(0)/Fy = w(a)/Fp. O

Theorem 4.9. Let X be an infinite set. Then Fi(X) is atomless.

Proof. |Atm(B,(X))| coincides with |Atm(B(X))| and so B,(X) is atomless; hence F;(X)/Fy is atom-
less. Let us assume that w(a) € F;(X) is an atom. By Lemma 4.8, w(a)/Fp is an atom of Fy(X)/Fp.
Since this is impossible, F;(X) has no atom. O

Remark 4.1. Let w(a)/Fo,n(8)/Fy € Fy(X)/Fy. It is clear that w(a)/Fy # w(8)/Fy if, and only if,
hO A g0 A (a) # RO A g0 A m(5).

Theorem 4.10. Let n € w* and X = {x1,...,2,} be a finite set with cardinality n. F¢(X) has 2"
atoms and Atm(F(X)) = {{& AhO A g0: o € {0,1}"}.
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Proof. Let us consider the mapping W: Atm(Fy(X)/Fy) — Atm(F.(X)) given by ¥(a/Fy) = h0 A
g0 A (), for all m(a)/Fy € Atm(F(X)/Fy). This map is well-defined as guaranteed by Remark
4.1 and Lemma 4.6. Now, let us consider the mapping Y: Atm(F(X)) — Atm(F.(X)/Fy) given by
T (m()) = m(cr)/Fy, which is also well-defined as indicates Lemma 4.8. On one hand

(Yo W) (m(a)/Fy) =T (hOA g0 Am(a)) = (RO A gOAm(a))/Fy
= (hO/\QO)/FO /\7T(Ol)/.F() = ]./.F(] A?T(Ck)/.F()
= 7(@)/Fo

and on the other hand (¥ o T)(7(a)) = ¥(n(a)/Fp) = h0O A g0 A (). Since 0 < hOA g0 A () < 7(a)
and 7(a) € Atm(F(X)), then either h0 A g0 A m(e) = 0 or RO A g0 A m(cr) = 7(a). The first case is
impossible since then we would have 7(a)/Fy = hO A g0 A w(a)/Fy = 0/Fy and so 7(«)/Fy would not
be in Atm(F¢(X)/Fp), in contradiction with Lemma 4.8. Therefore h0 A g0 A 7(a) = 7(a) and so (¥ o
T)(m(a)) = m(e), for all w(a) € Atm(F(X)). It follows that ¥ and T are mutually inverse and bijective
mappings. Hence the cardinality of Atm(F¢(X)) coincides with the cardinality of Atm(F(X)/Fp).
From the definition of W, it follows that Atm(Fy(X)) = {{&; AhOA g0: o € {—1,1}"}. O

Finally we will study whether the algebra F;(X), in case X is finite, is atomic or not.

Theorem 4.11. Let X be a non-empty set. The algebra F,,(X) is atomless.

Proof. Let us assume first that X is infinite. Using Theorem 4.4 we have F4(X) 2 F(X)/FoxF4(X)/F.
Since F;(X) is atomless it follows that F;(X)/F} is also atomless. But, after Theorem 4.5, F,,(X) =
F.(X)/F; and so F,,(X) is atomless. Let us suppose now that X is finite. Using again Theorem 4.4
it follows that |Atm (F(X))| = |Atm(F.(X))| + |[Atm(F,(X))|. By Theorem 4.10, |Atm(Fy(X))| =
|Atm (F,(X))| and so F,,(X) is atomless. O

Corollary 4.12. Let X be a finite set. The algebra F(X) is not atomic.

Proof. Let us consider the temporal algebra F,(X) x F,(X) and let us take a € F,(X) \ {0}. If
F,(X) x F,(X) were to be atomic, then it would exist an atom (x,y) such that (x,y) < (0,a). So
we would have z = 0 and y € Atm(F,, (X)), which is impossible since F,,(X) is atomless. Therefore
F,(X) x F,(X) is not atomic and so F(X) is not atomic. O
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