GENERALIZED PRIESTLEY QUASI-ORDERS
GURAM BEZHANISHVILI AND RAMON JANSANA

ABSTRACT. We introduce generalized Priestley quasi-orders and show that subobjects of
bounded distributive meet semi-lattices are dually characterized by means of generalized
Priestley quasi-orders. This generalizes the well-known characterization of subobjects of
bounded distributive lattices by means of Priestley quasi-orders [1, 3, 9]. We also introduce
Vietoris families and prove that homomorphic images of bounded distributive meet semi-
lattices are dually characterized by Vietoris families. We show that this generalizes the
well-known characterization [8] of homomorphic images of a bounded distributive lattice by
means of closed subsets of its Priestley space. We also show how to modify the notions of
generalized Priestley quasi-order and Vietoris family to obtain the dual characterizations
of subobjects and homomorphic images of bounded implicative meet semi-lattices, which
generalize the well-known dual characterizations of subobjects and homomorphic images of
Heyting algebras [4].

1. INTRODUCTION

By the Priestley duality [7, 8], each bounded distributive lattice can be represented as
the lattice of clopen upsets of a Priestley space. This provides a generalization of the Stone
duality [10] by which each Boolean algebra is represented as the Boolean algebra of clopen
subsets of a Stone space. Subobjects (that is, Boolean subalgebras) of a given Boolean
algebra B can dually be characterized by means of “good” equivalence relations on the
Stone space X of B (see, e.g., [5, Sec. 8.2]). On the other hand, equivalence relations
on the Priestley space X of a bounded distributive lattice L are no longer sufficient to
characterize subobjects (that is, bounded sublattices) of L. Nevertheless, as follows from
[1, 3, 9], subobjects of L can be characterized by means of “good” quasi-orders on X. The aim
of this paper is to solve a similar problem in the more general setting of bounded distributive
meet semi-lattices. In [2] we have developed a new “Priestley-like” duality for the category of
bounded distributive meet semi-lattices and bounded meet semi-lattice homomorphisms. In
this paper we take advantage of this duality to give the dual characterization of subobjects
(that is, bounded distributive meet sub-semi-lattices) of a given bounded distributive meet
semi-lattice. As a corollary, we obtain the dual characterization of [1, 3, 9] of subobjects of
a distributive lattice.

In [2] we have also developed a similar duality for bounded implicative meet semi-lattices.
Based on it, we give the dual characterization of subobjects of a bounded implicative meet
semi-lattice. As a particular case, we obtain the dual characterization of [4] of subobjects
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(that is, Heyting subalgebras) of a Heyting algebra, from which the dual characterization of
subobjects of a Boolean algebra follows as a corollary.

In addition, we give the dual characterization of homomorphic images of a bounded dis-
tributive meet semi-lattice by means of Vietoris families. In the particular case of bounded
distributive lattices, this leads to the well-known characterization of homomorphic images of
a bounded distributive lattice L by means of closed subsets of the Priestley space of L. We
conclude the paper by showing that Vietoris families also provide the dual characterization
of homomorphic images of bounded implicative meet semi-lattices, and show how in the par-
ticular case of Heyting algebras this leads to the dual characterization of [4] of homomorphic
images of a Heyting algebra by means of closed upsets of its Esakia space. This immediately
leads to the well-known dual characterization of homomorphic images of a Boolean algebra
as closed subsets of its Stone space.

Since we rely heavily on the results and techniques developed in [2], it might be useful
to have [2] handy, although we try to give all the needed background from [2] in the next
section.

2. DUALITY FOR DISTRIBUTIVE AND IMPLICATIVE MEET SEMI-LATTICES

In this preliminary section we recall the basics of the duality for distributive and implicative
meet semi-lattices developed in [2].

We recall that a meet semi-lattice is a commutative idempotent monoid L = (L, A, T). A
partial order < is defined on L by a < biff a = aAb. It is easy to see that a Ab is the greatest
lower bound of {a, b}, and that T is the largest element of (L, <). We call L bounded if L has
a least element, we denote by L. A bounded meet semi-lattice L = (L, A, L, T) is distributive
if for each a, by, by € L with by A by < a, there exist ¢, co € L such that b; < ¢q, by < ¢o, and
a = ci Ncy. Let L and S be bounded meet semi-lattices. A map h : L — S is a bounded meet
semi-lattice homomorphism if for each a,b € L, we have h(aAb) = h(a)Ah(b), h(T) =T, and
h(L) = L. We denote by BDM the category of bounded distributive meet semi-lattices and
bounded meet semi-lattice homomorphisms. Let also BDL denote the category of bounded
distributive lattices and bounded lattice homomorphisms. Since the meet semi-lattice reduct
of a bounded distributive lattice belongs to BDM, we view BDL as a subcategory of BDM.

A bounded meet semi-lattice L is a bounded implicative meet semi-lattice if for each a € L,
the order-preserving map a A (—) : L — L has a right adjoint, denoted by a — (—) :
L — L. For two bounded implicative meet semi-lattices L and S, a map h : L — S is
a bounded implicative meet semi-lattice homomorphism if h is a bounded meet semi-lattice
homomorphism and h(a — b) = h(a) — h(b) for each a,b € L. We denote by BIM the
category of bounded implicative meet semi-lattices and bounded implicative meet semi-
lattice homomorphisms. It is well-known that the meet semi-lattice reduct of a bounded
implicative meet semi-lattice belongs to BDM. Thus, we view BIM as a subcategory of
BDM. If a bounded implicative meet semi-lattice L is in addition a lattice, then L is a
Heyting algebra. A Heyting algebra homomorphism h from a Heyting algebra A to a Heyting
algebra B is a bounded implicative meet semi-lattice homomorphism preserving join (that is,
h: A — B is in addition a lattice homomorphism). Let HA denote the category of Heyting
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algebras and Heyting algebra homomorphisms. Since the implicative meet semi-lattice reduct
of a Heyting algebra belongs to BIM, we view HA as a subcategory of BIM.

For a partially ordered set (X, <) and A C X, let TA ={z € X : Ja € A with a < z}
and |A={x € X : Jda € A with z <a}. If A is the singleton {a}, then we write Ta and |a
instead of T{a} and |{a}, respectively. We call A an upset (resp. downset) if A = TA (resp.
A = |A). In addition, we denote by A" the set of upper bounds of A and by A! the set of
lower bounds of A. Thus, A% denotes the set of lower bounds of the set of upper bounds of
A.

A Priestley space is a compact ordered topological space X = (X, 7, <) satisfying the
Priestley separation axziom: if © £ y, then there is a clopen (closed and open) upset U of
X such that x € U and y &€ U. It follows from the Priestley separation axiom that X is
Hausdorff and that the clopen sets form a basis for the topology. Thus, each Priestley space
is a Stone space (that is, it is compact Hausdorff zero-dimensional). For two Priestely spaces
Xand Y,amap f: X — Y is a Priestley morphism if f is continuous and order-preserving.
We denote the category of Priestely spaces and Priestley morphisms by PS.

It is a well-known result of Priestley [7, 8] that BDL is dually equivalent to PS. The
functors (—). : BDL — PS and (—)* : PS — BDL establishing the dual equivalence are
constructed as follows: If L is a bounded distributive lattice, then L, = (X, 7, <), where X
is the set of prime filters of L, < is set-theoretic inclusion, and 7 is the topology generated
by the basis {p(a) — ¢(b) : a,b € L}, where

pla)={re X :acux}

is the Stone map. If h € hom(L, K), then h, = h='. If X is a Priestley space, then X* is
the lattice of clopen upsets of X, and if f € hom(X,Y)), then f* = f~1.

Esakia’s duality for Heyting algebras is a restricted Priestley duality. We recall that an
FEsakia space is a Priestley space X = (X, 7, <) in which the downset of each clopen is again
clopen. We also recall that an Esakia morphism from an Esakia space X to an Esakia space
Y is a Priestley morphism f such that for all z € X and y € Y, from f(z) < y it follows
that there is z € X with x < z and f(z) = y. We denote the category of Esakia spaces and
Esakia morphisms by ES. Then it follows from [4] that HA is dually equivalent to ES. In
fact, the same functors (—), and (—)*, restricted to HA and ES, respectively, establish the
desired dual equivalence.

2.1. Duality for distributive meet semi-lattices. In [2] we generalized the above du-
alities to the settings of distributive and implicative meet semi-lattices. We summarize the
main results of [2] below. Let (X, 7, <) be a Priestley space and X, be a dense subset of X.
For a clopen subset U of X, let max(U) denote the set of maximal points of U. We call X
cofinal in U if max(U) C Xy. Let U be a clopen upset of X. We call U admissible if X is
cofinal in X — U. For z € X, let Z, denote the family of admissible clopen upsets U of X
such that =z ¢ U. A quadruple X = (X, 7, <, Xj) is said to be a generalized Priestely space
if it satisfies the following five conditions:

(1) (X, 7,<) is a Priestely space.

(2) Xy is a dense subset of X.
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(3) For each x € X, there is y € X such that =z < y.

(4) z € Xy iff Z,, is up-directed (that is, U,V € Z, imply the existence of W € Z, such
that UUV C W).

(5) z <y iff z € U implies y € U for each admissible clopen upset U of X.

For a generalized Priestley space X = (X, 7, <y, Xo), let X* denote the set of admissible
clopen upsets of X.

Let X and Y be nonempty sets and R C X x Y be a binary relation. For each x € X, let
Rlx] ={y € Y : zRy}; and for each A C Y, let OgA ={x € X : Rlz] C A}. Let X and Y’
be generalized Priestley spaces. We call a binary relation R C X XY a generalized Priestley
morphism if the following three conditions are satisfied:

(1) If =Ry, then there is an admissible clopen upset U of Y such that R[z] C U and
y&U.
(2) If U is an admissible clopen upset U of Y, then OrU is an admissible clopen upset

of X.
(3) For each x € X there is y € Y such that zRy.

Remark 2.1. It follows from conditions (1) and (2) that the dual of R preserves A and T; in
addition, condition (3) guarantees that the dual of R preserves L. In [2] the binary relations
R satisfying conditions (1) and (2) were called generalized Priestley morphisms. If in addition
R satisfied condition (3), then R was called a total generalized Priestley morphism. Since
in this paper we are only interested in bounded semi-lattice homomorphisms, we restrict
our attention to the binary relations that satisfy all three conditions (1)—(3) and simply call
them generalized Priestley morphisms.

We point out that conditions (1) and (2) imply that for each B C Y the set R™![B] =
{r € X : Jy € B with xRy} is a downset of X and that for each A C X the set R[A] =
{y €Y : 3z € A with xRy} is an upset of Y.

Note that the usual (set-theoretic) composition of two generalized Priestley morphisms
may not be a generalized Priestley morphism. Let R C X xY and S C Y x Z be two
generalized Priestley morphisms. We define the composition of R and S as the binary
relation (S * R) C X x Z given by

z(S*R)y iff (VU € Z%)(x € Og0sU =y € U).

With this composition, generalized Priestely spaces and generalized Priestley morphisms
form a category we denote by GPS. The categories BDM and GPS turn out to be dually
equivalent. The functors (—). : BDM — GPS and (—)* : GPS — BDM that establish the

dual equivalence are constructed as follows.

The functor (—).: Let L be a bounded distributive meet semi-lattice. We call a nonempty
subset [ of L a Frink ideal (F-ideal) if for each finite subset A of I we have AY C I.

Equivalently, I is an F-ideal iff for each aq,...,a, € I and ¢ € L, whenever ﬂTai C Te, we

i=1
have ¢ € I. We call an F-ideal I prime if a Ab € I implies a € I or b € I. A subset F of L
is said to be an optimal filter if F = L — I for some prime F-ideal I of L. It turns out that



GENERALIZED PRIESTLEY QUASI-ORDERS 5

F-ideals are exactly the traces of prime ideals and optimal filters are exactly the traces of
prime filters of the distributive envelope D(L) of L. (For a proper definition of D(L) see [2,
Sec. 4.1].) An important property of optimal filters is that they separate filters and F-ideals
from each other; that is, if I is a filter and I is an F-ideal such that F NI = (), then there
exists an optimal filter P such that F C P and PN 1 = (). We refer to this as the optimal
filter lemma.

Let F' be a proper filter of L. (The notion of a filter is usual.) We call F' prime if for each
two filters G and H of L we have F' C GNH implies F' C G or F' C H. It turns out that each
prime filter is optimal, but that the two concepts coincide only when L is a lattice. We also
mention that, like in a distributive lattice, there is a 1-1 correspondence between prime filters
and prime ideals of L, which is established, as usual, by taking set-theoretic complements.
However, the notion of an ideal in L is slightly different from the usual definition of an ideal
in a lattice. Namely, a nonempty subset I of L is an ideal if I is an up-directed downset;
that is, I is a downset and a, b € I implies {a,b}*NI # (. Equivalently, a nonempty downset
I is an ideal iff for each a,b € I we have (Ta N 1b) NI # (). The notion of a prime ideal is
usual: a proper ideal I is prime if a Ab € I implies a € I or b € I. Although there are less
prime filters than optimal filters of L, prime filters are still capable of separating filters from
ideals; that is, if F' is a filter and I is an ideal such that F'N I = (), then there exists a prime
filter P such that F C P and P NI = (). We refer to this as the prime filter lemma.

Let L, be the set of optimal filters of L and let L, be the set of prime filters of L. For
a€L,let pla) ={x € L, :a € x}. Weset L, = (L., 7,<,L.), where 7 is the topology
generated by the subbasis {¢(a) : a € L} U {p(b)°: b e L} and < is set-theoretic inclusion.
For h € hom(L, K), let R, C K, x L, be given by

vRyy iff W' (z) Cy

for each z € K, and y € L,. We set f, = Ry. Then (—), : BDM — GPS is a well-defined
functor.

The functor (—)*: For a generalized Priestley space X, we set X* = (X* N, X,0). For
R € hom(X,Y), let hg : Y* — X* be given by

he(U) = OxU

for each U € Y*. We set R* = hg. Then (—)* : GPS — BDM is a well-defined functor.
Moreover, the functors (—). : BDM — GPS and (—)* : GPS — BDM establish the dual
equivalence of BDM and GPS. More precisely, the natural transformation from the identity
functor idgpy : BDM — BDM to the functor (—),” : BDM — BDM is given by associating
with each object L of BDM the morphism ¢ : L — L," of BDM, which is an isomorphism;
and the natural transformation from the identity functor idgps : GPS — GPS to the functor
(—)*, : GPS — GPS is given by first defining the order-homeomorphism ¢ : X — X*, given
by

e(x)={U e X" :2eU}
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for each z € X € GPS, and then associating with each object X of GPS the morphism
R. C X x X*, of GPS given by

RV iff e(z) CV
for each z € X and V € X*,.

2.2. Duality for implicative meet semi-lattices. In the case of bounded implicative
meet semi-lattices, we obtain the following restricted version of the above duality. Let
X = (X, 1, <, Xo) be a generalized Priestley space. Then each clopen U in X has the form

U ﬂ(Ul —V;), where U;, V; € X*. We call U an Esakia clopen if U has the form U(UZ —Vi),
i=1j=1 i=1
Whére U;,V; € X*, and we call X a generalized Esakia space if for each Esakia clopen U the
set |U is clopen in X. For a generalized Esakia space X, define the binary operation — on
X* = (X*,, X, 0 by

U—-V={zxeX:fznUCV}.
Then (X* —) is a bounded implicative meet semi-lattice. Let X and Y be generalized
Priestely spaces and R C X XY be a generalized Priestley morphism. We call R a generalized
Esakia morphism if for each x € X and y € Y), there exists z € X such that x < z and
Rlz] = ly. If R C X x Y is a generalized Esakia morphism, then hg : Y* — X* is a
homomorphism of bounded implicative meet semi-lattices.

Let GES denote the category of generalized Esakia spaces and generalized Esakia mor-
phisms. (Again, the composition of two generalized Esakia morphisms is defined as for
generalized Priestley morphisms.) Then the restriction of (—)* to GES is a well-defined func-
tor (—)* : GES — BIM. The converse is also true; that is, the restriction of (—), to BIM is
a well-defined functor (—), : BIM — GES. These functors establish the dual equivalence of
BIM and GES.

2.3. Priestley and Esakia dualities as particular cases. We give a brief account of
how the Priestley duality between bounded distributive lattices and Priestley spaces and the
Esakia duality between Heyting algebras and Esakia spaces can be obtained as particular
cases of the above dualities.

Let L be a bounded distributive meet semi-lattice. If L happens to be a lattice, then
the notions of optimal and prime filters of L coincide, so L, = Ly, and so L, is simply the
Priestley space (L, 7,<). Similarly, if X = (X, 7, <, Xj) is a generalized Priestley space
such that Xy = X, then X is simply the Priestley space (X, 1, <).

Let X and Y be generalized Priestley spaces and R C X X Y be a generalized Priestley
morphism. We call R functional if for each z € X there exists y € Y such that R[z| = Ty.
If X and Y happen to be Priestley spaces, then functional generalized Priestely morphisms
correspond to Priestley morphisms. The correspondence is obtained as follows: If R C X xY
is a functional generalized Priestely morphism, then fr : X — Y defined by

fr(z) = the least lement of R|x]
is a Priestley morphism; if f : X — Y is a Priestley morphism, then Ry C X x Y defined by
zRpy iff f(z) <y
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is a functional generalized Prietley morphism. Moreover, fr, = f and Ry, = R. Thus, the
category PS™® of Priestley spaces and functional generalized Priestley morphisms is isomor-
phic to PS. On the other hand, BDL is dually equivalent to PS™. The Priestley duality
follows.

Similarly, if L is a bounded implicative meet semi-lattice which happens to be a Heyting
algebra, then L, is simply the Esakia space (L, 7, <); and if X = (X, 7, <, Xj) is a general-
ized Esakia space in which Xy = X, then X is simply the Esakia space (X, 7, <). Moreover,
each generalized Esakia morphism is functional, and so the category ESR of Esakia spaces
and generalized Esakia morphisms is isomorphic to ES. Furthermore, HA is dually equivalent
to ESX. The Esakia duality follows.

2.4. The correspondence between 1-1 and onto morphisms. As a consequence of the
dualities described above, we obtain that 1-1 morphisms in one category correspond to onto
morphisms in its dual category and vice versa. Here we give an exact formulation of this for
the categories BDM and GPS which contain all the other categories we consider in this paper
as subcategories. Let X and Y be generalized Priestely spaces and let R € X x Y be a
generalized Priestley morphism. We say that R is onto if for each y € Y there exists x € X
such that R[x] = Ty. We also say that R is 1-1 if for each z € X and U € X* with = ¢ U,
there exists V' € Y* such that R[U] C V and R[z] € V. Then we have that R C X x Y is
1-1iff hg : Y* — X* is onto, and that R is onto iff Ay is 1-1. Consequently, for two bounded
distributive meet semi-lattices L and K and a homomorphism h : L — K, we have that h is
1-1iff R, C K, x L, is onto, and that A is onto iff Ry is 1-1.

3. GENERALIZED PRIESTLEY QUASI-ORDERS

Let X = (X, 7,<) be a Priestley space and let () be a quasi-order on X extending <.
We call U C X a Q-upset if x € U and xQy imply y € U. We say that () is a Priestley
quasi-order if x(Jy implies there exists a clopen Q-upset U of X such that z € U and y ¢ U.
In other words, @ is a Piestley quasi-order iff x € U implies y € U for each clopen Q-upset
U of X. Let L be a bounded distributive lattice. It is well-known [1, 3, 9] that subobjects
of L dually correspond to Priestley quasi-orders on L. In fact, the complete lattice (S, C)
of subobjects of L is isomorphic to the complete lattice (P, D) of Priestley quasi-orders on
L,.

We generalize the notion of a Priestley quasi-order to that of a generalized Priestley
quasi-order and show that subobjects (that is, distributive meet semi-lattices which are
(A, T, L)-subalgebras) of a bounded distributive meet semi-lattice L dually correspond to
generalized Priestley quasi-orders on L,. In fact, we introduce a partial order < on the set
GP of generalized Priestley quasi-orders on L, and show that the complete lattice (S, C)
of subobjects of L is isomorphic to (GP, >). We also introduce the notion of a generalized
Esakia quasi-order and show that the complete lattice (S, C) of subobjects (that is, (A,
—, 1 )-subalgebras) of a bounded implicative meet semi-lattice L is isomorphic to the poset
(GE, >) of generalized Esakia quasi-orders on L,. In addition, we show how the isomorphism
between the lattice of subobjects of a bounded distributive lattice L and the lattice of



8 GURAM BEZHANISHVILI AND RAMON JANSANA

Priestley quasi-orders on L, and the isomorphism between the lattice of subobjects of a
Heyting algebra A and the lattice of Esakia quasi-orders on A, are both easy consequences
of our results.

3.1. Subobjects of bounded distributive meet semi-lattices.

Lemma 3.1. Let L be a bounded distributive meet semi-lattice and let S be a subobject of
L.

(1) If x € S., then there isy € L, such that x =yNS.

(2) If x € Sy, then there isy € L, such that x =y N S.

Proof. (1) Let z € S,. Consider the filter G = ;2 of L and the F-ideal J of L generated
by S — x. We claim that G N J = (). If not, then there is a € G N J. Therefore, there exist

bexandcy,...,c, €S — xsuch that b <; a and ﬂTLCi C T,a. Since Tpa C T, b, we have
i=1

ﬂTLci C 1;b. Thus, stCi C Tgb. Since z is an optimal filter of S, we have S — z is an

Flideal of S. Thus, b € S — . a contradiction. We conclude that G 1 J — 0. Then, by
the optimal filter lemma, there is y € L, such that G C y and y N J = (). Consequently,
yns =ux.

(2) Let € S;. Then S —x is a prime ideal of S. We show that |, (S —z) is an ideal of L.
If a,b € | (S—x), then there exist a’, b’ € S —x such that a <; o’ and b <, V/. Since S—x is
an ideal, Tga'NTgV/N(S—x) # 0. Let c € Tga’'NTgb/N(S—x). Thenc € T aNT bN | (S—2).
Thus, | (S —x) is an ideal of L. We claim that 1,20 |, (S—2)=0. Ifa € T,2N ] (S —x),
then there exist b € z and ¢ € S — x such that b <; a < ¢. Thus, b <g ¢, and so c € z, a
contradiction. By the prime filter lemma, there is a prime filter y of L such that T,z C y
and yN |, (S —xz) =0. Consequently, x =y N S. d

Definition 3.2. Let L be a bounded distributive meet semi-lattice and let S be a subobject
of L. Weset Ye={x € Ly :xnS eSS}

Lemma 3.3. Let L be a bounded distributive meet semi-lattice, S be a subobject of L, and
x € L. Then:EﬁS:ﬂ{yﬂS:xﬂSgerg}.

Proof. 1t is clear that 2 NS C m{y NS:xzNS CyeYs} Conversely, let a ¢ 2N S. Then
a €S —x and so (xNS)N |ga =0. By the prime filter lemma, there is a prime filter z of
S such that NS C z and a ¢ z. By Lemma 3.1, there is y € L, such that z = yNS. Then
yEYganda¢yﬂS.Thus,ﬂ{yﬂS:xﬂSQyEYS}QxﬂS. O

Let L be a bounded distributive meet semi-lattice and let S be a subobject of L. Define
a binary relation Qg C L, x L, by

rQgy iff xNS Cy.

Lemma 3.4. The relation Qg is a quasi-order on L,. Moreover, for each x,y € L., if x C y,
then xQgy.
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Proof. Straightforward. 0

Let L be a bounded distributive meet semi-lattice and S be a subobject of L. We charac-
terize the sets ¢r(a) with a € S.

Lemma 3.5. Let L be a bounded distributive meet semi-lattice, S be a subobject of L, and
aes.

(1) ¢r(a) is a Qs-upset of L,.
(2) vrla) = [los(Ys — wrla)))”.

Proof. (1) Let x € ¢r(a) and 2Qgy. Then x NS C y, and as a € z N S, we have a € y.
Thus, y € ¢r(a), and so ¢ (a) is a Qg-upset of L,.

(2) By (1), ¢r(a) is a Qg-upset of L,. Therefore, ¢r(a) N o, (Ys — ¢r(a)) = 0, and
so wr(a) € [lgs(Ys — ¢r(a))]®. Conversely, suppose that x € [|o (Ys — ¢r(a)]®. Then
(Vy € Ys)(2Qsy = a € y). If a ¢ x, then a ¢ £ N S. By Lemma 3.3, there exists y € Yg
such that NS C y and a ¢ y. Therefore, zQ sy, and so a € y, a contradiction. Thus, a € x,
and so = € pr(a). It follows that ¢y (a) = [lo,(Ys — ¢r(a))]. O

Lemma 3.6. Let L be a bounded distributive meet semi-lattice, S be a subobject of L, and
acL. Ifor(a) =[lg,(Ys —¢r(a))], thena € S.

Proof. Suppose that a ¢ S. First assume that there exist ai,...,a, € S such that a =
a; Vp ... Vp a,. Then ¢p(a) = pr(a) U...Upr(a,). If a3 Vg ... Vs a, exists in S and

n

a; Vs ... Vg a, = b, then stai = 1¢b and a < b. By the optimal filter lemma, there

=1
exists ¥ € L, such that b € x and a ¢ x. Then = ¢ ¢r(a) = [lo.(Ys — ¢r(a))]®, and
so there exists y € Yg such that xQgsy and y ¢ ¢p(a). Since b € NS C y, we have

ﬂTsai =140 CynS e Sy. Therefore, Tga; C yNS for some @ < n. Thus, a; € y, and so

i=1
y € pr(a;) C ¢r(a), a contradiction. It follows that a; Vg ... Vg a, does not exist in S. Let
n

F= ﬂTsai and [ be the F-ideal of S generated by {ai,...,a,}. If there is ¢ € FF'N I, then

i=1

ﬂTsai = Tgc. This implies that ¢ = a1 Vg ... Vg a,, a contradiction. Thus, FFN I = (), and
i=1

by the optimal filter lemma, there exists x € S, such that F C z and 2 NI = (). By Lemma
3.1, there exists y € L, such that z =y N S. If y € ¢r(a), then y € pr(a1)U...Uepr(a,).
So a; € y for some ¢ < n, which is a contradiction as a; € I and (yNS)NI =zN1=10.
Thus, y ¢ pr(a) = [lg,(Ys — vr(a))]®, and so there exists z € Y5 — ¢y (a) such that yQsz.

Therefore, yN'S C z, so ﬂTsai CyNnS C z, and so there is ¢+ < n such that Tgqa; C 2.
i=1

Thus, a; € z, and so z € pr(a;) C ¢r(a), a contradiction. It follows that our assumption

that there exist aq,...,a, € S such that a = a; V...V a, is false.
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Consider the filter T;a and the F-ideal J of L generated by |,anS. If thereis b € TpaNJ,
n n

then a <y b and there exist c;,...,¢c, € | a N .S such that ﬂTLci CT.b. Soa e ﬂTLci C
i=1 i=1

n
7.0 € Tra, and so mTLci = Tra. Therefore, a = ¢; Vi -+ V[ ¢, a contradiction. Thus,

TranJ =10, and b; %he optimal filter lemma, there exists € L, such that T;a C x and
xNJ =10. Now consider the filter G of L generated by x NS and the ideal |, a. If there is
be GN|;a, then ¢ < b <y a for some c € xNS. Therefore, ¢ <y a,so ce |;anS, which
is not possible because ¢ € z and N ([ ,aNS) = (. Therefore, GN |, a = (), and by the
prime filter lemma, there is y € L such that G Cy and y N |,a = (. Thus, NS C y and
a¢y. SoxQsyandy € Ys—pr(a), andsox & [|o,(Ys—pr(a))]® = ¢r(a), a contradiction.
Consequently, our assumption that a ¢ S is false, and so a € S. O

Let L be a bounded distributive meet semi-lattice and let S be a subobject of L. We set

Ys" ={prla) s prla) = [los(Ys —pr(a))|}.
The next lemma is an immediate consequence of Lemmas 3.5 and 3.6.

Lemma 3.7. Let L be a bounded distributive meet semi-lattice and let S be a subobject of
L. Then Ys* ={¢r(a):a € S}.

Lemma 3.8. Let L be a bounded distributive meet semi-lattice and let S be a subobject of L.
For each x € L., we have x € Yy iff for each ay,...,a, € S with x ¢ or(a1)U...Upr(a,),
there is a € S such that x ¢ ¢r(a) and vr(a;)U...Uyr(a,) C ¢r(a).

Proof. Suppose that © € Yg. Then x € L, and x NS € S,. Let ay,...,a, € S with

x ¢ prla)U...Upr(a,). If ﬂTs@z‘ C axNS, then as NS € Sy, there is i < n such
i=1

that Tga; C 2N S, so z € pr(a;) € ¢r(a;) U...Upr(a,), a contradiction. Therefore,
stai Z x N S. Thus, there is a € S such that a € st@i and a ¢ x. This implies that

i=1 =1

er(a) U...Upr(a,) € pr(a) and = ¢ ¢r(a). Conversely, suppose that € L, and for
each ai,...,a, € S with x ¢ pr(a1)U...Upr(a,), there is a € S such that = ¢ ¢ (a) and
er(a)U...Upr(a,) € ¢r(a). We show that 2 NS is a prime filter of S. If not, then there
exist filters F} and Fy of S such that FiNFEF, CanNS, F1 € xNS,and Fry € xNS. Let
a; € Fy —z and ay € Fy —x. Then = ¢ ¢p(a1) U @r(az). By the assumption, there exists
a € S such that = ¢ pr(a) and ¢r(a;) U @p(az) € ¢r(a). Therefore, a ¢ x and ay,as < a.
Thus, a € Tga1 N Tgas C Fy N Fy C 2, a contradiction. It follows that x N S is a prime filter
of S, and so x € Y. O

The properties of Qs and Ys suggest the following definition. Let X = (X, 7, <, Xj) be a
generalized Priestley space, () be a quasi-order on X extending <, and Y C X,. We set

Y ={UeX":U=[loY —U)}.
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Definition 3.9. Let X be a generalized Priestley space. We call a pair (Q,Y) a generalized
Priestly quasi-order if (Q),Y") satisfies the following conditions:

(1) @ is a quasi-order on X extending <.

(2) Y C X,.

(3) For each x € X there is y € Y such that zQy.

(4) If x € Xy, then x € Y iff for each Uy,..., U, € Y* with = ¢ U; U...UU,, there is
VeY*suchthat z ¢ Vand Uy U...UU, CV.

(5) zQu iff VU € Y*)(x e U =y e U).

Theorem 3.10. Let L be a bounded distributive meet semi-lattice and let S be a subobject
of L. Then (Qs,Ys) is a generalized Priestley quasi-order on L.

Proof. By Lemma 3.4, (Qg, Ys) satisfies condition (1) of Definition 3.9. The definition of Yg
implies that (Qg, Ys) satisfies condition (2). We show that (Qg, Ys) satisfies condition (3).
For each x € L, we have x NS € S,, and so there exists z € S, such that zt NS C z. By
Lemma 3.1, there exists y € L, with 2z =y NS. Thus, y € Yg and 2N S C y, so xQsy, and
so condition (3) is satisfied. That (Qg, Ys) satisfies condition (4) follows from Lemmas 3.7
and 3.8. Finally, it follows from Lemmas 3.5 and 3.6 and the definition of Qg that (Qg, Ys)
satisfies condition (5). Thus, (Qs, Ys) is a generalized Priestley quasi-order on L. O

Lemma 3.11. Let X be a generalized Priestley space and let (Q,Y) be a generalized Priestley
quasi-order on X. Then:

(1) (Y*,N, X,0) is a bounded distributive meet semi-lattice.
(2) Y* is a subobject of X*.

Proof. (1) Since [|o(Y — X)]° = (1o0)° = 0° = X, we have X € Y*. Also, [|o(Y —0)]° =
(oY) = X°=190, and so § € Y*. Next we show that Y* is closed under N. Let U,V € Y*.
Then U,V € X*, so UNV € X*. Moreover, UNV = [[o(Y = U)*N[lo(Y = U)]° =
Lot = U) U LY = VI = [g((¥ = U) U (Y = V) = [lo(t — (U A V)le. Thus,
UNV e Y* Finally, we show that Y* is distributive. Suppose that U,V,W € Y* and
UNV CW. Let x ¢ W = [|o(Y — W]. Then there exists y € Y — W such that 2Qy. We
havey e Uory ¢ U. If y € U, theny ¢ V, so y ¢ W UV. Therefore, by condition (4)
of Definition 3.9, there exists Z, € Y* such that y ¢ Z, and WUV C Z,. If y ¢ U, then
y & W UU, so there exists Z, € Y* such that y ¢ Z, and W UU C Z,. In both cases we
have x ¢ Z, because Z, is a Q-upset of X and zQy ¢ Z,. Then W° = U{Zg cx ¢ W}
Since X is compact, there is a finite A C (W U V)¢ and a finite B C (W U U)® such that
We = U{Z; X € A}UU{Z; cx € B}. Let U’ = ﬂ{Zm cx € Aland V' = ﬂ{Zm 1z € B}.
Then U,V e Y*, UCU,V CV' and W = U' NV'. Thus, (Y*,N, X,0) is a bounded
distributive meet semi-lattice.

(2) follows from (1). O

Let X be a generalized Priestley space and let GP denote the set of generalized Priestley
quasi-orders on X. For (Y, Q),(Z R) € P, we set (Y, Q) < (Z,R) if Y C Z and zQy implies
xRy for all z,y € Y. Clearly < is a partial order on GP.
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Theorem 3.12. For a bounded distributive meet semi-lattice L, the complete lattice (S, C)
of subobjects of L is isomorphic to (GP, >).

Proof. Suppose that S is a subobject of L. By Theorem 3.10, (Qg,Ys) is a generalized
Priestley quasi-order on L.. Conversely, if (Q,Y") is a generalized Priestley quasi-order on
L,, then Lemma 3.11 implies that Y* is a subobject of L.*, thus is isomorphic to a subobject
of L. We show that this correspondence is 1-1. If S is a subobject of L, then Lemma 3.7
implies that S is isomorphic to Ys*. If (Q), V') is a generalized Priestley quasi-order on L, then
by the definition of @y~ and condition (5) of Definition 3.9, e(z)Qy+c(y) iff e(x)NY™* C e(y)
iff (VU eY*)(U €c(x)=Uc€e(y))iff (VU e Y*)(xeU=yelU)iff zQy.

Let ST € § with S CT. Then z € Y implies x € L, and a NT € Ty. Since S is a
subobject of T', from z N'T" € T, it follows that x NS € S,. Therefore, Y, C Yg. Moreover,
if zQry, then zNT C y, so xNS C gy, and so zQgy. Thus, (Qr,Yr) < (Qs,Ys). Conversely,
suppose that (Qr,Yr) < (Qs,Ys) and a € S. By Lemma 3.5, pr(a) = [lo,(Ys — or(a)]’
Since Yr C Ys and xQry implies xQgy for all x,y € Yr, from the last equality it follows
that pr(a) = [lg, (Yr —¢r(a)]®. This, by Lemma 3.6, implies that a € T'. Therefore, S C T'.
Consequently, for S,T € S we have S C T iff (Qr, Yr) < (Qs,Ys), which together with the
1-1 correspondence between subobjects of L and generalized Priestley quasi-orders on L,
give us that (S, C) is isomorphic to (GP, >). O

3.2. Subobjects of bounded distributive lattices. Now we show how Theorem 3.12
implies easily the well-known correspondence between subobjects of a bounded distributive
lattice L and Priestley quasi-orders on L.

Let L be a bounded distributive lattice and S be a subobject of L. Consider (Ys, Qs).
It follows from conditions (1) and (5) of Definition 3.9 that Qg is a Priestley quasi-order
on Ly = L,. Moreover, since L, = L, and Yg" is closed under U, conditions (2) and (4)
of Definition 3.9 imply that Ys = L. Thus, the generalized Priestley quasi-order (Ys, Qg)
simply becomes the Priestley quasi-order ()s. Moreover, given two generalized Priestley
quasi-orders (Y, Q) and (Z, R) on L., we obviously have that (Y,Q) < (Z,R) iff @ C R.
Consequently, the poset (GP, <) of generalized Priestley quasi-orders is equal to the poset
(P, C) of Priestley quasi-orders on L, and so Theorem 3.12 implies the following well-known
dual characterization of subobjects of L.

Corollary 3.13. [1, 3, 9] For a bounded distributive lattice L, the complete lattice (S, C) of
subobjects of L is isomorphic to the complete lattice (P, D) of Priestley quasi-orders on L .

3.3. Subobjects of bounded implicative meet semi-lattices. We turn to the dual
characterization of subobjects (that is, (A, —, T, L)-subalgebras) of bounded implicative
meet semi-lattices. Let X be an Esakia space and let () be a Priestely quasi-order on X.
Define ~g on X by

x ~qg y iff 2Qy and yQz.

Clearly ~¢ is an equivalence relation on X. We call ) an Esakia quasi-order on X if
(Vo,y € X)(2Qy= (Fz € X)(x <z & 2z ~q y)).
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Definition 3.14. Let X be a generalized Esakia space and let (Q,Y) be a generalized
Priestely quasi-order on X. We call (Q,Y") a generalized Esakia quasi-order on X if (Vz €
X) My eY)(2Qy= 3z€Y)(z<z& z~qy)).

For a generalized Esakia space X, let GE denote the set of generalized Esakia quasi-orders
on X, and let < be the restriction of < from GP to G&.

Lemma 3.15. Let L be a bounded implicative meet semi-lattice and let S be a subobject of
L. Then (Qs,Ys) is a generalized Esakia quasi-order on L.

Proof. Since S is a subobject of L, it follows from Theorem 3.10 that (Qg, Ys) is a generalized
Priestley quasi-order on L,. Let x € L,, y € Ys, and xQ)sy. Then x NS C y. We have S —y
is an ideal of S. Therefore, |; (S — y) is an ideal of L. Let F' be the filter of L generated by
xU(ynS). Then FN |, (S —y)=0. By the prime filter lemma, there exists z € L, such
that £ C z and 2N |; (S —y) = (. Therefore, zNS =yNS € S,. Thus, z € Yy,  C 2, and
z ~gg y. Consequently, (Qg,Ys) is a generalized Esakia quasi-order on L,. O

Lemma 3.16. Let X be a generalized Esakia space and let (Q,Y) be a generalized Esakia
quasi-order on X. Then Y* is a subobject of X*.

Proof. By Lemma 3.11, it is sufficient to show that Y™ is closed under —. Let U,V € Y*.
Then U = [|lo(Y —=U)]and V = [[o(Y = V)]®. We show that U — V = [|o(Y —(U — V))]°.
Let x e U =V, y €Y, and zQy. We claim that Ty N U C V. If not, then there exists
z € TyNU such that 2 ¢ V. Theny <z € U and z € |o(Y — V). Therefore, there exists
z € Y such that 2Q2" and 2/ ¢ V. Thus, 2Qy < 2QZ’, and so zQz'. Since (Q,Y) is a
generalized Esakia quasi-order on X, there exists 2" € Y such that < 2" and 2" ~¢ 2. So
2Q72'Qz7", and so zQz". Since z € U and U is a Q-upset of X, we have z” € U. Therefore,
Z'etenU. Asx € U — V, we have TeNU C V. Thus, 2’ € V, and since V' is a Q-upset of
X and 2"Qz', we have 2’ € V, a contradiction. Consequently, TyNU C V,soy € U — V, and
sox € [lo(Y — (U —V))]°. Thus, U —V C [|o(Y — (U — V))]|°. Conversely, suppose that
x ¢ U — V. Then there exists z € X such that z € TeNU and z ¢ V. Therefore, z < z € U
and z € |o(Y — V). Thus, there exists y € Y such that 2Qy and y ¢ V. Since (Q,Y) is a
generalized Esakia quasi-order on X, there is 2’ € Y such that z < 2’ and 2’ ~g y. Thus,
2/ € U and as U is a Q-upset of X and 2'Qy, we also have y € U. Therefore, y ¢ U — V,
and since 2Qy, we obtain x € |o(Y — (U — V)). Consequently, x ¢ [lo(Y — (U — V)],
o [l = (U = V)))°CU—=V,andso U =V = [[o(Y — (U — V))]°. It follows that
U—-VeYr O

Theorem 3.17. For a bounded implicative meet semi-lattice L, the complete lattice (S, C)
of subobjects of L is isomorphic to the poset (GE,>) of generalized Esakia quasi-orders on
L,.

Proof. Apply Theorem 3.12 and Lemmas 3.15 and 3.16. U

3.4. Subobjects of Heyting algebras. Now we show how Theorem 3.17 implies the dual
characterization of subobjects (that is, Heyting subalgebras) of a Heyting algebra A by means
of Esakia quasi-orders on A, = A,. Let A be a Heyting algebra and let S be a subobject of
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A. Then S is a bounded sublattice of A, so Qg is a Priestley quasi-order on A,. Moreover,
since S is a (A, —, L)-subalgebra of A, we have that Qg is in fact an Esakia quasi-order
on A,. Consequently, the poset (GE, <) of generalized Esakia quasi-orders is equal to the
poset (€, C) of Esakia quasi-orders on A,. Thus, Theorem 3.17 implies the following dual
characterization of subobjects of A.

Corollary 3.18. For a Heyting algebra A, the complete lattice (S, C) of subobjects of A is
isomorphic to the poset (€,2) of Esakia quasi-orders on A,.

Let X be an Esakia space and let ~ be an equivalence relation on X. For x € X let
] ={y € X : 2 ~y}, and for A C X let [4] = U{[a] ca € A}. We call A C X saturated
if A =[A]. We say that ~ is an Esakia equivalence relation if ~ satisfies the following two
conditions:

(1) =« y implies there exists a saturated clopen U of X such that x € U and y ¢ U.
(2) Vo,y,zeX)z~y&y<z)=(FzecX)xz<z&z~y).

We point out that if £ satisfies only condition (1), then E is an equivalence relation which
is a Priestley quasi-order. We call such equivalence relations Priestley equivalence relations.
Thus, an Esakia equivalence relation is a Priestley equivalence relation satisfying condition
(1).

There is a 1-1 correspondence between Esakia quasi-orders and Esakia equivalence rela-
tions on an Esakia space X. Indeed, it is easy to verify that if () is an Esakia quasi-order on
X, then ~¢ is an Esakia equivalence relation on X. Conversely, if ~ is an Esakia equivalence
relation on X, then Q. = (< o ~) is an Esakia quasi-order on X. Moreover, Q., = Q
and ~g_ = ~. Thus, Corollary 3.18 implies the following well-known characterization of
subobjects of A.

Corollary 3.19. [4] For a Heyting algebra A, the complete lattice of subobjects of A (ordered
by C) is isomorphic to the poset of Esakia equivalence relations on Ay (ordered by D).

If A is a Boolean algebra, then the Stone space of X is the space of ultrafilters of X.
Therefore, < becomes simply =. Thus, Esakia equivalence relations become simply Priest-
ley equivalence relations, and so we obtain the following well-known characterization of
subobjects of a Boolean algebra:

Corollary 3.20. (see, e.g., [5, Sec. 8.2]) For a Boolean algebra A, the complete lattice of
subobjects of A (ordered by C) is isomorphic to the poset of Priestley equivalence relations
on Ay (ordered by D).

4. VIETORIS FAMILIES

In this section we give the dual descriptions of homomorphic images of bounded dis-
tributive meet semi-lattices and bounded implicative meet semi-lattices. We also show how
our dual descriptions lead to the well-known dual descriptions of homomorphic images of
bounded distributive lattices, Heyting algebras, and Boolean algebras.
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4.1. Bounded distributive meet semi-lattices. Let L be a bounded distributive meet
semi-lattice. Since homomorphic images of L are onto homomorphisms of L, dually they
correspond to 1-1 generalized Priestley morphisms R from some generalized Priestley space
to L.. We give a description of homomorphic images of L purely in terms of L, without
referring to any generalized Priestley space other than L,.

We start by considering a generalized Priestley space X = (X, 7, <, X) and a 1-1 gener-
alized Priestley morphism R C X x L,. Set

Sr={R[z] : 2 € X} and (§r)o = {R[z] : z € Xo}.
Then §r and (Fr)o are families of nonempty closed upsets of L, such that (Fr)o C Fr. Since

R is 1-1, we have = < y iff R[y] C R[z|. Define the Vietoris topology (or the hit-or-miss
topology) Ty on §r as follows: For a € L, set

H, = {R[z] : Rlz]Np(a)®# 0} and M, = {R[z] : R[z] Ny(a)® =0} = {R[x] : Rz] C p(a)}.

Clearly M, and H, are set-theoretic complements of each other. We let
By ={M,:ac L} U{H,:a€ L}
be a subbasis for 7.

Lemma 4.1. Let L be a bounded distributive meet semi-lattice, X be a generalized Priestley
space, and R C X x L, be a 1-1 generalized Priestley morphism. Then for each F € §r we

have F = ﬂ{gp(a) :F Cp(a)}.

Proof. Let F' € §g. Then there exists € X such that F' = R[x]. Clearly R[z] C ﬂ{gp(a) :
Rlx] C ¢(a)}. Suppose that y ¢ R[z]. Then zRy, and as R is a generalized Priestley
morphism, there exists a € L such that y ¢ ¢(a) and R[x] C ¢(a). Thus, Rlz] = m{go(a) :
Rlz] C ¢(a)}. O
Lemma 4.2. Let L be a bounded distributive meet semi-lattice, X be a generalized Priestley

space, and R C X X L, be a 1-1 generalized Priestley morphism. Then (§gr,Ty,2) is a
Priestley space which is order-isomorphic and homeomorphic to (X, 1, <).

Proof. Since R is 1-1, we have z < y iff R[y] C R[z], so (X, <) is order-isomorphic to (Fr, 2).
As 7y is a Vietoris topology and L, is compact, we obtain that (§g, 7v) is compact as well.
To see that (g, 7, 2) satisfies the Priestley separation axiom, let F' 2 G with F,G € Fg.
By Lemma 4.1, there exists a € L such that F' C ¢(a) and G Z ¢(a). Thus, F € M,
and G ¢ M,, and as M, is a clopen upset of (§Fgr,7v,2), we obtain that (§g,7,2) is a
Priestley space. We show that (Fg, 7v) is homeomorphic to (X, 7). Define f : X — Fg by
f(x) = Rlx]. Then f is a bijection. Moreover, for a € L and z € X we have x € f~1(M,)
iff f(z) € M, iff R[z] C ¢(a) iff z € Or(¢(a)). Consequently, f~1(M,) = Ogr(¢(a)) and
S~ (H,) = Ogr(p(a))s, and so f is continuous. Finally, since f is a continuous map between
compact Hausdorff spaces, f is a homeomorphism. O

Lemma 4.3. Let L be a bounded distributive meet semi-lattice, X be a generalized Priestley
space, and R C X x L, be a 1-1 generalized Priestley morphism. Then (§gr,7v, 2, (§r)o) is
a generalized Priestley space.
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Proof. It follows from Lemma 4.2 that (§g,7v,2) is a Priestley space which is order-
isomorphic and homeomorphic to (X, 7, <). This implies that (§r)o = f(Xo) is dense in
§. Moreover, for F' € §g, we have F' = R[xz] for some x € X. Since X is a generalized
Priestley space, there exists y € X such that z < y. Therefore, R[y] C R|x], and so there
is G € (§r)o such that FF O G. For F,G € §g, it follows from Lemma 4.1 that F O G iff
(Va € L)(F € M, = G € M,). Thus, conditions (1), (2), (3), and (5) of the definition of
a generalized Priestley space are satisfied. To see that condition (4) is satisfied as well, let
F € (§r)o- Then F = Rjx] for some z € X,. Let My, M, € Ip. Then F Z ¢(a),p(b),
so R[z] € p(a),¢(b), and so z ¢ Ogrp(a),drp(b). Therefore, Oryp(a), drp(b) € Z, and
as x € X, there exists U € X* such that x ¢ U and Ogp(a),Ore(b) C U. Since R is
1-1, x ¢ U implies there exists ¢ € L such that R[U] C ¢(c) and Rlzx] € ¢(c). Thus,
F = R[z] ¢ M., and so M, € Zp. Let G € M, and let G = R[y| for some y € X. Then
Rly] C ¢(a), so y € Orp(a) C U, and so G = Rly] C R[U] C ¢(c). Therefore, G € M.,
and so M, C M,.. Similarly, M, C M.. Thus, Zr is directed. Now let Zr be directed and let
F = R[z]. We show that x € X,. Let U,V € Z,. Then = ¢ U, V. Since R is 1-1, there exist
a,b € L such that R[U] C ¢(a), R[z] € ¢(a), R[V] C ¢(b), and R[z] Z ¢(b). Therefore,
F ¢ M,, My, and so M,, M, € Zrp. As I is directed, there exists ¢ € L such that M, € Zp
and M,, M, C M,.. Thus, z ¢ Ogp(c) and Orp(a), Ore(b) C Oge(c), and so Orp(c) € I,
and U,V C Ogyp(c). Consequently, Z, is directed, so x € Xy, and so F' € (§r)o- It follows
that condition (4) of the definition of generalized Priestley space is also satisfied, and so
(§r,Tv, 2, (r)o) is a generalized Priestley space. O

Definition 4.4. Let L be a bounded distributive meet semi-lattice. We call a pair (§, o)
of families of nonempty closed upsets of L, a Vietoris family if the following conditions are
satisfied:

(1) So €3

(2) F = m{<p(a) : ' C p(a)} for each F € §.
(3) (F,7v,2,380) is a generalized Priestley space.

Let L be bounded distributive meet semi-lattice. For a Vietoris family (§,§o) we define
FRzx it x € F.

Lemma 4.5. Let L be a bounded distributive meet semi-lattice and let (§, o) be a Vietoris
family. Then Rz C § x L, is a 1-1 generalized Priestley morphism.

Proof. First we show that Rz C § x L, is a generalized Priestley morphism. Suppose that
Feg x¢€ L, and FRzr. Then ¢ ¢ F, and as F' = ﬂ{gp(a) : F C ¢(a)}, there exists
a € L such that ¢ ¢(a) and F' C ¢(a). Thus, there is a € L such that x ¢ p(a) and
R3[F] C ¢(a), and so condition (1) of the definition of a generalized Priestely morphism
is satisfied. Now let a € L and F' € §. We have F' € Og (p(a)) iff Rz[F] C ¢(a) iff
{r € L,: FRzx} C p(a) iff {z € L, : x € F} C ¢(a) iff F C ¢(a) iff I € M,. Thus,
Og, (¢(a)) = M,, and so condition (2) of the definition of a generalized Priestely morphism
is satisfied. To see that condition (3) is also satisfied, let F' € §. Since F # (), there exists
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x € F. This, by the definition of Rg, gives us F Rzx. Therefore, for each F' € § there exists
x € L, such that FRzx. It follows that Rz is a generalized Priestley morphism. We show
that Rz is 1-1. Let F ¢ M,. Then Rz[M,] C ¢(a) and Rz[F] = F Z ¢(a). Thus, Rz is
1-1. O

Lemma 4.6. Let L be a bounded distributive meet semai-lattice.

(1) If R € X x L, is a 1-1 generalized Priestley morphism, then for each x € X and
y € L, we have xRy iff R[z|Rz,y.
(2) If (3,80) is a Vietoris family, then § = Fr; .

Proof. (1) For z € X and y € L., we have R[z|Rz,y iff y € R[z] iff xRy.
(2) We have F € §g, iff (3G € §)(F = R3|G] = G) iff F € §. Thus, §r, = 3. 0

Since homomorphic images of a bounded distributive meet semi-lattice L are dually char-
acterized by 1-1 generalized Priestley morphisms of L., by putting Lemmas 4.1, 4.2, 4.3, 4.5,
and 4.6 together, we obtain:

Theorem 4.7. Homomorphic images of a bounded distributive meet semi-lattice L are dually
characterized by Vietoris families on L,.

4.2. Bounded distributive lattices. Now let L be a bounded distributive lattice. We show
how our characterization of homomorphic images of L simplifies considerably and becomes

the usual characterization in case we are interested in onto bounded lattice homomorphisms
of L.

Lemma 4.8. Let X be a Priestley space. Then 1-1 functional generalized Priestley mor-
phisms R CY x X, where Y is a Priestley space, correspond to closed subsets of X.

Proof. Let R CY x X be a 1-1 functional generalized Priestley morphism. By [2, Lemma
9.19.1], fris an embedding. Thus, fr(Y) is a closed subset of X which is order-homeomorphic
to Y. Conversely, if Y is a closed subset of X, then the identity map f: Y — X is an em-
bedding. Applying [2, Lemma 9.19.1] again, we obtain that Ry CY x X is a 1-1 functional
generalized Priestley morphism. It is obvious that this correspondence is a bijection. 0

Thus, we arrive at the following well-known characterization of homomorphic images of
bounded distributive lattices.

Corollary 4.9. [8] Let L be a bounded distributive lattice. Homomorphic images of L under
bounded lattice homomorphisms dually correspond to closed subsets of L, .

Proof. Homomorphic images of L under bounded lattice homomorphisms dually correspond
to 1-1 functional generalized Priestley morphisms R C X x L, where X is a Priestley space.
These, by Lemma 4.8, correspond to closed subsets of L, . O

4.3. Bounded implicative meet semi-lattices, Heyting algebras, and Boolean al-
gebras. Let L be a bounded implicative meet semi-lattice. As an immediate consequence
of the bounded distributive meet semi-lattice case, we obtain that homomorphic images of
L are dually characterized by those Vietoris families (§,§o) on L, for which (§, v, 2,80) is
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a generalized Esakia space. Another dual description of homomorphic images of L can be
obtained through filters of L. It is well-known [6, Theorem 3.2] that homomorphic images
of L are characterized by filters of L. In [2, Proposition 9.11] we characterized filters of L

dually as such closed upsets C' of L, for which L, — C = [(L, — C). This leads to the
following alterative dual description of homomorphic images of L.

Theorem 4.10. Homomorphic images of a bounded implicative meet semi-lattice L are
dually characterized by closed upsets C' of L, such that L, — C = [ (L, — C).

In the case of Esakia spaces, L, = L, so the condition of Theorem 4.10 on the closed upset
C'is redundant, and so we obtain the following well-known characterization of homomorphic
images of Heyting algebras.

Corollary 4.11. [4] Homomorphic images of a Heyting algebra A are dually characterized
by closed upsets of A, .

If A is a Boolean algebra, then upsets of the Stone space A, of A are simply subsets of
A,. Thus, Corollary 4.11 implies the following well-known characterization of homomorphic
images of Boolean algebras.

Corollary 4.12. (see, e.g., [5, Sec. 8.1]) Homomorphic images of a Boolean algebra A are
dually characterized by closed subsets of Ay.
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