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Abstract

LUKASIEWICZ’s infinite-valued logic is commonly defined as the set of
formulas that take the value 1 under all evaluations in the LUKASIEWICZ
algebra on the unit real interval. In the literature a deductive system ax-
iomatized in a Hilbert style was associated to it, and was later shown to
be semantically defined from LUKASIEWICZ algebra by using a “truth-
preserving” scheme. This deductive system is algebraizable, non-self-
extensional and does not satisfy the deduction theorem. In addition, there
exists no Gentzen calculus fully adequate for it. Another presentation of
the same deductive system can be obtained from a substructural Gentzen
calculus. In this paper we use the framework of abstract algebraic logic to
study a different deductive system which uses the aforementioned algebra
under a scheme of “preservation of degrees of truth”. We characterize the
resulting deductive system in a natural way by using the lattice filters of
Wajsberg algebras, and also by using a structural Gentzen calculus, which
is shown to be fully adequate for it. This logic is an interesting example
for the general theory: it is selfextensional, non-protoalgebraic, and sat-
isfies a “graded” deduction theorem. Moreover, the Gentzen system is
algebraizable. The first mentioned deductive system turns out to be the
extension of the second by the rule of Modus Ponens.
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1 Introduction

By the infinite-valued LUKASIEWICZ logic one commonly refers to the set of
formulas in a suitable language' £ that hold in the so-called LUKASIEWICZ
algebra over the real unit interval [0,1], when taking as designated the only
element 1. LUKASIEWICZ himself conjectured a finite axiomatization of this
set of tautologies. The conjecture was proved right by WAJSBERG (lost) and
later on by Rost and ROSSER [30], and independently by CHANG [5]. Concern-
ing consequence, it was proved by HAy [21] that the finitary deductive system
Lo = (£,Fo) axiomatized by those tautologies and the rule of Modus Ponens
coincides with that axiomatized by LUKASIEWICZ’s axioms and Modus Ponens,
and also with the finitary logic semantically determined by the associated mat-
rix, with 1 as the only designated element; see [6, 20, 34] for properties of this
deductive system and more references. As to its abstract algebraic logic status,
RODRIGUEZ, TORRENS and VERDU proved in [29] that L., is finitely, strongly
and regularly algebraizable, that its equivalent algebraic semantics is the class
W of all Wajsberg algebras (better known as MV-algebras, in a polinomially
equivalent presentation), and that on each A € W the L..-filters coincide with
the implicative filters, i.e., those F' C A such that 1 € F and F is closed under
Modus Ponens (if a,a — b € F then b € F). As a consequence, L, is complete
with respect to the class of matrices

(1) {(A,F): AcW,F C A is an implicative filter }.

The logic Ly, also satisfies the following completeness result: For all finite I' C
Fm and all ¢ € F'm,

(2) I'he ¢ <= Forallve Hom(Fm,][0,1]) :
if v(B)=1forall eI, thenv(p) =1,

where F'm is the algebra of L-formulas. If one takes 1 as representing “truth” in
the algebra of truth-values [0,1], then one can interpret this result as saying that
E is the truth-preserving logic associated with the LukasiEwicz algebra [0,1].
However, as WOICICKI points out in [34, p. 279], “there is no evidence that
LukasiEwicz thought of the consequence operations characteristic of many-
valued logics as truth-preserving ones”.

A different approach has more recently come from the field of substructural
logics. There LUKASIEWICZ’s logic appears as an extension of one of the basic
substructural Gentzen systems, and the algebraic structures are placed in the
framework of residuated lattices; see [25] for an introductory survey. The basic
intuitions under this approach are mainly proof-theoretical, and still the corres-
ponding deductive system is Lo, but the link between the Gentzen system and
the deductive system is not the standard one, and its sequents do not represent
entailment in the deductive system.

In this paper we explore a third alternative, namely that of defining a dif-
ferent deductive system Lfo by using the ordering relation of the algebra [0,1]
under a scheme of preservation of degrees of truth, and studying it within the
framework of abstract algebraic logic [13]. In particular we will show that LS
admits a structural Gentzen system with a unique natural relation with the

1See Section 2 for technical details.



logic (namely, the Gentzen system is fully adequate for the logic, as is proved
in Corollary 4.3) and with a smooth algebraic treatment.

The idea of preservation of degrees of truth we use in this paper, as opposed
to that of truth-preservation, considers all elements of the truth-value algebra
[0,1] as genuine truth values without privileging one among them. Thus, it
interprets consequence in the following sense: That whenever all premisses at-
tain at least a certain degree of truth, the conclusion should attain at least
that degree of truth too. To implement this idea one only needs to use the
ordering relation < that exists among the elements of [0,1], but needs not make
any assumption as to the meaning of connectives. Thus the deductive system
preserving degrees of truth associated with this structure is given by:

(3) I'S ¢ <= Forall v € Hom(Fm,[0,1]) and all t € [0,1] :
if v(B) >tforall eI, then v(p) >t

where I is any finite set of formulas, and ¢ is any formula.

Incidentally, note that schemes (2) and (3), when taken for an arbitrary I,
are known to define consequence relations on the formula algebra which are not
finitary ([9]), thus they fall outside our theoretical framework, where a deductive
system is always assumed to be finitary.

We do believe that this definition is natural enough to give the idea of
“degrees of truth” a sound interpretation, and that in this way one can avoid
the puzzling difficulties encountered by DANA ScOTT in his well-known and
challenging discussion of many-valued logics ([31, 32]), and in particular his
scepticism about the role of designated truth values in a really many-valued
logic.

An early use of a definition similar to (3) is found in CLEAVE’s analysis
([7]) of Kleene’s 3-valued logic. For more general discussions on schemes of
preservation of degrees of truth and their application to many-valued logics,
see [9, 24, 26]. The study of particular finite- and infinite-valued LUKASIEWICZ
logics defined by this scheme was initiated by WOJCICKT in [34, Section 4.3]2
with his definition of the logics ESF, and was followed by GIL, TORRENS and
VERDU in [16, 17] and by FONT in [9]. The publication [17] is an abstract
without proofs, and is not easily accessible, hence we include and prove in the
present paper some of its main results.

There is a striking difference between the results of applying either of the
two previously discussed schemes when defining more general infinite-valued
LUKASIEWICZ logics. Since their early appearance in [23] this denomination has
been used to refer to any of the logics defined by the scheme of preservation
of truth as in (2) but applied to an infinite subalgebra of [0,1]. It is well-
known [9, 19] that in this way we obtain an infinite number of distinct logics.
By contrast, it was proved in [9, Theorem 22| that if we apply a scheme of
preservation of degrees of truth as in (3) to any infinite subalgebra of [0,1] we
always obtain the same logic, the one denoted by Lgé': by WdJicickr and which
is studied in this paper. Thus speaking about the infinite-valued LUKASIEWICZ
logic that preserves degrees of truth appears to be fully justified.

2Warning: In this book the terms “truth-preserving” and “preserving degrees of truth”
are used in the senses explained above, except on page 345; at this place “truth-preserving”
means basically the same as the former “preserving degrees of truth”, and the term “validity-
preserving” is used to mean the same as the former “truth-preserving”.



From our results it turns out that LS = (£,FS) is very interesting both
from the point of view of the general theory of Abstract Algebraic Logic and
for its specifically many-valued properties:

e It is non-protoalgebraic (Theorem 3.11). This means that neither its im-
plication connective, nor any other definable binary connective, can satisfy
both the laws of Identity and Modus Ponens.

o It satisfies a simple graded deduction theorem [12] (Lemma 3.2).

e It can be defined from the class of all Wajsberg algebras if we take all
lattice filters as designated sets (compare Definition 3.1 and Lemma 3.2).

o It is selfertensional, i.e., the interderivability relation in Lfo is a congruence
relation on the algebra of formulas (Theorem 3.4). Since it also has a
conjunction, some general results in [11] can be applied to it. For instance,
this property automatically ensures that the algebraic counterpart of the
logic is a variety, and indeed we prove that it is the class of Wajsberg
algebras (Corollary 3.5).

e Another consequence of selfextensionality is that there is a structural
Gentzen system that is fully adequate for the logic and algebraizable.
One of the aims of this paper is to present an explicit, finite presentation
of this system (Theorem 4.10).

The paper is organized as follows: in Section 2 we recall some basic notions
of algebraic logic and some properties of the LUKASIEWICZ logic L., and of
Wajsberg algebras. In Section 3 we define the logic Lfo, and prove its basic
algebraic properties, and those relating it to Lo; in particular we show that
the two logics have the same theorems and that L., is an extension of LS that
can be obtained by adding a single inference rule to Lfo. We also classify Lfo
according to several general criteria of abstract algebraic logic: we prove that it
is selfextensional and it is not protoalgebraic, hence, it is not algebrizable either.
In Section 4 we introduce a finitely presented sequent calculus, and prove that
the models of its associated Gentzen system &, are essentially the full general-
ized models of Lfo, which means that &, is fully adequate for Lfo in the sense
of [11, 13]. Using this property we obtain several ways of describing the relation
between &, and Lfo, and a characterization of Lfo in terms of abstract prop-
erties of its consequence relation; moreover we show that the external deductive
system (in the sense of [1]) associated with & is L. Finally, in Section 5 we
further study the models of &, and use them to characterize the full general-
ized models of Lo, in several ways. The actual derivations in a Gentzen system
needed for the proofs of some lemmas in sections 4 and 5 have been placed in
the Appendix.
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2 Some background

Given an algebraic language L, let us denote its associated formula algebra by
Fm, or simply by Fm. In this paper we define a (propositional) logic or
deductive system S as a pair (L,Fs), where Fg is a finitary consequence
relation over F'm, which is invariant under substitutions. The algebraic models
we are going to consider are different kinds of structures over algebras of the
similarity type of the logic, i.e., L-algebras A; and the valuations will be just
homomorphisms from Fm, to A.

The simpler models are, of course, just algebras. But algebras provide rich
enough models only for the best-behaved logics, among which our Lfo will not
be, in some sense. Thus we need more complex models, logical matrices, which
are pairs (A, F) where A is an algebra and F' C A is the filter, or designated
subset of the matrix. Such a matrix is a model of a logic S when, for all
v € Hom(Fm,A), if I' Fs ¢ and v(y) € F for all v € I" then v(y) € F. The
set F' is then called an S-filter, and FisA denotes the set of all S-filters over
A. Since this set is a closed-set system, it has an associated closure operator:
For any X C A, Fi§(X) is the least S-filter on A containing X. The third
kind of models are generalized matrices (g-matrices for short), which in this
paper will be pairs (A,C) where C C P(A) is an inductive closed-set system
of subsets of A, i.e., a family containing A and closed under intersections of
arbitrary subfamilies and under unions of upwards-directed subfamilies. The
associated closure operator is denoted as C'. A g-matrix (A,C) is a generalized
model (g-model for short) of S when C C FisA; equivalently, when for all
v € Hom(Fm, A), if I' ks ¢ then v(p) € C({v(7) : v € I'}). For more details
on these basic notions see [8, 13, 34].

A special kind of g-models has been introduced and exploited in [11] and
a most general theory has been built around them. Using the most recent
terminology we say that a basic full g-model of S is one of the form (A, FisA),
for an arbitrary algebra A, and a full g-model of S is a g-matrix (A,C) such
that there is a strict surjective homomorphism (also called bilogical mosphism)
from it onto a basic full g-model of the logic. This kind of g-models constitutes
the main tool on which the general theory of [11] is built. The consideration of
reduced models leads to the definition of several classes of algebras associated
with a logic. A matrix (A, F) is reduced when the only congruence of A that
is compatible with the filter F' (i.e., a # € CoA such that if afb and a € F then
also b € F) is the identity; and a g-matrix (A,C) is reduced when the identity
is the only congruence of A that is compatible with all the filters in C. Then
three classes of algebras can be associated in general to an arbitrary deductive
system:

Alg*S = {A :3F C S such that (A, F) is reduced}
AlgS = {A : 3C C P(A) such that (A,C) is a reduced g-matrix}
V(S) = the variety generated by any of the previous classes.

(That the two first classes generate the same variety, and the same quasi-variety,
is proved in Proposition 2.26 of [11].) For protoalgebraic logics Alg*S = AlgS
and there is no doubt that this is the algebraic counterpart of the logic. However
for non-protoalgebraic logics this equality may not hold, and it seems that in
general it is AlgS the class that allows for a smoother expression of the links



between the logic and the algebras. For algebraizable logics this class coincides
with the so-called equivalent algebraic semantics for S, see [3, 8, 13].

From now on we fix a language £ = (—, ) of type (2,1) and denote by
F'm the corresponding formula algebra. We will omit mention of the particular
similarity type unless it is necessary. We consider also the defined connectives
V, A, * and @ given by:

zVy=(r—y) -y,
x Ay =-(—zV-y),

(4)

zxy =-(z— ),
rdYy =T —y.
We also define z™ as 2" '« for n > 2 and z! as z. The connectives V and
A will be the usual lattice-like operations of disjunction and conjunction, resp.
The operation * is called fusion or multiplicative conjunction (in the literature
it is also denoted as - or ®) and @ is the multiplicative disjunction.

The (infinite-valued) Lukasiewicz logic Lo, = (L,F) is the logic
defined over F'm with axioms:

(A1) o= (W —v)

(A2) (p=¥) = (=8 —(p—9)
(A3)  ((p—=9) —=¥) = (¥ —¢) =)
(Ad) (o — )= (=)

and with Modus Ponens as the only primitive rule: ¢, o — ¢ F 1. The
corresponding algebras are the so called Wajsberg algebras, i.e., algebras
A = (A, —, ) of type (2,1) that satisfy the following equations:

Tox) YRy .
z—=y) = (y—2)—@—z2)=z—w.
—y

z—y) Yy~ (y—z) -

(
(
(
(=) - (y—z) R

These algebras are polynomially equivalent to Wajsberg algebras as originally
defined by RODRIGUEZ in [28], and to CHANG’s MV-algebras defined in [5]:
equations (4) give one half of the definitions, and for the converse use x —y =
-z @®y. The main general references for Wajsberg algebras and MV-algebras are
[6, 14, 20]. The variety of all Wajsberg algebras, denoted by W, is generated by
the algebra [0,1] on the unit real interval, with the well known LUKASIEWICZ
operations ~z = 1 — z and  — y = min{l,1 — z 4+ y} (where + and — are
the ordinary arithmetical operations). The operations induced on [0,1] by (4)
are x Vy = max{z,y},x Ay = min{z,y},x *y = max{0,z + y — 1} and
x @y = min{l,x + y}. The finite simple algebras in this variety are (up to
isomorphism) the finite subalgebras of [0,1]: for each m > 2 we denote by S,,
the m-element algebra with universe {0,1/(m — 1),...,(m — 2)/(m — 1),1}.
These algebras define finite-valued logics in a similar way as Lfo is defined in
(3); they have been studied in [9, 16, 18].



If A is a Wajsberg algebra then A = z—x ~ y—y, hence these terms define
an algebraic constant, denoted by 1; we also put 0 = —1. If for any a,b € A we
define a < b <= a — b = 1, then < is a partial order relation, which endows
A with a bounded distributive lattice structure with the join given by V, the
meet given by A and with maximum 1 and minimum 0. This lattice satisfies De
Morgan laws (hence, it is a De Morgan algebra [2]) and it is residuated in the
sense that for any a,b,c € A,

(5) axb<c+e=a<b—c

The following identities that hold in W will be used in the paper:

(6) sx(z—y)mahy
(7) = (y—z)ry—(z—2)
(8) (zAy)? < a*y

(9) :L‘”+1-\<$n

We use the symbol ~ to denote formal equations, as is usual. Similarly, we
denote by ¢ < 1 the “formal ordering” relation that holds in an algebra A
endowed with a partial order < when for all v € Hom(Fm, A), v(p) < v(y).
Note that if the algebra is a lattice or a semilattice (like those in W) then ¢ < ¢
is actually equivalent to an equation, namely to the equation ¢ A ¢ = .

The main relationships between Wajsberg algebras and LUKASIEWICZ logic
are summarized in the following theorem. Its part (a) establishes the rela-
tionship between the infinite-valued LUKASIEWICZ logic and the implicative
filters of Wajsberg algebras, i.e., the sets F' such that 1 € F' and are closed
under Modus Ponens, i.e., such that if a,a — b € F then b € F; the set of
all implicative filters of an algebra A will be denoted by J.(A) or simply by
F., and the implicative filter generated by X will be denoted by F4(X) or by
F.,(X). Parts (b)—(e) follow BLOK and P1G¢0zzI’s theory of algebraizable logics
[3, 4] and FONT and JANSANA’s theory of full g-models [11].

THEOREM 2.1 ([14, 29])

(a) The logic Lo is complete with respect to the class of matrices
{{A,F): A€W and F is an implicative filter on A}.
That is, for any I' U {p} C Fm,

I'tw ¢ <= ForallveHom(Fm,[0,1]) and oll F € F,(A) :
ifv(B) € F forallp €I, thenv(p) € F.

(b) L is an algebraizable logic. Its equivalence formulas are {p — ¥, — ¢},
its defining equation is p ~ 1, and its largest equivalent algebraic semantics
is the variety W.

(c) Alg(Ls) = W.
(d) The reduced models of Lo are all matrices (A,{1}) with A € W.



(e) The reduced full g-models of L are all g-matrices of the form (A, F,(A))
with A € W.

Actually, the properties included in part (b) tell us not just that Lo, is algeb-
raizable, but that it is also, using the modern terminology, finitely algebraizable
(the number of equivalence formulas and of defining equations is finite), strongly
algebraizable (the associated class of algebras is a variety) and regularly algeb-
raizable (the reduced matrices have one-element filters).

The role played by the implicative filters of a Wajsberg algebra in the previ-
ous result will be played by lattice filters for the logic we are going to introduce
in the next section. If A is a Wajsberg algebra, the set of all its lattice filters
will be denoted by F<(A), or simply by F¢, and the lattice filter generated
by a subset X C A, that is, the smallest lattice filter in which D is contained,
denoted as Fi¢(X) or Fé(X ), can be characterized as

(10) F(X)={be A: thereexist a1,...,a, € X withb> a1 A---Aay}.

Every implicative filter is a lattice filter, and a lattice filter is an implicative
filter if and only if it is closed under Modus Ponens. In Lemma 3.8 we give
other conditions for a lattice filter to be an implicative filter. It will be useful to
record the characterization of the implicative filter generated by a set X and an
element a in a Wajsberg algebra, as given in [6, Proposition 4.2.9] or [33, 1.19]:

(11) EF,(X,a)={be A: there exists n > 1 such that a" — b € F.,(X)}.

This property is the algebraic expression of the so-called local deduction theorem
for Lo, see [13, Section 3.2].

3 The logic

We first define the logic we are going to study and later on (Corollary 3.3)
we prove that it is indeed tha logic that preserves degrees of truth in [0,1],
according to (3):

DEFINITION 3.1 The logic LS = (L,FS) is the logic defined by the class of
matrices {(A,H) : A € W | H is a lattice filter on A}. That is, for any
ru{e} C Fm, I'ts ¢ iff for every A € W, every H € F<(A) and every
v € Hom(Fm, A), v[I']| C H implies v(p) € H.

Since we are using all lattice filters on each Wajsberg algebra, the definition
can be equivalently formulated using the lattice filter-generation operator:
(12) I' ¢ < VAeW , Vv e Hom(Fm,A), v(p) € F<(v[I]).
In particular, for I' = () we see that ¢ is a theorem of Lfo iff its interpretations

in all Wajsberg algebras always belong to the least lattice filter, which is the set
{1}. Hence we conclude that

(13) DES ¢ <= WEepx1.

The following lemma contains the first elementary properties of Lfo. Its last
item concerns the interdervability relation, which for an arbitrary logic S is
defined as

(14) pdks ¥ <= ptsy and ¢ kg .



This relation is always an equivalence relation. When it is a congruence of the
formula algebra, the logic will be called selfextensional [34]; these logics enjoy
a good replacement property:

If ¢ -dFs ) then () dks d(v)

for any formula § with at least one propositional variable. It is known that
L~ is not selfextensional [9, Proposition 13], for instance p -Fp_ p * p but

P Fr.. ~(p*p)-

We say that a logic (£,F') is an extension of the logic (£,F) when - C H,
and that the extension is proper when - ¢ F. An extension (£,F’) is called
axiomatic when it can be obtained by adding only axioms to (£,F), and it is
called purely inferential when it can be obtained by adding only proper rules
to (£,F), but has the same theorems.

LEMMA 3.2
(a) LS is a finitary deductive system.

(b) L is a proper, purely inferential extension of Lfo. The theorems of both
logics are the formulas ¢ such that W |= ¢ = 1, i.e., such that [0,1] E ¢ =
1.

(c) For all o1,...,pn, ¥ € Fm the following are equivalent:

(1) 1, on P ¥

(i) WE @i A Apn 9.

(i) [0,1] F w1 A Apn S 9.

(V) OFS @1 A Apn =, dee, Do 1 Ao Apy — 9.
(d) For all ,9p € Fm, ¢ 4K ¢ <= W = p = 9.

=

PROOF

(a) It follows from the fact that W is a variety and the notion of lattice filter is
first-order definable, so the class of matrices that defines LS is closed under
the formation of ultraproducts.

(b) Since an implicative filter in a Wajsberg algebra is also a lattice filter, from
(1) and Definition 3.1 it follows that I' I ¢ implies I" b, ¢, that is, Foo
is an extension of LS. From Theorem 2.1(b) it follows that ) Fop ¢ <=
W = ¢ = 1, hence by (13) the theorems of the two logics coincide. Finally,
it is clear that LS does not satisfy Modus Ponens.

(¢) The equivalence between (i) and (ii) follows from the application of (10) to
(12). As we have already pointed out, in W the formal expression ¢ < ¥ is
equivalent to an equation (namely, to @ A = ¢), hence (ii) is equivalent
to (iii). Finally, we also have

WE@A - App = o1 A App == 1,
and this together with part (b) shows the equivalence between (ii) and (iv).

(d) This is an immediate consequence of (c). ]



COROLLARY 3.3 Lfo is the logic that preserves degrees of truth in [0,1], that
is, for all finite I' C Fm and all p € Fm,

(15) TI'FS ¢ <= Forallv € Hom(Fm,[0,1]) and all t € [0,1] :
if v(B) =t forallBel, then v(p) >t

PROOF The result follows from the equivalence between (i) and (iii) in part
(c) of Lemma 3.2 and the fact that, in a lattice, ¢ < v(yp;) for ¢ = 1,...,n iff
t<v(pr) A Ao(ep). |

In addition, the equivalence between (i) and (iv), more precisely, the property
that

Pl P V= DS o1 A Ay — ¥

is an instance of what has been called in [12] a graded deduction theorem for
Lfo. In this case it is a particularly remarkable property because, as we show
in Theorem 3.11, Lfo is not a protoalgebraic logic, hence there is no hope that
neither — nor any other defined implication satisfies the ordinary deduction
theorem; moreover up to now that property had been investigated only in the
context of protoalgebraic logics.

The first elements of the classification of LS in the hierarchies of abstract
algebraic logic are the following;:

THEOREM 3.4 Lfo is selfextensional and satisfies the property of conjunction,
i.e., the connective A\ satisfies the rules x,yFxz ANy, xAykbzxz, Ayt y.

PROOF  Selfextensionality follows from Lemma 3.2(d). The three rules that
define the property of conjunction are also straightforward. |

Thus we can apply to this logic the general results obtained in [11] for selfex-
tensional logics with conjunction and having theorems. The first is the confirm-
ation that Wajsberg algebras are the right algebraic counterpart of this logic:

COROLLARY 3.5 Alg™(LS) = Alg(LS) = V(ES) = W.

PROOF From Lemma 4.27 of [11] it follows that for a selfextensional logic S
with conjunction the classes of algebras Alg*S , AlgS and V(S) coincide; and
by Lemma 2.43 of [11] this variety is defined by the equations ¢ = ¢ such that
¢ ks 1. Then part (d) of our Lemma 3.2 ends the proof. |

COROLLARY 3.6 If A € W, then F € Fi < A iff F is a lattice filter on A.

PROOF From the property of conjunction it follows that every Lfo—ﬁlter is a
lattice filter. The converse follows from the very definition of LS. n

10



By Proposition 2.17 of [11], the reduced full g-models of a logic coincide
with its reduced basic full g-models, and these are the g-matrices of the form
(A, FigA) with A € AlgS. Now the two preceding corollaries yield:

COROLLARY 3.7 The reduced full generalized models of Lfo are the generalized
matrices of the form <A,}'<(A)>, with A a Wagsberg algebra. |

To further analyze the relationship between L., and Lfo the following algeb-
raic lemma concerning implicative filters in Wajsberg algebras will be useful.

LEMMA 3.8 Let A € W and let F € F<(A). Then the following properties are
equivalent:

(i) F is an implicative filter.

)
(ii) F is closed under x, i.e., ifa,b € F thenaxb e F.
(iii) F is square-closed, i.e., a € F implies a? € F.
(iv) F is n-th power-closed, i.c., a € F implies a™ € F for all n > 2.
PrROOF The equivalence between (i) and (ii) follows from [6, 4.7.2]. Either of
(ii) and (iv) trivially implies (iii), and by using (9) it is easy to see that (iii)
implies (iv). Finally, (iii) implies (ii) follows from (8). |

In Corollary 3.2 we have proved that L., is a purely inferential extension of Lfo.
Now, by comparing Theorem 2.1(a) with Definition 3.1, Lemma 3.8 yields the
following:

COROLLARY 3.9 L., is the extension of Lfo by any of the following rules or set
of rules:

(d) pEp™ for allm > 2. |

Continuing with the classification of logics in abstract algebraic logic we have
the following results:

THEOREM 3.10 The logic L§O is not algebraizable.

PrROOF Consider the three-element Wajsberg algebra Sz, which has the set
{0,1/2,1} as universe, and consider the lattice filters {1/2,1} and {1}. If is not
difficult to check that £2g,({1/2,1}) = 2g,({1}) = Id, therefore the Leibniz
operator is not injective on the LS -filters, and according to Theorem 5.1 of [3]
the logic Lfo cannot be algebraizable. [ |

11



In the proof of the next result the following abbreviation is used: 1a = a
and forn>2, na=(n—-1)a®a.

THEOREM 3.11 The logic Lfo is mot protoalgebraic.

PRrROOF Let A be the direct product of the algebras S, for all m > 2 (see
[6, Chapter 6] or [33, Section 3.A]), and take a = (1/n : n € w) € A. Let
F = F_(—a) be the implicative filter generated by —a; this set is both an LS -
filter (i.e., a lattice filter) and an E.o-filter. By Theorem 2.1(b), the Leibniz
congruences of its filters are defined by the equivalence formulas {p — ¢, q¢— p}.
Since a — 0 = —a € F by construction, and 0 — a = 1 € F because all filters
contain the maximum, we have that (a,0) € 24(F). If by contradiction we
assume that Lfo is protoalgebraic, then £24 should be monotonic on Lfo—ﬁlters,
and hence (a,0) € £24(F") where F' = F(F ,a) is the lattice filter generated
by FU{a}, which is also an LS -filter. Since a € F’ by compatibility we should
also have 0 € F' = F¢(F,a). Since F is itself a lattice filter, by standard
lattice-filter generation this means that 0 = b A a for some b € F = F_ (—a).
Using the characterization (11) of implicative filters in Wajsberg algebras, for
X = 0, plus the fact that F_(0) = {1} we obtain that (-a)” < b for some
n > 1. Therefore (—a)™ A @ = 0, which, by the definition of a turns out to be
false. Therefore L§O cannot be protoalgebraic. |

4 The Gentzen system

Let £ be a propositional language. For the purposes of this paper, a sequent is
a pair (I, ¢) were I is a finite subset, possibly empty, of F'm and ¢ is a single
formula. Since the symbols — ,= | are used with other meanings, we will de-
note the sequent (I', p) by I'> . We denote by Seq, the set of L-sequents. A
Gentzen system is like a deductive system but with sequents instead of formu-
las. That is, it is a pair = (£, |~ ) where |~ is a finitary consequence relation
on the set of sequents of the language £ that is also substitution-invariant in the
obvious sense, where a substitution o applies to a sequent in the following way:
o(I'> ) = o[ > o(p). Usually sequent systems will be defined by specifying
a Gentzen-style calculus, that is, by giving some initial sequents and some rules
or rule schemes, and defining a proof (or derivation) in the usual, Hilbert-style
way, but with sequents instead of formulas. Here we are not interested only in
the derivable sequents (those that are provable from the initial sequents) but in
the consequence relation that arises when allowing proofs from a set of sequents
taken as assumptions. By finitarity, the consequence is completely described by
the derivable rules of the system. Thus, when we write

{Lipiii<n} e I>e
this is the same as saying that the rule

I'> e

is a derived rule of the Gentzen system &.
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The sequent systems we want to consider will satisfy all the structural rules.
For this reason we have taken sets of formulas in the left-hand side of sequents,
rather than finite sequences or multisets; in this way we can dispense with the
exchange and contraction rules. Also because of this reason, the natural objects
to take as algebraic models of our sequent systems are generalized matrices.

Let (A,C) be a g-matrix, with associated closure operator C, and let v €
Hom(Fm, A). We say that v satisfies a sequent I't>p when v(yp) € C(v[I).
From this definition the usual derived notions follow: A g-matrix is a model of
a sequent when all its valuations satisfy it, and it is a model of a Gentzen
system & when for any set of sequents {I; > p; : i € I} and any sequent I'> ¢
such that {I; > ¢; 14 € I} e I'> ¢, any v € Hom(F'm, A) that satisfies all
I'; > p; also satifies I' > . For a finite I we also get the notion of model of
a rule. This notion of model corresponds, mutatis mutandis, to the notion of
a matrix being a model of a deductive system. Accordingly, the whole classical
theory of matrices and its ramifications can also be developped for g-matrices as
models of Gentzen systems, and one naturally finds the algebraic counterpart
of &, the class of algebras Alg® made of the algebraic reducts of its reduced
models. The notion of algebraizability can be extended to a Gentzen system in
terms of equivalence between the consequence of the Gentzen system and the
relative equational consequence of a quasi-variety or a variety of algebras, when
this equivalence is expressed by suitable translations. For algebraizable Gentzen
systems, the largest equivalent algebraic semantics coincides with Alg®. See
[11, 27] and also [13, Section 4.2] for a more detailed discussion. For finitely-
valued logics of the most general kind, a parallel study using m-sided sequents
instead of the ordinary (two-sided, single-conclusion) ones has been developed
in [16, 18].

The idea underlying our use of sequent systems is that the sequents represent
the entailments of the deductive system under study. More precisely, given a
logic S with theorems? and a Gentzen system & we say that & is adequate for
S when S is the logic defined by the derivable sequents of &, that is, when for
any I'U {p} C Fm

I'ts ¢ < there is a finite subset Iy C I" such that @ g I' > .

Every deductive system has an adequate Gentzen system, and it can have more
than one. One of the tasks undertaken in [11] is to single out, among all these,
one that bears a special relationship to the logic, and is moreover unique in this
respect. To this end the generalized matrices were used in their double role as
generalized models of deductive systems and as models of Gentzen systems. & is
said to be fully adequate for S when the class of all full g-models of S concides
with the class of models of &; in other words, when the full g-models of S can be
described by a set of Gentzen-style rules; this makes easier to describe the class
AlgS and has other nice consequences. It is easy to see that a fully adequate
Gentzen system for a logic is also adequate. The property of having a fully
adequate Gentzen system appears to be related to a number of quite different
issues in abstract algebraic logic, as shown in [11, 12]; see [10, 13] for survey-like
expositions. Actually not every deductive system has a fully adequate Gentzen
system:

3Certain notions of the general theory have to be defined differently for logics without
theorems, but since the logics we study do have them, we make this assumption from now on.
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THEOREM 4.1 The logic Lo does not have a fully adequate Gentzen system.

ProoF Corollary 5.7 of [12] shows that a weakly algebraizable logic with a fully
adequate Gentzen system satisfies the deduction theorem. All algebraizable
logics are a fortiori weakly algebraizable, hence we can apply this result to L.
Since it is well known that L., does not satisfy the deduction theorem (see
[8, Thm. 2.6.9]), we conclude that L., does not have a fully adequate Gentzen
system. |

By contrast, selfextensional logics with conjunction do have a fully adequate
Gentzen system, although the general theory does not guarantee that it admits
a finite presentation. Let us summarize the main definitions and results in [11]
concerning this issue:

DEFINITION 4.2 Let S be a deductive system. The Gentzen system s is defined
by the following initial sequents and rule schemes:

(a) The proper initial sequents I' > ¢ for all I' U {p} C F'm such that I s .
(b) The “structural rules”, that is:

(ax) The initial sequent @ > ¢ for every ¢ € Fm.

I
(w) The rule % for every I' C Fm,p,¢ € Fm.
r r
(cut) The rule D@F>w>80>¢ for every I' C Fm,p,¢p € Fm.

(¢c) The “congruence rules”

{pidvii>pr:i=1,...,n}
w@h---,%@nDWdJl,...,q/)n
for each connective w € L, where n is its arity.

(cong)

THEOREM 4.3 Let S be a selfextensional logic with the property of conjunction.
Then:

(a) The Gentzen system Bs is adequate and fully adequate for S.
(b) &s is algebraizable in the sense of [27, 18].
(c) Alg&s = AlgS and this class coincides with the variety V(S). ]

By Theorem 3.4 the logic Lfo satisfies the assumptions in this result, there-
fore there is a Gentzen system &, < that is fully adequate for Lfo, is algebraizable
and such that its algebraic counterpart is Alg&, < = W. However, Definition

4.2 does not give a finite presentation of &, <, because it takes as initial sequents
all sequents corresponding to finite entailments of the logic Lfo. In the rest of
this section we give a finite presentation of & which is a slightly modified

version of the one presented in [17].

<
LY
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DEFINITION 4.4 The Gentzen system G, is the one given by the following ini-
tial sequents and rule schemes; recall that A,V and * are defined in (4):

(ax) pB>¢

) Fo feut) FEE P
(id—=) De—ep (ex—=) = W= >Y—(p—¢)
(A=) F,Fsz;fziﬁ’ riifiis &) F?i—wiiw

(V&) F’@rb,ivwl;gbf (>v) FiZiw ’ Fl;zlva
oy ot oy 22
22255 2228

The labels “(id—)” and “(ex—)” account for “identity” and “exchange” for
the implication connective, respectively, while “(resl)” and “(res2)” refer to the
“residuation property” of implication with respect to fusion.

Notice that, as we have already observed, it is not necessary to put the
structural rules of exchange and contraction explicitly, because the left-hand
side of our sequents are finite sets of formulas. Thus this Gentzen system
satisfies all structural rules. In some proofs it may be useful to recall that the
rules (A>) can be replaced here, modulo the structural rules, by the following
one:

I'o,p>¢
I'ypANp>¢

Now we begin to analyze its models, and their relationship with the g-models
of LS.

(N)

LEMMA 4.5 If A € W, then the g-matrix <A,]~'<(A)> is a model for & .

PrOOF Note that in every Wajsberg algebra, the g-matrix <A, F< (A)> satisfies
a sequent of the form ¢q,...,p, > ¥ for a valuation v € Hom(Fm, A) iff
v(p1) A+ Av(pn) < v(t), and a sequent of the form 0 > ¢ iff v(p) = 1. Now,
each statement that <A,.7:<(A)> is a model of one of the initial sequents and
rules of &, amounts to a straightforward property of the order structure of any
Wajsberg algebra. For instance, (ax) corresponds to z < x, (ex—) corresponds
to (7), (resl) and (res2) correspond to (5), and so on. ]
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COROLLARY 4.6 The full g-models of Lfo are models of & .

PROOF Let (A,C) be a full g-model of LS ; by Corollary 3.7 its reduction is of
the form (A*, F(A*)) with A* € W. By 4.5 we know that (A*, F(A*))
is a model of &,,. Now, the reduction mapping from A onto A* is a strict
epimorphism (bilogical morphism) and by Proposition 2.5 of [11] the property
of being a model of a Gentzen-styule rule is preserved under taking images and
inverse images by strict epimorphisms. Therefore, the g-matrix (A, C) is a model
of &, as well. [ |

Now we state several properties of the Gentzen system &., that will be
used in the sequel. We will use the following notational abbreviation: For any
formulas ¢, ¥, we write ¢ <i>> 9 to denote the set of two sequents {p>v , 1>},
so that when writing 0 jv¢_, ¢ <> ¥ we mean that each of the two sequents is
derivable.

LEMMA 4.7 In the Gentzen system & the following properties hold:

PP e, E—p>E—.

P> e, prE> YL
e, v — o> p—

1 0o, (p— ) =5 (Y ——p) =&

20 0o, oxp > p.

(16)
(17)
(18)
(19)
(20)
21) o>V he. P —=E>0—&
(22)
(23)
(24)
(25)
(26)

17
1

© oo

22 0o, ¢— P <> ——p

23 0o, oAb <> YA .

2 0o, (p—=1)xp <> @A

25 0o, (p— @) x>,

26 Do, >V,
0o, o> Ve, and
e, eV <>y Ve

~

PROOF See Appendix 6. [ |

The following properties of the set of derivable sequents of the Gentzen
system &, will be used to prove that &, < and G, are equal.

LEMMA 4.8 In the Gentzen system &, the following properties hold:
a) Do, 09— (p—9).

b) If D s, 0> and O e, D> then O pee D> @ *).

(c) Do, O0>9—1 if and only if O e > .

d) IfOps, 0> and O e, 0> 90— then § e 0> 1.
(e

PROOF See Appendix 6. |

(
(
(
) If ¢ is an axiom of Leo, then 0 oo 0> .
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LEMMA 4.9 Let I'U{y1,...,Yn, ¢} C Fm, where I' is a finite set. Then
(a) If ¢ is a theorem of Lo then O s 0> .

(b) If y1 A+ Ay — @ is a theorem of Loo then O ;eg Y1y--- 0 B> @
(c) If TS o then O e I'> .

PROOF

(a) Using induction on the length of proofs in L, this follows immediately
from 4.8(e) and 4.8(d).

(b) If @ Foo 71 A- - - Ay — ¢ we can apply part (a) to the formula v A- - - Ay, — o,
and by 4.8(c) we obtain @ g 71 A+ A7y, > @. Using rule (A) we obtain
@ l’\/@oo Yis-e-sYn B> @

(¢) If I' = O then the result follows from Lemma 3.2(b) and part (a). If I' =

{7, ., } then by Lemma 3.2(c) 71,...,7, FS ¢ if and only if () o
Y1 A Ay — @, and the result follows from part (b). |

The previous results allow us to prove the equality between the two Gentzen
systems we have been considering by a mixture of semantical and syntactical
methods:

THEOREM 4.10 &,< = &.

PROOF By Lemma 4.6, the set of models of ®L§ (which, by Theorem 4.3, is the
set of all full g-models of Lfo) is a subset of the set of models of B,. Since any
Gentzen system is complete with respect to its own models, we have that any
derivation in &, also holds in & i< The converse will be proved syntactically.
We have to prove that all the initial sequents of & LS are derivable sequents of
B, and that all the rules of ®L§o are derived rules of &.,. By Definition 4.2,
the initial sequents of & 1< are sequents of the form () > ¢, where () S ¢, or
of the form ~1,...,v, > ¢ with v1,...,7, 5 ¢. In both cases Lemma 4.9(c)
yields the desired result. The structural rules are present in both systems. And
finally in & LS we have the congruence rules. Since there are only two primitive
connectives in the language, namely — and —, we only have to prove that:

(a) {z1 >y, 01 > 2} ey, DX D> .
(b) {1 >y, 91 >, 22> Y2, Y2 D> T2} e, T1— T2 D> Y1 — Yo

The first one follows from rule (—), and the second one is easily proved using
(16) and (21) plus structural rules. |

The equality of those Gentzen systems and the properties of the selfexten-
sional logics with conjunction make it possible to summarize the relationship
between G, and LS in the following:

COROLLARY 4.11 The Gentzen system &, satisfies the following properties:

(a) B is algebraizable, and its largest equivalent algebraic semantics is the
variety W.
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(b) B is fully adequate for L§O, that is, the set of all models of &, is the set
of all full g-models of Lfo.

(c) L§O is defined by the derivable sequents of B, that is the logic L§O is char-
acterized by the following property: for all I' U{p} C Fm, I' S ¢ if and
only if there exists a finite set Iy C I' such that the sequent Iy > ¢ is de-
rivable in & . |

One consequence of the above results is that we can characterize the deduct-
ive system Lfo by a set of properties that are very close to what W&JCICKI calls
“Tarski-style conditions” in [34, Section 2.3], that is, properties that express
a relationship between the consequence and one logical connective (actually
only (f) of Proposition 4.12 does not fall under WOJCICKI’s definition). This is
achieved by formulating the property of being a model of a Gentzen system in
terms of the closure operator:

PROPOSITION 4.12 Let (A,C) be an arbitrary g-matriz, with associated closure
operator C. Then (A, C) is a model of B if and only if it satisfies the following
properties, for all a,b,c € A and all X C A:

(a) Identity: a—acC0).

(b) Conjunction: C(a Ab) = C(a,b).

(¢) Disjunction: C(X,aVvb)=C(X,a)NC(X,b).
(d) Double Negation: C(—=—a) = C(a).

(e) Contraposition: C(a) C C(b) = C(—b) C C(—a).
(f) Residuation: ceClaxb) <= b—ce (C(a).

(g) Premise permutation: C(a— (b—c)) =C(b— (a—c)).

PROOF Any g-matrix is a model of the structural rules and of the initial sequent
called “axiom”, and one can check that to be a model of the other initial sequents
and rules in Definition 4.4 amounts exactly to satisfying the properties in the
above list: The rules for —,—,* have been so chosen in order to make this
trivial, while for A and V this is easy to show, using rule (A) instead of (A>>);
see for instance Theorem 2.13 of [15]. ]

Any deductive system S = (£, s) can be presented as a generalized matrix
(Fm,,ThS) where ThS is the collection of its theories (the sets of formulas
closed under Fg). The associated closure operator Cngs is given by the expres-
sion p € Cng(I') <= I s ¢. In this way it makes sense to say that a deductive
system satisfies or does not satisfy properties like those above. When comparing
several deductive systems over the same language, we say that (£, 1) is weaker
than (£,F2) when the latter is an extension of the former in the sense explained
in section 3, that is, when 1 C 5 as binary relations between sets of formulas
and formulas, so that I" 1 ¢ implies I' F5 ¢. We then have:

COROLLARY 4.13 L§O is the weakest deductive system satisfying the properties
in Proposition 4.12.

Proor Each deductive system, when considered as a g-matrix, is obviously
a g-model of itself, and indeed it is the weakest among all its g-models over
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the formula algebra, hence in particular it is also the weakest among all its full
g-models over the formula algebra. But by Corollary 4.11(b) these full g-models
are the models of &,,. Hence, the previous characterization of these models
yields the desired result. 1

To finish this section we will characterize internal and external deductive
systems associated with the Gentzen system & in the sense of [1]:

THEOREM 4.14 The internal and external deductive systems associated with
B are Lfo and L, respectively.

PRrROOF By definition, (£,+;) is the internal deductive system associated with
Go when I'; @ iff O g I' > ¢ for all finite I'. Thus, by Corollary 4.11(a)
(L,F;) = LS. On the other hand, both the deductive system L., and the
Gentzen system &, are algebraizable with respect to the same class of algebras
W (see Theorem 2.1(b) and Corollary 4.11). It happens that the equation
@ =~ 1 is at the same time the translation of a formula ¢ in the first case, and
the translation of the sequent () >  in the second case. Therefore we have that

(27) {$01a---aS0n} Foo %2 iff
(28) {pi=1l,....on=1ltEwep=1 iff
29) {01, 0> 0n) e, 0> .

Now, the equivalence between (27) and (29) means that L., is the external
deductive system associated with &, according to AVRON’s definition. |

5 The models of the Gentzen system

The fact that &, is fully adequate for Lfo has allowed us to obtain a first
characterization of the full g-models of LS. In this section we find other char-
acterizations of the full g-models of both logics, Lfo and L., from the study of
the models of the Gentzen system & .

LEMMA 5.1 Let ¢ =~ v be one of the equations (W1)—-(W4) that define the
variety of Wagsberg algebras. Then the two sequents ¢ > ¢ and i > ¢ are
derivable in the Gentzen system &.

PROOF See Appendix 6. |

With each g-matrix (A, C') with closure operator C we can always associate a
binary relation A(C) that is the abstract version of the interderivability relation
of a deductive system: (a,b) € A(C) < forevery T € C, a € T & b € T;
in terms of the associated closure operator C' this amounts to C'(a) = C(b). In
abstract algebraic logic this is called the Frege relation of the g-matrix. It
is always an equivalence relation, but in general it need not be a congruence
of the underlying algebra. There is always the largest congruence of A that is
contained in A(C); it is denoted by 24 (C) and is called the Tarski congruence
of the g-matrix. The standard process to obtain reduced g-matrices is to factor
out an arbitrary g-matrix by its Tarski congruence; the resulting g-matrix is
usually denoted by (A* C*), and the projection from A onto A™* by 7*. This
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mapping is a strict surjective homomorphism, which means that it establishes
an order isomorphism between the families C and C* and a correspondence
between the associated closure operators so that 7* o C = C* o 7*.

In the best behaved situations the Frege relation is enough to perform this
process:

LEMMA 5.2 Let (A,C) be an arbitrary g-matriz. Then the following conditions
are equivalent:

(i) (A,C) is a model of G, that is, a full g-model of L.

(ii) A(C) is a congruence on A, A* = A/A(C) € W and C* = C/A(C) =
F<(A¥).

PrOOF Assume (A,C) is a model of &. Since & = &, <, (A,C) will be a
model of the rules (cong) of Definition 4.2, and this easily implies that A(C) is a
congruence, so A(C) = §24(C) and then the g-matrix (A/A(C),C/A(C)) is re-
duced. But since (A,C) is a full g-model of LS, the g-matrix (A/A(C),C/A(C))
is a reduced full g-model of Lfo, and by Corollary 3.7 it has to be of the form
(A/A(C),F<(A/A(C))) with A/A(C) € W. This shows (ii).

To prove the converse note that again by Corollary 3.7, if A/A(C) € W then the
g-matrix (A/A(C), F<(A/A(C))) is a reduced full g-model of &, and hence
by Corollary 4.11(b) it is a model of &,. Since both properties are preserved

under 7* and (77*)_1, this shows (i). |

We are going to see that the relations between the full g-models of Lfo and
those of L., mimmick several of the existing ones between the two deductive
systems. As wwe have seen in Corollary 3.9, the theories of L., are those
of LS that are closed under Modus Ponens, or under other alternative rules.
By comparing Theorem 2.1(e), Lemma 3.8 and Corollary 3.7 we see that this
relation also holds between reduced full g-models of the two logics. Let us see
that this extends to the non-reduced ones. To this end, for an arbitrary g-matrix
(A,C) we denote by Cprp the family of sets in C that are closed under Modus
Ponens, that is Casp = {T' € C : T is MP-closed}. Then:

THEOREM 5.3 A g-matriz (A,C) is a full g-model of Lo if and only if C = Dy p
for some closure system D such (A, D) is a full g-model of Lfo.

PRrROOF Let (A,C) be a full g-model of L. By Theorem 2.1(e), its reduction
is (A*,C*) with A* € W and C* = E,(A*). The g-matrix (A*, F<(A*)) is a
model of &.,. Since F,(A*) C F(A¥), Fax (F<(A*)) C Qax(F.(A%)) =
Id, and therefore the g-matrix (A*, F<(A*)) is reduced. Thus it is a reduced
model of &, and hence a reduced full g-model of Lfo. Now let us put D =
(m*)71[F<(A*)]. Then the g-matrix (A, D) is a full g-model of LS, and it is

easy to show that Dy p = C, using that (F<(A¥)),, , = F.(A¥).

For the converse, let us start from a g-matrix (A, D) that is a full g-model of Lfo,
and consider its reduction, which by Corollaries 3.7 and 4.11 and Lemma 5.2 has
to be of the form (A*, D*) = (A*, F(A*)) with A* € W. Thus by definition
(D*)arp is exactly the set of lattice filters of A* that are closed under Modus
Ponens, that is, the implicative filters of A*. Therefore by Theorem 2.1(e)
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(A* (D*)np) is a full g-model of Lo, and since (7*)71[(D*)ap| = Durp,
the g-matrix (A, Dyrp) is also a full g-model of L. [ |

Now we show that the graded deduction theorem of L, is also inherited by
its full g-models:

PROPOSITION 5.4 Let (A,C) be a full g-model of LS. Then for all ai,...,a,,a
in A, a€Clay,...,ay) if and only if a1 A+ ANa, —a € C(D).

PROOF As was recalled before, the reduction mapping 7* is a strict surjective
homomorphism (bilogical morphism) from (A,C) onto (A*,C*) = (A* F).
Thena € C(ay,...,a,)iff 7*(a) € C*(7*(a1),...,7*(an)) = F<(7*(a1),...,7*(ay)) =
Fe(m*(a1) A+ Am*(ay)) iff 7% (ar) A AT*(an) < 7%(a) iff 7%(ag A+ A
an, —a)=1iffa; A---Aa, —ae C0). |

From this, and due to the fact that all g-matrices we consider are finitary,
we readily infer that the full g-models of Lfo are completely determined by their
theorems:

COROLLARY 5.5 If (A,C1) and (A,Cy) are two full g-models of LS on the same
algebra, and C1(0) = Ca(0), then C1 = Ca. |

THEOREM 5.6 For an arbitrary algebra A, the mapping (A,C) — (A,Cpp)
establishes a bijection between the set of all full g-models of Lfo over A and the
set of all full g-models of Lo, over A.

PRrROOF By Theorem 5.3, the mapping is surjective. Now observe that if (A, C)
is a full g-model of LS then, by Lemma 4.8(d), its set of theorems C(f) is
closed under Modus Ponens. As a consequence, C((}) € Cpsp and hence C(()) =
Crp(0). This observation and Corollary 5.5 imply that the mapping is one-to-
one. Thus, it is a bijection. |

Generalizing what we did for deductive systems at the end of Section 4, we
can give these sets of g-matrices an ordering structure by defining (A,C;) <
(A,Co) if and only if C1(X) C C2(X) for every X C A. Then they become
complete lattices and each of them is isomorphic to the lattice of all congruences
0 of A such that A/ € W; see [11, Section 2.3] for details. It is also easy to
see directly that the bijection of Theorem 5.6 is actually a lattice isomorphism
between them.

We finish the section by expressing the relation between the full g-models of
the two logics through the corresponding closure operators. We first show that
one can find the intended relationship in Wajsberg algebras:

PROPOSITION 5.7 Let A € W and a € A. Then F.,(a) =, 5, F<(a™).

PRrROOF Using the characterization (11) for X = 0 we find that b € F_ (a) iff
there is some n > 1 such that a” — b € F.(0). But since F.,(0) = {1}, to
say that " — b € F_(()) amounts to saying that a™ < b or, using (10), that
be F¢ (a”) |
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THEOREM 5.8 Let (A,C) be a full g-model of Lfo, with associated closure oper-

ator C. Then (A,Cyrp), the corresponding full g-model of Lo, is characterized
by the following properties of its associated closure operator Cyrp:

(1) Cup(0) = C(0).
(2) For any aq,...,ar € A, Cyp(ay, ... a) = Un>1 C((a1 A A ak)”).
(3) Cump is finitary.

PROOF As observed in the proof of Theorem 5.6, part (1) is a consequence of
Lemma 4.8(d), plus the fact that the full g-models of Lfo are the models of & .
Part (3) is obvious. Now, (A, C) satisfies conjunction, and since Cpsp C C, also
(A,Cprp) satisfies it, therefore Cpp(ay,...,ax) = Cyp(ar A+ - ANag). As a
consequence, in order to prove part (2) it is enough to prove that for a single
a€ A, Cup(a) =U,5; C(a"). For this we use the reduction process which
establishes a bilogical morphism ©* between (A,C) and (A*, F<(A*)). This
bilogical morphism is a lattice isomorphism between the closed-set systems C and
F<(A*). Since Cprp C C, it is also an isomorphism between Cpsp and F.,(A™),
thus 7* is a bilogical morphism between (A,Cyp) and (A*, F.(A*)). Since
A € W, we can use Proposition 5.7, and the following equivalences are then
obvious: b € Cyp(a) iff 7*(b) € F..(7*(a)) iff there is some n > 1 such that
7*(b) € F<(m*(a™)) iff there is some n > 1 such that b € C(a"). |

6 Conclusions and open problems

We have defined an infinite-valued logic Lfo by preservation of degrees of truth,
where the truth-values come from the real unit interval, and we have described
its relationships with the usual infinite-valued LUKASIEWICZ logic L., and with
the variety of Wajsberg algebras and their lattice structure. Some selected
results are:

e While L, is algebraizable, Lfo is not. In fact, it is not even protoalgebraic,
which implies that most of the constructions and results of the traditional
algebraic logic theory cannot be applied to it.

) L§O is selfextensional, again in contrast with L., which is not.

e The two logics have the same algebraic counterpart, the variety of Wajs-
berg algebras, but on these algebras the matrix models of L., are given
by the implicative filters while those of Lfo are given by the lattice filters.

We have presented a finite Gentzen-style calculus that can be interpreted as a
calculus of its valid entailments, and this has given a characterization of this logic
by a set of abstract properties of its consequence operator. We have described
its full generalized models in several ways, and the full generalized models of L,
as well. We have shown how several of the abstract properties that relate LS
to Lo are also inherited in the relation between their respective full generalized
models.

The main open problem is to find a Hilbert-style axiomatization of Lfo. We
remark that Modus Pones is not a rule of this logic. Indeed, we have shown
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that L., is exactly the purely inferential extension of Lfo obtained by adding
the rule of Modus Ponens to it. Since all known presentations of L., take this
rule as their only inference rule, we presume that this open problem must be a
difficult one.

Another open problem raised by this paper is of a general kind, and belongs
to abstract algebraic logic. In Proposition 5.4 we show that the full generalized
models of Lfo inherit the metalogical property of the logic called the graded
deduction theorem. This raises the question of investigating whether this prop-
erty is always inherited by the full generalized models of a logic that has it (as it
happens with the ordinary deduction theorem), or to find under what conditions
this is true.

Appendix: Proofs of some lemmas

Proof of Lemma 4.7
(16) Apply (res2) to & — p > & — ¢, then (cut) with ¢ > ¢ and finally (resl).
(17) Apply (resl) to 1 * £ > & — 1, then (cut) with ¢ > 1 and finally (res2).

(18) e
>
VDYV oy (D(Vj)
(Y V=) >
(¥ = =) = —p) >~
(Y = =) x>~
Y — o> —

(def V)

(def )
(resl)

(19)
0
Y= o> —
(Y — =) x 2§ > (p — ) x €
((p = ) * =E) > (¢ = —p) * =€)
(p—= =) =€ (Y — —p) =&

(18)

(17)
(=)
(def *)

(20) Start with

p>p
eV Y 0
o> (p— ) — (p— ) = P> (P = —p) =
[ o> (Y — ~p) —

(>V)

(defV) (19)

(cut)
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and continue the proof with
. (18)
o> (= 2p) = (Y= 2p) = > — () — p)
(cut)
e — (P = —p)
(def )

(21)
P> P
ey Y>YPVE
p>PVE
o> (= &) —¢
px(h =& >¢

(>V)
(cut)

def V)

(
0
MR U TP T

(Y —=E*xp>¢§
Y—=E>p—E

(res2)

(22)
Y Y>

(>—=)
g0—>1l)[>g0—>—\—|'(/} (16) 90—>—|—|1[)[>—|1/)[>—|go Eiiz
p—=h>— g

(>=-)

)

Y

Y >y 0
wvﬁw>waw<m)ﬂw~ﬁ¢>¢ﬂﬂﬂ¢$2)
) — > @ — Y

(23)
> (w wa(m
o, P> o, P>
%¢>¢A@(M
PAYD> Y AP

v
2
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(24)
0
oo P> —
(p =) = > (7 — ~p) =
(e = ¥) = =) > (= = =) = g
((p—=Y)*xp) > Vg =) (oY) xp>(p oY) *p
(= V =) > 2 ((p — ) * ) (p=P)xp)>(p—¢)*gp
(=Y Vo) > (p — ) *
YAPD(p—=P)xp
PAYD (p— 1) *xp

(22)

(21)

(~)
(def =, V)

(cut)

2 (defn)
(23) + (cut)

B A e e
(7Y — =) = = D> (p = P) = ~p 82;3(21)
PV o> (o —P) — —p =)
((p = ¥) = =) > (= V =) 0
def v
(p—)xp>YPAp (defx, ) wwwwg
(p—=)xo>pAY

23)
cut)

(25)
0 Gde) i+ (w
<P—><P>¢—>¢((r(i82;+()
(p—=p)x>9
0 .
—w_)wb(p_)(p (1d—>)(i|:7(w)
(Y =) x P> (p— @) x 1 Y PP
GAD) D (oo ep DT () wwAw(Ci;A)
V> (o — @) xy

(26) Apply (V) to ¢ > ¢ and to ¥ > 1 to obtain § e @ > ¢ VY and
0 e ¥ > @ V. From these results, using (i>V) and by symmetry we obtain
that 0 fve_ w Vi <>V p.

Proof of Lemma 4.8

(a)

@Dgpﬂgp ( ) ) (24)

PAPD> O — (@H@)*@D@Np(cm

(p—=@)xp>p—p

D>p—p o= p—(p—p)
0> —(p— )

)
(resl)

(cut)
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(b) Start the proof with

0> 0> 1] D>
0>pAp 1) 90/\50>(s0—><p)*50$j1) sawb(w)
0> (p— @) *p (p—=@)*xp>(p—p)x*
D> (o — @) *o
and then finish it with
Iee
P> " an
D> (o — @) x¢ (wﬂw)*ibDw*zb(cut)
@l><p>f<1/}
(c) (=)
bboow
p=(p—=p)>p—19 5
(¢—>(<P—><p))w>w(res) o>
24
oN(p—p)>9 (24) + (cut) wA(wﬂw)Dw(cAli))
o>
(<)
>
> @A(<p—><p)><p§gz;
PAEZ P04 (cut) 0 )
(p—=(p— @) xo>y 0> —(p— ) (resD)
sa—>(so—>s0)>s0—>w(cut)
D> —
(d)
> O>p—1
D> * (o — 1) o>
4
0> p Ay (24) + (cut) @AwaEé\uti

0>

(e) We have to show the four axioms of L., (see Section 2).

(A1)

(17) + (20)
(cut)



.
i gve oY)

= P> — (PVE)
== (=& —¢)
=P (=& — (p—§)
(p =)= (=8 — (9 —9)

(A3) Straightforward by the definition of V and (26).

(16)

(def V)

ex—)

()

(A4) Straightforward by (22) and (cut).

Proof of Lemma 5.1

We have to derive two sequents for each of the four identities that define the
variety of Wajsberg algebras, see Section 2.

(W1)
@Dy_)y(id—ﬂ
x%xbyﬁy(w)‘
————— (res2)
(z—z)xy>y
(20)
yrle—o)by (resl)
y>(r — ) =y
U ides
( x)ﬁj?(jy—)yy)(dy)a))
r—x)— — — > >
(x—>z)>y>yVy (def V) yy\gjyiyy(cfl\g)D)

(x—z)—y>y

(W2) The sequent (z — y) — ((y — z) — (z — 2)) > (z — ) results from
(id—) and (w).

0

— (26)
yeyvy (16) 0 (id—)
z—oy>x—(yVz) 0> (z—y) — (zr—y)

(def V) (w)
(méy)bm_)((y_)Z)_)Z) (ex—) + (cut) x—>xl>(w—>y)—>($—>y) (res2)
Coye =2 =2 GG =y o

(x—>x)*(a:—>y)>((y—>z)—>(m—>z)) (res1)
(z—a)>(z—y) = ((y = 2) = (z = 2))
(W3)
U
s (26)
rVyb>yvVae (def\/)

(z—y) —y>(y—2) —2)
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(W4) The sequent (—z — —y) — (y — z) > (x — z) results from (id—) and

(w).

0 (22) + (cut) / (25)

- — Y>>y —x (x — ) x (-x — —y) > — —y
(cut)

(x — x)* (2 — —y) > (y — )

R R R ED
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