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Abstract

Abstract Algebraic Logic is a general theory of the algebraization of deductive systems
arising as an abstraction of the well-known Lindenbaum-Tarski process. The notions of
logical matrix and of Leibniz congruence are among its main building blocks. Its most
successful part has been developed mainly by BLOK, PIGOZZI and CZELAKOWSKI, and
obtains a deep theory and very nice and powerful results for the so-called protoalgebraic
logics. I will show how the idea (already explored by WÓJCKICI and NOWAK) of defining
logics using a scheme of “preservation of degrees of truth” (as opposed to the more usual
one of “preservation of truth”) characterizes a wide class of logics which are not neces-
sarily protoalgebraic and provide another fairly general framework where recent methods
in Abstract Algebraic Logic (developed mainly by JANSANA and myself) can give some
interesting results. After the general theory is explained, I apply it to an infinite family of
logics defined in this way from subalgebras of the real unit interval taken as an MV-algebra.
The general theory determines the algebraic counterpart of each of these logics without
having to perform any computations for each particular case, and proves some interesting
properties common to all of them. Moreover, in the finite case the logics so obtained are
protoalgebraic, which implies they have a “strong version” defined from their Leibniz fil-
ters; again, the general theory helps in showing that it is the logic defined from the same
subalgebra by the truth-preserving scheme, that is, the corresponding finite-valued logic in
the most usual sense. However, for infinite subalgebras the obtained logic turns out to be the
same for all such subalgebras and is not protoalgebraic, thus the ordinary methods do not
apply. After introducing some (new) more general abstract notions for non-protoalgebraic
logics I can finally show that this logic too has a strong version, and that it coincides with
the ordinary infinite-valued logic of Łukasiewicz.
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1 On Abstract Algebraic Logic

In papers on the algebraic study of a specific logic it is common to read sentences like “[such
and such class of algebras] plays in relation to [such and such logic] a role similar to that played
by Boolean algebras in relation to classical logic”. Many works in the Algebraic Logic literature
are devoted to the study of particular logics and the particular associated class of algebras, and
often the said “role” amounts to very little more than the completeness theorem. Thus most
of the benefits of having an algebraic counterpart of a logic were usually obtained by suitably
devised ad-hoc procedures.Abstract Algebraic Logicis the branch or part of Algebraic Logic
where the emphasis is put on the process of algebraization itself rather than on its results for
this or that logic, and where the process is analysed and described at a trulyabstractlevel. The
generaltheories it develops account for the algebraization of particular logics, and can be used
to obtain properties of the logics from those of the algebras or vice-versa, once their connection
has been established. It also identifies, either by metalogical or by algebraic conditions, some
classes of logics where certain methods can be used with particular success, the connection
logic-algebras acquiring varying degrees of intensity.

One of the distinctive features of Abstract Algebraic Logic is the very definition of what a
logic is; not taking this into account may lead to some misunderstandings. TARSKI’s conception
of logic asconsequenceis adopted: Alogic or deductive systemS is here identified with a
finitary and substitution-invariant consequence relation on the setFm of formulas; that is, a
binary relatioǹ S ⊆ P(Fm)× Fm such that:

1. Γ `S ϕ wheneverϕ ∈ Γ .

2. Γ `S ϕ whenever∆ `S ϕ and∆ ⊆ Γ .

3. Γ `S ϕ whenever∆ `S ϕ andΓ `S β for everyβ ∈ ∆.

4. Γ `S ϕ impliesσΓ `S σϕ for every substitutionσ.

5. Γ `S ϕ impliesΓ0 `S ϕ for some finiteΓ0 ⊆ Γ .

For very general theoretical studies it may be useful to drop the finitarity condition 5, as is done
in [11, 15, 44]; in such cases it is better to speak ofconsequence relations. Note that Abstract
Algebraic Logic departs from the approaches where a logic is identified with aset of formulas
closed under some conditions or rules. It also departs from those where a logic is understood
as aproof systemof a certain kind, and from those requiring that each logic should always have
both a semantics and a proof theory. While any of these devices candefinea logic, they are not
regarded as part of the notion of logic itself, but aspropertiesa logic may or may not have.

The second distinctive feature of Abstract Algebraic Logic (or of Algebraic Logic in gen-
eral) is that its models are taken onalgebrasof the same similarity type as the language of the
formulas, and that the interpretations or evaluations are thehomomorphismsfrom the formula
algebraFm to the algebra where the model resides. The model itself can be some kind of
structure over the algebra, such as a subset or a family of subsets.

The most classical and best developed part of Abstract Algebraic Logic usessubsetsas mod-
els; its central notions are those of logical matrix and of Leibniz operator. It is well-known that
the origin of the notion of logical matrix can be traced back to the twenties, or even before.
The general theory of matrix semantics was established through the work of WÓJCICKI [42],
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CZELAKOWSKI [9], RASIOWA [34] and many others, and completed its maturity after the in-
troduction of the notion of Leibniz operator by BLOK and PIGOZZI [2] and its systematic study
by themselves and other people. A (logical)matrix is a pair〈A, F 〉 whereA is an algebra of
suitable similarity type, andF ⊆ A is the set of so-calleddesignated elements, which represent
truth in the model. One says that〈A, F 〉 is amatrix for S (briefly, anS -matrix) when for every
Γ ⊆ Fm and everyϕ ∈ Fm such thatΓ `S ϕ the following holds:

For everyv ∈ Hom(Fm,A), if v[Γ ] ⊆ F thenv(ϕ) ∈ F . (1)

The setF is then called anS -filter. For each algebraA the family of all theS -filters onA is
denoted byFiSA.

TheLeibniz congruenceof a matrix〈A, F 〉 is defined as

ΩA(F ) = max{θ ∈ CoA : if 〈a, b〉 ∈ θ anda ∈ F thenb ∈ F} ,

whereCoA denotes the set of (algebraic) congruences of the algebraA. A matrix is reduced
when its Leibniz congruence is the identity. The first class of algebras naturally associated with
a logic, denoted byAlg∗S , is the class of the algebraic reducts of the reduced matrices ofS ,
that is, the class of algebrasA such that there isF ∈ FiSA with 〈A, F 〉 reduced; notice that
this F need not be unique. It sometimes happens that the Leibniz congruence and the reduced
matrices of a given logic can be nicely represented; for instance in the implicative logics studied
in [34] 〈a, b〉 ∈ ΩA(F ) if and only if a→b, b→a ∈ F , and the algebras inAlg∗S , there called
“S -algebras”, are determined by the axioms and rules of the logic plus the familiar condition “if
a→ b = b→ a = 1 thena = b”. But in less well-behaved cases things can be much different.

The historical development of Abstract Algebraic Logic can be identified with the process
of extending some paradigms of the algebraization of logic, which had proven successful in the
study of the best-behaved logics, to wider and wider classes of logics; the extension has been
performed in a way that obtains deep and meaningful results and as powerful and nice a the-
ory as possible, while keeping the old results in the already studied cases. The generalization
of the Lindenbaum-Tarski process toimplicative logics [34] has been extended and specialised
for other (increasingly larger) classes of logics: thealgebraizableones [3, 12], theequivalen-
tial ones [10], and theprotoalgebraicones [2, 4]. Each of these three classes of logics can
be characterized by a certain aspect of the behaviour ofthe Leibniz operator: the mapping
ΩA : F 7→ ΩA(F ) whenF ranges overFiSA. The result has been a powerful, complex and
multifaceted theory, which by now forms the established core of Abstract Algebraic Logic, as
developed in [4, 5, 11]; [17] is a compact, yet comprehensive survey of recent work in the area.
I am just going to give the definitions and properties I will use in the paper.

The classes of logics mentioned in the previous paragraph, together with a few others, form
the so-calledhierarchy of logics, also called theprotoalgebraic hierarchy, the algebraic hi-
erarchyor theLeibniz hierarchy. A logic S is protoalgebraicwhen for everyA, the Leib-
niz operatorΩA is monotonic onFiSA, that is,F ⊆ G implies ΩA(F ) ⊆ ΩA(G) for all
F ,G ∈ FiSA. S is equivalentialwhen there is a set∆(p , q) of formulas in two variables that
defines the Leibniz congruence onS -filters in the following sense: For anyA, if F ∈ FiSA
anda, b ∈ A, then

〈a , b〉 ∈ ΩA(F ) ⇐⇒ ∆A(a , b) ⊆ F . (2)
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The set∆ is the set ofequivalence formulasof S . When this set can be taken finite thenS is
calledfinitely equivalential. S is weakly algebraizablewhen the Leibniz operator in injective
on S -filters; it is algebraizablewhen it is both equivalential and weakly algebraizable. The
original definition of this notion by BLOK and PIGOZZI in [3] is now calledfinitely algebraiz-
able, and corresponds to the logics that are both weakly algebraizable (or algebraizable) and
finitely equivalential; for these logics the classAlg∗S is a quasivariety, which is calledthe
equivalent algebraic semanticsfor S . The links between the logic and this class of algebras are
very strong, for instance the Leibniz operatorΩA becomes anisomorphismbetween the lattices
FiSA and Co

Alg∗SA (the set of congruences ofA yielding a quotient inAlg∗S ). Further
kinds of algebraizability are denoted by an additional adjective to each of the just mentioned
classes:regularly means that each algebraA ∈ Alg∗S has a special element1 such thatS
is complete with respect to the class of matrices

{〈
A , {1}

〉
: A ∈ Alg∗S

}
; strongly means

that the classAlg∗S is a variety. Figure 1 shows the organisation of the main classes of the
hierarchy appearing in this paper.

implicative logics

↓
finitely regularly algebraizable logics

↓
finitely algebraizable logics → finitely equivalential logics

↓ ↓
algebraizable logics −→ equivalential logics

↓ ↓
weakly algebraizable logics → protoalgebraic logics

Figure 1: Some of the main classes of logics in the hierarchy.→ means⊆ .

Protoalgebraic logics, the largest class in the hierarchy, include the vast majority of log-
ics usually considered in the literature (classical and intuitionistic logics, modal logics, many-
valued logics, etc.). They are considered to be the largest class of logics to which the standard
model-theoretic methods of the theory of logical matrices can be successfully applied, beyond
the most general completeness theorems. The following characterization is of a special inter-
est: A logic is protoalgebraic if and only if there is a setE(p , q) of formulas in two variables
satisfying the following two (minimal) requirements, for all formulasϕ ,ψ:

(Law of Identity) `S E(ϕ ,ϕ)
(Modus Ponens) E(ϕ ,ψ) ∪ {ϕ} `S ψ

From this it results that non-protoalgebraic logics must have no implication at all, or at most a
rather strange one; formerly it was believed that only very pathological logics would be non-
protoalgebraic, but recently their interest has been recognized, in parallel to the identification
of several families of (natural) examples: the conjunction-disjunction and the implication-less
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fragments of intuitionistic logic [20, 35], some subintuitionistic logics [1, 7, 36, 39, 41], BEL-
NAP’s four-valued logic [13], and the weak version of systemR of relevance logic, defined by
following WÓJCICKI’s suggestions in [44, p. 165] and algebraically studied in [19]. And, as I
will show in the final section, there is also an infinite multiple-valued logic in this group. The
algebraic treatment of these logics clearly calls for another framework with a wider scope.

This recent branch of Abstract Algebraic Logic has grown around the notions of generalized
matrix [42], of Tarski congruence, and of full model. Ageneralized matrix(calledabstract
logic in [6] and in [14]) is a pair〈A, C〉 whereC is a closed-set system (i.e., a family of subsets
closed under arbitrary intersections and containing the whole universe) on an algebraA. It is
a model of a logicS when for everyv ∈ Hom(Fm,A), if Γ `S ϕ thenv(ϕ) ∈ C(v[Γ ]),
whereC is the closure operator associated with the closed-set systemC . Obviously,〈A, C〉 is
a model ofS if and only if C ⊆ FiSA; thus on any algebra, an arbitrary collection ofS -filters
constitutes a model. This means that not much can be said about models in general, but some
can be selected as behaving in more interesting ways. Observe that on any algebra there is a
“largest” model〈A,FiSA〉; and it turns out that models that are “like” these are seen to have
more interest. Models of this kind are calledbasic full models, and a generalized matrix is a
full model of S when it is the inverse image of a basic full model ofS under a strict surjective
homomorphism between generalized matrices; a surjectiveh ∈ Hom(B,A) is strict between
〈B,D〉 and〈A, C〉 whenD = h−1[C]. TheTarski congruenceof a generalized matrix〈A, C〉
is defined as ∼

ΩA(C) =
⋂{

ΩA(F ) : F ∈ C
}

and〈A, C〉 is reducedwhen its Tarski congruence is the identity. Then the class ofS -algebras,
the second class of algebras canonically associated with a logic, is defined as the class of alge-
braic reducts of reduced models ofS ; it is denoted byAlgS , and it happens to coincide with
the class of algebraic reducts of reduced full models ofS . The study of these notions has been
developed mainly in [14], where the thesis is maintained (by developing a consistent general the-
ory and by analysing many examples) that they account for the algebraization of arbitrary logics
in a faithful and meaningful way. In particular, it seems thatAlgS deserves the title ofthe
algebraic counterpart of a logicmuch better thanAlg∗S , specially in the non-protoalgebraic
cases; moreover, ifS is protoalgebraic thenAlgS = Alg∗S , hence in the best-behaved and
well-known cases the classical theory is recovered.

In the quest for new and more encompassing general theories thestudy of examples, either
taken individually or in groups that share certain features, is essential. They are needed to test
the theory against practice, to confirm (or, in some cases, surprisingly reject) the intuitive ideas
or the results obtained by ad-hoc constructions not conforming to any precise methodology, to
compare with existing paradigms, to help identify and sort the key notions from the peripheral
ones, etc.

In this paper I try to show how the application of a certain general framework, developed
in [16] in the context just introduced, helps in understanding and describing the algebraic be-
haviour of a certain family of multiple-valued logics defined from truth-value algebras that are
subalgebras of the real unit interval endowed with Łukasiewicz’s familiar operations. The way
these logics are defined from the algebras is a particular instance of the so-calledsemilattice-
based logics∗, a general procedure devised in order to formalise a specific view of logics as

∗The term “(semi)lattice-based” has been used in [38], in a non-technical way, to describe a large class of logics
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inference systems preserving degrees of truth. I devote Section 2 to an informal exposition of
this idea, and Section 3 to summarize the main elements of the general theory of [16] that will be
used in the sequel. Then Sections 4 and 5 contain the detailed treatment of Łukasiewicz-based
logics.

As general references on Abstract Algebraic Logic I recommend [3, 5, 11, 14, 17, 34, 44];
for multiple-valued logics the recent survey monographs [8, 24, 25] contain a lot of information.

2 Logics preserving degrees of truth

Non-standard truth values are the basis of any rationale behind the setting up of a multiple-
valued logic on semantical grounds. When a logic is defined through the use of a set of more
than two values, these ‘values’ are presented as encoding differentforms, waysor kinds of
being true, and are called ‘truth-values’; the classical0 and1 representing the extreme cases
of absolute truthandabsolute falsity. However, the way these truth-values are actually used in
the definition of the logic may point to a different interpretation, and supports the study of an
alternative way of using them.

The most common framework for definition of multiple-valued logics is to start from some
set of truth-valuesA and among them to select ordesignatea certain element1 ∈ A as repre-
sentingtruth. Then, given some setVal of evaluations, that is, functionsFm → A, one can
define a consequence relation`1 in the following way: For anyΓ ⊆ Fm and anyϕ ∈ Fm,

Γ `1 ϕ ⇐⇒ for all v ∈ Val : v(ϕ) = 1 whenever for allβ ∈ Γ , v(β) = 1 . (3)

Logics defined in this way are usually said to follow atruth-preservingscheme. However, if one
wants to really believe that all elements ofA represent some kind of truth, of which1 represents
absolute truth, then (3) should be rather regarded as a “preservation of absolute truth” scheme, as
it does not guarantee the preservation of any other truth-value than absolute truth: the elements
of A are used as possible values for the computation of the valuev(ϕ) of non-atomic formulas
ϕ from the values of their atomic parts (variables), but then only those evaluations giving final
truth-value1 to the formulas are taken into account in order to define consequence. This way of
usingthe truth-values induces one to think that the other values do not carry any kind of truth in
themselves, and that they rather represent “kinds of falsity”, or simply “values” which are not
“truth-values”.

The same comment can be made in case one selects or designates a subsetD ⊆ A instead
of a single element: If the definition is

Γ `D ϕ ⇐⇒ for all v ∈ Val : v(ϕ) ∈ D if for all β ∈ Γ , v(β) ∈ D . (4)

then only final values insideD count, and the “truth-content” of values outsideD seems not to
be relevant for the logic so defined.

An alternative way of using a setA of ‘truth-values’ as truly representing different kinds of
truth, is to think of them asdegrees of truth, and tounderstand consequence in the following
sense: That whenever all premisses attain at least a certain degree of truth, the conclusion should

having both algebraic and relational semantics linked by representation theorems of different kinds.
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have at least that degree of truth too. This means assuming that there is some (partial)ordering
relation ≤ among the elements ofA, and defining a consequence relation`≤ in the following
way:

Γ `≤ ϕ ⇐⇒ For allv ∈ Val and allt ∈ A : v(ϕ) ≥ t if for all β ∈ Γ , v(β) ≥ t . (5)

This scheme is referred to aspreservation of degrees of truth.

In the case where one wants the logic to be truth-functional, one assumes that the set of
truth-valuesA has an algebraic structureA = 〈A, {λA : λ ∈ L}〉 of the similarity typeL of
the formulas, and takesVal = Hom(Fm,A) as the set of evaluations. Then, both definition
schemes can be smoothly represented in a more algebraic-logic style by means ofmatrices, in
the technical sense described in Section 1: Schemes (3) and (4) correspond to the logic defined
by the logical matrices 〈

A, {1}
〉

or 〈A, D〉 (6)

respectively, while (5) corresponds to the logic defined by the family of matrices{ 〈
A, [t)

〉
: t ∈ A

}
(7)

where [t) = {a ∈ A : t ≤ a}. Equivalently, (5) corresponds to the logic defined by the
generalized matrix〈A, C〉 whereC is the closed-set system generated by the family of sets{
[t) : t ∈ A

}
.

These definitions might seem too algebraic, and be considered too restrictive as general
schemes for defining logics. However, WÓJCICKI has shown in [44, Chapter 5] that any logic
defined either locally or globally by a relational semantics of the most general kind, and hence
apparently non-truth-functional, can also be defined by a class of matrices or of generalized ma-
trices; therefore, it happens to be truth-functional with respect to convenient algebraic structures,
which are obtained through suitable representation constructions from the relational structures.
This issue has also been reviewed, for a large class of particular cases, in [38].

The idea of preservation of the degree of truth is not new. It has been surely discussed in a
variety of works related to multiple-valued logics or even more in general, in connection with
matrix semantics, as in [44, p. 191]†. Its specific algebraic side has been less studied, though. It
is applied to finite subalgebras of the real unit interval in [21, 44] (see Section 4 for details) and
it is studied in general by NOWAK in [33]; in NOWAK ’s paper the set of truth-values is supposed
to have (or to be embedded in) a complete lattice structure with maximum1, hence (5) can be
rephrased as

Γ `≤ ϕ⇐⇒ v(ϕ) ≥ inf
(
{v(β) : β ∈ Γ} ∪ {1}

)
, for all v ∈ Hom(Fm,A). (8)

Notice that this is just one of the several possible notions of “preserving degrees of truth” that
are introduced and characterised in [33]. However, it turns out that the consequence relations
defined in any of the preceding ways cannot in general be guaranteed to befinitary, unless the
setA is finite, see Theorem 20. I am going to show that, by restricting (3) and (5) to finiteΓ ,

†Warning: in this book the term “truth-preserving” is used in the sense explained above, except on page 345
where it means “preserving degrees of truth” (and at that place “preserving validity” is used as a replacement for
“truth-preserving”).
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one obtains a reasonably smooth general framework to be exploited with the tools of Abstract
Algebraic Logic, and which includes many usual logics, while it does not require them to be
even protoalgebraic. Moreover, it is not necessary to assume a complete lattice structure, as in
[33]; just assuming aninf-semilattice with maximumis enough. After these two changes, if as
usual the semilattice operation is denoted by∧ and its maximum is denoted by1, then condition
(8) can be split into the following two:

ϕ0, . . . , ϕn−1 `
≤
ψ ⇐⇒ v(ϕ0) ∧ · · · ∧ v(ϕn−1) ≤ v(ψ) for all v ∈ Hom(Fm,A) (8’)

`≤ ψ ⇐⇒ v(ψ) = 1 for all v ∈ Hom(Fm,A) (8”)

One typical feature of these schemes, which becomes even clearer now, is that the theorems
of the logic`≤ will be the same as those of the logic`1 . It is clear that any possible interest of
the present proposal must lie in theinferentialaspect of logics, rather than in theirassertional
aspect. The problem of how to associate a consequence, orentailment relationwith a given set
of “theorems” or “tautologies” is surely a non-trivial one, and has been discussed many times
and from many points of view. I want to highlight here the discussion in [44, Section 2.10]
because of its connection with the more specific part of the present paper: there, an operation
→ of “implication” is assumed to exist, which establishes a strong connection between the two
key elements at work, namely the ordering relation and the maximum truth-value; applied to the
present case this would become:

For alla, b ∈ A , a ≤ b ⇐⇒ a→ b = 1. (9)

Any logic defined with (8’) and (8”) from a truth-value algebra where (9) holds, satisfies

ϕ0, . . . , ϕn−1 `
≤
ψ ⇐⇒ `≤ ϕ0 ∧ · · · ∧ ϕn−1 → ψ. (10)

Viewed the other way round: Imagine that a set of “tautologies” has been defined fromA
and1 through (8”). Then if one wants to have connectives∧ and→ representing respectively
conjunction and inferenceinside the languageso that (10) holds, then the natural way is to go
for (8’) and find the logic̀

≤
defined by preservation of degrees of truth. However, having (9)

is a rather particular property that may not be present in many cases, for instance in all those
cases where simply there is no such implication in the language, or when one precisely wants to
deal with an implication-less fragment of a richer logic; in those cases (8’) and (8”) still offer a
sound definition of a logic preserving degrees of truth.

Condition (8’) or its more general form (5) are often paraphrased as stating that “the conclu-
sion must have at least the degree of truth of the premisses”. Since in logical inference premises
act collectively, it is generally acknowledged that a reasonable evaluation of the “collective”
degree of truth of the set of premisses is the infimum of their degrees of truth. It is interesting to
notice that a similar intuition is present in the characterizations of the notions of a fuzzy subset
being a fuzzy subalgebra of a (crisp) algebra [31] and of canonical fuzzy numbers [32, 30].

3 Semilattice-based logics

The material in this section is excerpted from [15] and [16].
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Let K be a class of algebras of some (arbitrary but fixed from now on) similarity type having
an upper-bounded inf-semilattice reduct; this means there is a partial ordering relation≤ on each
A ∈ K having a maximum1, and a binary connective∧ (which can be either a primitive one or
defined by a term in two variables) such thata ∧ b = inf{a, b} for all a, b ∈ A and allA ∈ K.
There is no harm in assuming that the maximum is represented as a constant> of the language.
It is well-known that this situation can be expressed equationally as the satisfaction inK of the
four following equations

x ∧ x ≈ x

x ∧ y ≈ y ∧ x
x ∧ (y ∧ z) ≈ (x ∧ y) ∧ z

x ∧ > ≈ x

together with the requirement that for alla, b ∈ A (for anyA ∈ K),

a ≤ b ⇐⇒ a = a ∧ b.

Definition 1 LetS = 〈Fm,`S〉 be a finitary sentential logic. It is said to besemilattice-based
with respect toK through ∧ when for anyϕ0, . . . , ϕn−1, ψ ∈ Fm the following hold:

ϕ0, . . . , ϕn−1 `S ψ ⇐⇒ v(ϕ0) ∧ · · · ∧ v(ϕn−1) ≤ v(ψ) for all v ∈ Hom(Fm,A) (11)

and allA ∈ K

`S ψ ⇐⇒ v(ψ) = 1 for all v ∈ Hom(Fm,A) and allA ∈ K (12)

Since I am assuming that all the algebras have a maximum and it is denoted by a constant
in the language, it follows from (12) that all these logics will have theorems. A slightly more
general setting can be obtaining by deleting these assumptions, as is done in [16]; however for
the purpose of introducing the multiple-valued cases I want to deal with, one can safely assume
such properties and the exposition is somehow simplified.

Elementary properties

1. Independence from∧: If S is also semilattice-based with respect to another classK′

through another binary term∧′ then the varieties generated byK and byK′ are equal,
and modulo this variety the terms∧ and∧′ are equivalent.

2. If S is semilattice based with respect toK then it is also so with respect toV(K), and this
variety is the only variety with respect to whichS can be semilattice-based.

3. Two formulasϕ andψ areinterderivablemoduloS (a relation I denote byϕ a`S ψ and
define as “ϕ `S ψ andψ `S ϕ”) if and only if the equationϕ ≈ ψ is true inK.

4. The interderivability relationa`S is a congruence of the formula algebraFm, and the
quotient algebraFm/a`S generates the varietyV(K).

5. The term∧ is aconjunction for S , that is, it satisfies the three Hilbert-style rules

ϕ ∧ ψ ` ϕ , ϕ ∧ ψ ` ψ and ϕ,ψ ` ϕ ∧ ψ.
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6. The logicS is entirely determined from its interderivability relationa`S , plus condition
(12) for theorems. That is (given the result in item 3 above), the equational theory ofK
completely determines the inferential part ofS .

A logic S is calledselfextensionalwhen its interderivability relationa`S is a congruence
of the formula algebraFm. The logics with this property enjoy a strong substitutivity property:
If α a`S β then for everyϕ(p) ∈ Fm, ϕ(α) a`S ϕ(β). This notion was highlighted and has
been studied by ẂOJCICKI, see [44]. The first important result about semilattice-based logics
is:

Theorem 2 A logicS is semilattice-based if and only if it is selfextensional, has theorems, and
has a conjunction.

This result might be considered to be implicit in [33], although under weakening of some
parts and strengthening of others, as discussed in Section 2.

Examples

The preceding result characterizes by three metalogical properties the logics admitting a defi-
nition in terms of preserving degrees of truth in the semilattice case. Despite its perhaps non-
standard or lesser-known phrasing, I want to emphasise thatthe class of logics covered by these
properties is very large: Conjunction is a very weak and common requirement, and WÓJCICKI

showed that selfextensional logics are exactly thelocal consequencesdefined by any possible-
world or frame semantics in a very general sense of the word, see [11, Section 6.7] or [44,
Chapter 5]. From this it follows, for instance, that a very large group of modal logics can be
studied under this framework.

Moreover, one can prove that all fragments of classical or intuitionistic logic containing con-
junction∧ belong to this group. As is shown in the next section, also a big family of multiple-
valued logics belongs to it. And many logics being a strengthening or an expansion of these
will also belong to the same group, for instance, all modal logics referred to above (however,
notice that not every expansion of a logic in this group belongs to it, as being selfextensional is
a property that is not automatically preserved under strengthenings or under expansions).

This group contains many protoalgebraic logics, such as most of the just-mentioned frag-
ments (more precisely, all those fragments containing the implication or equivalence connectives
besides conjunction), but also many that are not (and normally these are much less known).
Among the non-protoalgebraic examples are all those cited in Section 1, including an infinite
multiple-valued logic, according to Theorem 23.

Algebraic models

It is clear from their definition that the logics I am considering bear a special relationship to
the classK of algebras and also to the generated varietyV(K). The application of the general
notions and tools of Abstract Algebraic Logic show that these relations are not just the expres-
sion of the logic’s definition, but something more: They conform to the general framework of
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algebraization of logic put forward in [14], whose particular interest arises in the treatment of
logics that are not necessarily protoalgebraic.

For any algebraA ∈ V(K) I denote byFilt(A) the set of all(semilattice) filters ofA, that
is, thoseF ⊆ A satisfying:

1. 1 ∈ F .

2. If a ∈ F andb ∈ F thena ∧ b ∈ F .

3. If a ∈ F anda ≤ b thenb ∈ F .

In caseA is a lattice then these are just the ordinary lattice filters ofA. Notice that condition 3
amounts to the converse of 2. One can show:

Theorem 3 If S is semilattice-based with respect toK then for eachA ∈ V(K) , FiSA =
Filt(A), the generalized matrix

〈
A,Filt(A)

〉
is reduced, andAlgS = V(K).

HenceV(K) is the class of algebras canonically associated with the logic by the abstract
framework, that is, it isthe algebraic counterpart ofS . This result, besides its practical appli-
cations for particular logics, has some theoretical significance, for it answers in the affirmative a
recurrent question in Abstract Algebraic Logic; namely, it identifies a large class of logics whose
algebraic counterpart is avariety, something in general not guaranteed by the theory: even for
finitely and regularly algebraizable logicsS , the general theory establishes that the classAlgS
is a quasivariety, and not necessarily a variety.

Also the class offull modelsof S can be characterized with respect toK:

Theorem 4 Let S be semilattice-based with respect toK and let〈A, C〉 be a generalized ma-
trix. Then〈A, C〉 is a full model ofS if and only if there is a strict surjective homomorphism
from 〈A, C〉 onto some generalized matrix〈B,D〉 such thatB ∈ V(K) andD = Filt(B).

The protoalgebraic case: the strong version

Although the main virtue of the semilattice-based framework is its independence of protoal-
gebraicity, nevertheless one can take also advantage from the power of the classical theory of
protoalgebraic logics as developed in [2, 11] together with some recent results from [15]; the
combination of the two properties will help in answering a very natural question in the present
context.

Section 2 has described a situation where two logics arise naturally, one being a strengthen-
ing of the other but both sharing the same theorems. There is a more abstract situation where a
similar phenomenon is observed, namely the notion of the “strong version” of a protoalgebraic
logic introduced and studied in [15].

Let S be a protoalgebraic logic with theorems. AnS -filter F is Leibniz whenF ⊆ G for
all G ∈ FiSA with ΩA(F ) = ΩA(G), that is, when it is the least among allS -filters on the
same algebra having the same Leibniz congruence. The definition can be given in general, but
for protoalgebraic logics, thanks to the monotonicity of the operatorΩA on the setFiSA for
each algebraA, one can show that Leibniz filters exist for every value ofΩA ; more precisely,
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for everyS -filter F there is a (unique) Leibniz filterF+++ with ΩA(F+++) = ΩA(F ); actually
F+++ can be obtained as the intersection of all filters with the same Leibniz congruence asF .
A matrix is Leibniz when its filter is. Then with each logicS one can associate the logicS+++

defined by the class of all Leibniz matrices of the original logicS ; this logic is calledthe strong
version ofS , and, under certain conditions, there are strong relations betweenS+++ andS , as
described in [15]; the first to be immediately seen are thatS+++ is a strengthening ofS and
that these two logics have the same theorems(because the least filter on each algebra is always
Leibniz). Recall that a logicS ′ is a strengtheningof a logic S if and only if `S ⊆ `S′
as binary relations, that is, if and only ifΓ `S ψ implies Γ `S′ ψ for all Γ ⊆ Fm and all
ψ ∈ Fm.

Notice that for algebraizable logics (in any of the degrees of this notion: weakly, finitely,
strongly, etc.) the Leibniz operator is injective (see Section 1) therefore everyS -filter is Leibniz
andS+++ = S . Hence this issue is of interest only for protoalgebraic but non-algebraizable logics.
In the case where the starting logic is semilattice-based, in [16] the following facts are proved:

Proposition 5 Let S be a protoalgebraic logic that is semilattice-based (with respect to some
class of algebras) but not weakly algebraizable. ThenS+++ is not selfextensional.

Theorem 6 Let S be a protoalgebraic logic that is semilattice-based with respect toK. Then
its strong versionS+++ is strongly, finitely and regularly algebraizable and its equivalent alge-
braic semantics isV(K). As a consequence,S+++ is the logic defined by the class of matrices{〈

A, {1}
〉

: A ∈ V(K)
}

.

The abstract setting can be intuitively read as follows: In the conditions of the theorem,

if S is defined fromK by preserving degrees of truth

then its strong versionS+++ is defined fromV(K) by preserving truth.

Obviously if K is already a variety thenK = V(K) andS+++ coincides with the logic defined
from K by preserving truth; however this condition is a very strong one, since often one wants
to start with a very small classK (very often, with a single algebra!) and still have some con-
nection between the logics defined fromK by the two preservation schemes. There is another
condition which will better fit in the particular situation of later sections; hereQ(K) denotes the
quasivariety generated byK. Then:

Theorem 7 LetS be an equivalential logic that is semilattice-based with respect toK. Then its
strong versionS+++ coincides with the logic defined by the class of matrices

{〈
A, {1}

〉
: A ∈ K

}
if and only ifQ(K) = V(K).

So here there are some conditions under which the relationship between the two logics
defined fromK by the two multiple-valued schemes analysed in Section 2 can be described in
completely abstract terms, that is, without having to refer to≤,∧, 1 or K. Moreover, in the
equivalential case the stronger version can be syntactically reduced to the weak version:

Theorem 8 Let S be an equivalential logic that is semilattice-based, let∆(p, q) be its set of
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equivalence formulas, and putX(p) = ∆(p,>). Then

Γ `S+++ ϕ⇐⇒ X(Γ ) `S ϕ (13)

for all Γ ⊆ Fm and allϕ ∈ Fm, whereX(Γ ) =
⋃
{X(β) : β ∈ Γ}.

One can find a variety of particular cases where the situation is naturally found. The exam-
ples of normal modal logics are paradigmatic (there the weak and the strong versions correspond
to the local and the global consequences generated by a class of Kripke frames) and have been
dealt with at length in [15, Section 2B]; those of quantum logics, analysed in [15, Section 2A],
constitute another typical group of examples.

The remaining sections are devoted to the multiple-valued case, where similar situations
occur, although with some interesting particularities.

4 Logics defined from finite subalgebras of the real unit interval

Let [[[0,1]]] be the algebra on the real unit interval, with Łukasiewicz’s well-known operations:

¬x = 1− x

x→ y = min{1, 1− x+ y}
x ∨ y = max{x, y}
x ∧ y = min{x, y}
x ∗ y = max{0, x+ y − 1}
x⊕ y = min{1, x+ y}
x↔ y = min{1− x+ y, 1− y + x}

where+ and− are the ordinary arithmetical operations; as is well-known, one can take just a
small subset of them as primitive and define the remaining ones by suitable equations; see [8,
Chapter 4] for instance, but this issue is not relevant here. I use the customary abbreviationspn

andn p to denote the iterated “star” and “plus” operations respectively; that is,pn+1 = pn ∗ p
and(n+ 1) p = (n p)⊕ p for n ≥ 1, andp1 = 1 p = p.

The algebras in the varietyMV = V
(
[[[0,1]]]

)
generated by the algebra[[[0,1]]] have received

several names in the literature; the best-known two areMV-algebrasandWajsberg algebras, the
latter being used mostly when it is presented with the operations¬ and→ as the primitive ones.
I assume that the language has a constant connective> and that>A = 1 in any A ∈ MV;
I also write 0 for ¬1; the elements0 and 1 are, respectively, the lower and upper bounds of
their lattice structure. For their logical, algebraic and lattice-theoretical properties, and those
of special subvarieties and subquasivarieties, one can read [8, 18, 23] and other papers therein
referenced.

Let S be any subalgebra of[[[0,1]]]; note that0, 1 ∈ S because I have included> in the
language, but this would be the case even without this, sincea→ a = 1 and¬(a→ a) = 0
for any a ∈ [0,1]. Moreover, the setS with the natural order of real numbers≤ is a bounded
lattice, its operations being∧ and∨, and1 its maximum. Therefore, with each such subalgebra
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one can associate two sentential logics following the general schemes previously discussed: the
first one, denoted byŁ

≤
S , is defined by the preservation of degrees of truth schemes (11) and

(12), and the second one, denoted byŁS , is defined by the preservation of truth scheme (3); in
both casesK = {S}. Therefore:

Definition 9 For each subalgebraS of [[[0,1]]] the logicsŁ
≤
S = 〈Fm,`≤S〉 andŁS = 〈Fm,`1

S〉
are the logics defined by the following specifications:

ϕ0, . . . , ϕn−1 `
≤
S ψ ⇐⇒ v(ϕ0) ∧ · · · ∧ v(ϕn−1) ≤ v(ψ) (14)

for all v ∈ Hom(Fm,S)

`≤S ψ ⇐⇒ v(ψ) = 1 for all v ∈ Hom(Fm,S) (15)

and

ϕ0, . . . , ϕn−1 `1
S ψ ⇐⇒ v(ψ) = 1 wheneverv(ϕ0) = · · · = v(ϕn−1) = 1 , (16)

for all v ∈ Hom(Fm,S)

Some elementary properties, independent of the particularS , can be immediately derived
from the definitions; it is illustrative to make explicit the Hilbert-style and Gentzen-style rules
common to all these logics which will be used later on. They are formulated with sentential
variables, since they are understood asrule schemes, so that satisfying one of them means sat-
isfying all its substitution instances (this proviso is not necessary for Hilbert-style rules, but it
makes a difference for the Gentzen-style ones).

Proposition 10 For eachS , the logicŁ
≤
S satisfies the following rules:

1.
p0, . . . pn−1 ` q
pk
0, . . . p

k
n−1 ` qk

for all k ≥ 1.

2.
p a` q
pk a` qk

for all k ≥ 1.

3.
` p
` pk

for all k ≥ 1.

4. ` p→ p.

5. p a` p↔>.

6. ` p→ (q→ p ∗ q).

7. ps ` pt for all s, t with s ≥ t ≥ 1.

Proof: 1: Let a0, . . . , an−1, b ∈ [0, 1] be such thata0 ∧ . . . ∧ an−1 ≤ b. Since the operation
∗ is monotonic and continuous, for eachk ≥ 1, ak

0 ∧ . . . ∧ ak
n−1 = (a0 ∧ . . . ∧ an−1)k ≤ bk .

Using this it is straightforward to show 1. 2 is a consequence of a particular case of 1. 3 holds
because1k = 1 for all k ≥ 1, 4 becausea↔ a = 1 for all a ∈ [0, 1], 5 becausea↔ 1 = a for
all a ∈ [0, 1], and 6 becausea→ (b→ a ∗ b) = 1 for all a, b ∈ [0, 1]. Finally, 7 holds because
for all a ∈ [0, 1], if s ≥ t ≥ 1 thenas ≤ at .
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In the present context it makes sense to callnon-trivial the subalgebras with more than two
elements, that is, with at least one element different from0 and from1. The excluded case
corresponds toS = S2 = {0, 1}, the Boolean algebra associated with classical propositional
logic, and indeedŁS2 = Ł

≤
S2

= CPL. Then:

Theorem 11 For each non-trivialS , the logicŁS is a proper strengthening of the logicŁ
≤
S

and these two logics have the same theorems. In other words,ŁS is a proper, purely inferential
strengthening ofŁ

≤
S . Moreover, for allϕ0, . . . , ϕn−1, ψ ∈ Fm,

ϕ0, . . . , ϕn−1 `
≤
S ψ ⇐⇒ `≤S ϕ0 ∧ · · · ∧ ϕn−1 → ψ (17)

⇐⇒ `1
S ϕ0 ∧ · · · ∧ ϕn−1 → ψ. (18)

Proof: ThatŁS is a strengthening ofŁ
≤
S with the same theorems is a consequence of the general

theory of Section 3, or it directly follows from Definition 9. To see that it is a proper one, one
can show for instance that

p ` p ∗ p (19)

is a rule ofŁS that is not a rule ofŁ
≤
S : Since1∗1 = 1 in [[[0,1]]], it is clear that (19) is a rule ofŁS .

But a ≤ a ∗ a is only true whena = 0, 1, while if a 6= 0, 1 thena > a ∗ a = max{0, 2a− 1}.
Since by assumptionS is non-trivial, there are sucha in S , therefore (19) is not a rule ofŁ

≤
S .

Finally, the last part of the theorem follows directly from Definition 9 and the fact that on any
MV-algebra,a ≤ b⇐⇒ a→ b = 1.

The equivalence (17) may be regarded as a kind ofWeak Deduction Theorem. Together
with (18), these equivalences seem to suggest there is no particular interest inŁ

≤
S , as it can

be reduced toŁS . However, the ordering structure of the real line is so natural that often it
is simpler to work withŁ

≤
S than with ŁS . Only the traditionally more accepted scheme of

preserving truth has come to makeŁS appear as a more natural logic thanŁ
≤
S . To a certain

extent, I would agree with the reverse judgement, and moreover in Theorem 15 below I show
that for a finiteS the logicŁS can be reduced toŁ

≤
S in a similar way.

The general theory summarized in Section 3 already explains the main algebraic properties
of the logics. By their very definition the logicsŁ

≤
S are semilattice-based with respect to the

single algebraS , and hence with respect to the variety it generates; then Theorems 2, 3 and 4
automatically yield:

Proposition 12 For each subalgebraS of [[[0,1]]], the logicŁ
≤
S is selfextensional and has con-

junction. Its algebraic counterpart isAlgŁ
≤
S = V(S), and on each algebra of this class the

Ł
≤
S -filters coincide with the lattice filters. A generalized matrix〈A, C〉 is a full model ofS if

and only if there is a strict surjective homomorphism from〈A, C〉 onto a generalized matrix of
the form〈B,Filt(B)〉 with B ∈ V(S).

Recall from Section 3 thatFilt(B) is the set of all lattice-filters ofB . Hence in case
B ∈ V(S) thenFilt(B) = Fi

Ł≤S
B .

Proposition 13 For each non-trivialS , the logic ŁS has conjunction, and is not selfexten-
sional.
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Proof: Since having conjunction is expressed by Hilbert-style rules, it is a property inherited by
strengthenings of any kind, soŁS has it becauseŁ

≤
S has it, by Proposition 12. Now to show that

ŁS is not selfextensional, letp be any variable, and consider the formulasϕ = p andψ = p∗p.
Since for alla ∈ [0, 1], a = 1 ⇐⇒ a ∗ a = 1, ϕ a`1

S ψ for anyS . Now leta ∈ S be such that
0 < a ≤ 1/2 (it exists becauseS is nontrivial and negation makes it symmetric with respect to
1/2). Then¬a 6= 1, a ∗ a = 0 and¬(a ∗ a) = 1. This implies that¬ψ a6 `1

S ¬ϕ, hence the
interderivability relation ofŁS is not a congruence with respect to negation, therefore this logic
is not selfextensional.

An alternative way of proving that theŁS are not selfextensional would be to use Proposition
5 and Theorem 11; but this would only work in caseŁ

≤
S is protoalgebraic, something we do not

know by now (and, as is shown in the next section, is not always the case), so I had to give a
direct, general argument.

Proposition 12 determines the algebraic counterparts of allŁ
≤
S in both the traditional and the

more abstract senses. Another typical task of Abstract Algebraic Logic is toclassifythe logics
according to several criteria, notably with respect the so-called hierarchy outlined in Section 1.
However, to go further in this direction it is useful (or perhaps indispensable) to treat separately
the cases whereS is finite, which have a perfectly standard behaviour, from the cases whereS
is infinite.

ThereforeI am going to assume in the rest of this sectionthat for somem ≥ 2, S = Sm ,
the subalgebra of[[[0,1]]] with m elements, that is, with universeSm = {0, 1

m−1 , . . . ,
m−2
m−1 , 1};

here it is more practical to writeŁ
≤
m = 〈Fm,`≤m〉 andŁm = 〈Fm,`m〉 instead ofŁ

≤
Sm

and
ŁSm , respectively. ẂOJCICKI [43], see also [44, Theorem 4.3.3], showed that the logic here
denoted byŁm fully coincides with the one axiomatized by the tautologies of what is usually
calledthem-valued Łukasiewicz logicplus the rule of Modus Ponens. In [44, Theorem 4.3.8]
it is shown thatŁm is an “implicative logic” in the sense of [34], therefore by the observation in
page 41 of [3] it is a strongly, regularly and finitely algebraizable logic, and by the same result
in [44] and Corollary 5.3 of [3] it follows that its equivalent algebraic semantics is the variety
AlgŁm = V(Sm), often calledthe variety ofm-valued MV-algebras, see [8, Definition 8.5.2].
Form > 2 this variety has been axiomatized in different ways, see [8, Theorem 8.5.1]. In the
casem = 2 one getsS2 = {0, 1}, the two-element Boolean algebra,Ł2 = Ł

≤
2 = CPL, and

AlgŁ2 = V(S2) is the variety of all Boolean algebras.

To see that the pairs
(
Ł
≤
m ,Łm

)
fit into the general framework of the preceding sections, one

has to obtain directly a few properties of the less-known logicsŁ
≤
m . That they are semilattice-

based with respect toSm was already observed in [44, Section 4.3.14] and in [33]. As logics
preserving degrees of truth they were briefly studied in GIL ’s unpublished Ph. D. Thesis [21],
in the context of many-sided sequent calculi; one of his results adds to the general properties
of Theorem 11 and Proposition 12, allowing to be more precise about their classification in the
finite case:

Theorem 14 (GIL ) For eachm ≥ 2 the logicŁ
≤
m is finitely equivalential, the formula(p↔

q)m−1 being its single equivalence formula.

Proof: The simplest way to show this is to check that the proposed equivalence formula satisfies
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the six syntactical conditions from [10, Definition I.10]; see also [11, Chapter 3]:

(E1) `≤m (p↔ p)m−1

(E2) (p↔ q)m−1 `≤m (q↔ p)m−1

(E3) (p↔ q)m−1 , (q↔ r)m−1 `≤m (p↔ r)m−1

(E4) (p↔ q)m−1 `≤m (¬p↔¬q)m−1

(E5) (p↔ q)m−1 , (p′↔ q′)m−1 `≤m
(
(p→ p′)↔ (q → q′)

)m−1

(E6) p , (p↔ q)m−1 `≤m q

(E1) is a consequence of 10.4 and 10.2. (E2) by the symmetry in the truth-valued function
of ↔. (E3) is proved by taking into account that ifa ∈ Sm and a 6= 1 then am−1 = 0
(actually, an = 0 for all n ≥ m − 1) while 1m = 1, and thata → b = 1 if and only if
a ≤ b; hencea ↔ b = 1 if and only if a = b. Then take anyv ∈ Hom(Fm,Sm). If
v(p) 6= v(q) or v(q) 6= v(r) thenv

(
(p↔ q)m−1

)
∧ v

(
(q↔ r)m−1

)
= 0 ≤ v

(
(p↔ r)m−1

)
. If

v(p) = v(q) = v(r) thenv
(
(p↔ q)m−1

)
∧v

(
(q↔ r)m−1

)
= 1 = v

(
(p↔ r)m−1

)
. This shows

that (E3) holds. Similar reasonings prove (E4) and (E5). Finally, to show (E6), ifv(p) 6= v(q)
thenv(p) ∧ v

(
(p↔ q)m−1

)
= 0 ≤ v(q), while if v(p) = v(q) thenv(p) ∧ v

(
(p↔ q)m−1

)
=

v(p) ∧ 1 = v(p) = v(q).

Every equivalential logic is a fortiori protoalgebraic [11, page 185], hence Proposition 5 and
Theorems 6 and 7 apply. As one of the applications of these results one obtains:

Theorem 15 For everym ≥ 2, the logic Łm is the “strong version” ofŁ
≤
m in the sense of

Section 3, that is,Łm =
(
Ł
≤
m

)+++
, and for allϕ0, . . . , ϕn−1, ψ ∈ Fm,

ϕ0, . . . , ϕn−1 `m ψ ⇐⇒ ϕm−1
0 , . . . , ϕm−1

n−1 `≤m ψ.

Proof: The first part follows from Theorem 7, because by the preceding result the logicŁ
≤
m is

equivalential, and it has been proved in Theorem 3.8 of [23] that for everym ≥ 2, Q(Sm) =
V(Sm); hence the equivalent condition in Theorem 7 holds in this case, and therefore the strong
version ofŁ

≤
m coincides withŁm . The second part follows from the first one plus Theorem 8,

after taking into account that the setX(p) mentioned in this last result has the formX(p) =
∆(p,>) for any set∆ of equivalence formulas for the weak logic, hereŁ

≤
m . Hence hereX(p) ={

(p↔>)m−1
}

. However, expression (13) clearly shows that anyŁ
≤
m-equivalent set can replace

X(p). By 10.5 and 10.2,(p↔ >)m−1 a`≤m pm−1 , therefore one can equally useX(p) =
{pm−1}.

Corollary 16 For everym > 2, the logicŁ
≤
m is not weakly algebraizable, hence a fortiori it is

not algebraizable in any sense, whileŁ
≤
2 = Ł2 = CPL (classical propositional logic) is.

Proof: As was said in Section 3, weakly algebraizable logics coincide with their strong ver-
sion. Hence, by Theorem 15, ifŁ

≤
m is so, thenŁ

≤
m = (Ł

≤
m)+++ = Łm . But by Theorem 11

Łm is a proper strengthening ofŁ
≤
m , hence different from it. ThereforeŁ

≤
m cannot be weakly

algebraizable. All this concerns the casem > 2, while for m = 2 the properties ofCPL are
well-known.
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This completes the classification of the logicsŁ
≤
m in the hierarchy. Moreover,Łm is the

“strong version” of Ł
≤
m in two very different senses: On one side,Łm is the logic defined by

preserving truth from the same structure (them-valued algebraSm) with respect to whichŁ
≤
m

is defined by preserving degrees of truth. On the other side, the logicŁm is the strong version,
in the general sense of Abstract Algebraic Logic, of the logicŁ

≤
m , that is,Łm is determined

by the Leibniz filters ofŁ
≤
m . I now show that there is more: Leibniz filters ofŁ

≤
m not only

constitute a defining matrix semantics forŁm but they are exactlyall its filters; moreover, they
can be nicely characterised on arbitrary algebras of the signature of MV-algebras (i.e., not only
on an MV-algebra):

Theorem 17 Let F be anyŁ
≤
m-filter on any algebraA of the signature of MV-algebras. Then

the following conditions are equivalent:

(i) F is a Leibniz filter ofŁ
≤
m .

(ii ) F is anŁm-filter.

(iii ) For all a, b ∈ A, if a ∈ F anda→ b ∈ F thenb ∈ F .

(iv) For all a, b ∈ A, if a ∈ F andb ∈ F thena ∗ b ∈ F .

(v) For all a ∈ A, if a ∈ F thena ∗ a ∈ F .

(vi) For all a ∈ A, if a ∈ F thenam−1 ∈ F .

Proof: (i)⇒(ii) by Theorem 15 and the general definition of
(
Ł
≤
m

)+++
as the logic determined

by the Leibniz filters ofŁ
≤
m . (ii)⇒(iii) as it is easy to check thatp, p→ q ` q is a rule of

Łm . (iii)⇒(iv) because the formulap→ (q → p ∗ q) is a theorem ofŁ
≤
m , by 10.6, andF is

a filter of this logic. (v) is a particular case of (iv). From (v) one gets, by iteration, that if
a ∈ F thena2k ∈ F for all k 6= 0, in particular for2k ≥ m − 1; but then by 10.7 the rule
p2k ` pm−1 holds for Ł

≤
m , so am−1 ∈ F becauseF is by assumption anŁ

≤
m-filter. Finally

only the proof of (vi)⇒(i) remains. By Theorem 14 we can use the characterization (2) of
the Leibniz congruence of anyŁ

≤
m-filter F on an arbitrary algebraA; this means that for all

a, b ∈ A , 〈a, b〉 ∈ ΩA(F ) ⇐⇒ (a↔ b)m−1 ∈ F for any Ł
≤
m-filter F . So assume now thatF

is anŁ
≤
m-filter on A satisfying condition (vi), and letG be anyŁ

≤
m-filter on the sameA such

that ΩA(G) = ΩA(F ). Takea ∈ F ; by assumptionam−1 ∈ F . But as observed during the
proof of Theorem 15,(p↔>)m−1 a`≤m pm−1 , andF is closed under all rules ofŁ

≤
m , therefore

(a↔ 1)m−1 ∈ F , that is,〈a, 1〉 ∈ ΩA(F ) = ΩA(G). Since1 ∈ G, by compatibility also
a ∈ G. This shows thatF ⊆ G and completes the proof thatF is Leibniz.

Corollary 18 The logicŁm is the inferential strengthening of the logicŁ
≤
m by any of the fol-

lowing proper rules:

p , p→ q ` q (i.e., the rule of Modus Ponens)

p , q ` p ∗ q
p ` p ∗ p
p ` pm−1
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One sometimes thinks ofŁ
≤
m as “Łm minus Modus Ponens”. It is an open problem to find

a Hilbert-style presentation ofŁ
≤
m ; if one is found then adding to it any of the rules in Corollary

18 will yield one of Łm . Unfortunately, the existing presentations ofŁm do not help in this
problem because they have only one rule of inference, namely Modus Ponens. A Gentzen-
style presentation ofŁ

≤
m has been proposed, without proof, in [22]. There are other syntactical

relations between the two logics; besides that of Theorem 15 there is the following particular
case of Theorem 11: For allϕ0, . . . , ϕn−1, ψ ∈ Fm,

ϕ0, . . . , ϕn−1 `
≤
m ψ ⇐⇒ `m ϕ0 ∧ · · · ∧ ϕn−1 → ψ. (20)

A consequence of these relations is:

Theorem 19 The sets of logics{Ł
≤
m : m ≥ 2} and {Łm : m ≥ 2} are isomorphic ordered

sets when ordered under the “strengthening” relation, and haveCPL (classical logic) as their
common upper bound. These sets are lattices where the infimum and supremum operations are
given by the following arithmetical operations on subindexes:

m ∧ k = lcm(m− 1, k − 1) + 1 (21)

m ∨ k = gcd(m− 1, k − 1) + 1 (22)

Proof: The “strengthening” relation is clearly an ordering relation between logics, that is, be-
tween the consequence relations considered set-theoretically. From (20) it follows that for all
m, k ≥ 2 , `≤m ⊆ `≤k if and only if the set of theorems of̀m is included in the set of theorems
of `k . It is well-known [24, Theorem 9.1.2] that this happens if and only ifk−1 dividesm−1,
which is equivalent to saying thatSk is a subalgebra ofSm . By the way the logics are defined
from the algebras, this obviously implies that`m ⊆ `k . To show that this in turn implies that
`≤m ⊆ `≤k one needs just to apply the property (20), which reduces derivability inŁ

≤
m to the-

oremhood inŁm , and the same fork. This completes the proof that the two ordered sets are
isomorphic. Using the same fundamental properties it is easy to show that both sets are lattices
with the lattice operations corresponding to the operations on indexes expressed by (21) and
(22), that is,Ł

≤
s = Ł

≤
m∧Ł

≤
k if and only if Łs = Łm∧Łk if and only if s = lcm(m−1, k−1)+1,

andŁ
≤
s = Ł

≤
m ∨ Ł

≤
k if and only if Łs = Łm ∨ Łk if and only if s = gcd(m − 1, k − 1) + 1.

Finally, clearlyŁ
≤
2 = Ł2 = CPL, and since1 dividesm− 1 for all m ≥ 2, it is clear thatCPL

is the common upper bound of both sets, in fact their maximum.

In the next section the lower bounds of each of the two sets will be determined.

5 Logics defined from infinite subalgebras of the real unit interval

Logics of this kind have been analysed in [15, Section 3C] as examples of the notion of “strong
version” of a protoalgebraic logic, in a context where the logics need not necessarily be finitary,
that is, they are what in Section 1 was called “consequence relations”; they were also denoted
by Ł

≤
S andŁS , as in the present paper, but the reader should not be confused: the “logics” of

[15] are slightly different from those of the present paper. More precisely:
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Theorem 20 Let S be a non-trivial subalgebra of[[[0,1]]] and consider the two consequence
relations defined by using the non-finitized schemes(3) and (5) by takingA = S and Val =
Hom(Fm,S). Then each of these consequence relations is finitary if and only if the algebra
S is finite.

Proof: I have already observed in Section 2 that these consequences are those defined by a
single matrix (6) and by a set of matrices (7), respectively. Now, ifS is finite then the matrix
(6) is finite, while the set of matrices (7) is a finite set of finite matrices. So both consequence
relations are defined by a finite set of finite matrices, and it is well-known (see [44, Theorem
4.1.7] for instance) that such a consequence is finitary. Now assume that the algebraS is infinite.
By MCNAUGHTON’s Theorem [24, Theorem 9.1.8], it is easy to see that for eachk ∈ ω there

exists a formulaϕk(p) in one variablep such that for alla ∈ [0, 1], ϕ[[[0,1]]]
k (a) = 0 iff a ≤ k+1

k+3

andϕ[[[0,1]]]
k (a) = 1 iff a ≥ k+2

k+3 . Now takeΣ = {ϕk(p) : k ∈ ω} and letS ⊆ [[[0,1]]] be an infinite
subalgebra. The consequence relations defined fromS by (3) and (5) will be represented inside
this proof by`1 and`≤ respectively, as in Section 2. Clearly,`≤ ⊆ `1 . It is straightforward
to check thatΣ `1 p andΣ `≤ p. However, ifΣ0 ⊆ Σ is finite, thenΣ0 6`1 p: This follows
from the fact, proved in Proposition 3.5.3 of [8], thatS , being infinite, must be a dense subset
of [0, 1]; therefore for eachn ∈ ω there is somean ∈ S with n+2

n+3 < an < 1, hence by the

construction of the formulasϕS
k (an) = ϕ

[[[0,1]]]
k (an) = 1 for all k ≤ n while an 6= 1. This

shows thatΣ0 6`1 p and a fortioriΣ0 6`
≤
p. Thus, neither of the two consequence relations is

finitary.

By Definition 9, the logicsŁ
≤
S andŁS in the present paper are finitary, hence they do not

coincide with the consequence relations denoted by the same symbols in [15]. Moreover, since
the general framework of semilattice-based logics summarized in Section 3 relies heavily on the
logics being finitary, this also says that whatever results one can obtain from it cannot be based
on those of [15, Section 3C].

The logics defined from the whole algebra[[[0,1]]] will play a special role from now on, so
for ease of notation I will denote them byŁ

≤
∞ andŁ∞ instead ofŁ

≤

[[[0,1]]] andŁ[[[0,1]]] respectively.

Notice thatŁ∞ is thefinitary logic defined by the matrix
〈
[[[0,1]]] , {1}

〉
; that the consequence

relation defined from this matrix is non-finitary (as Theorem 20 states for all infiniteS) was
first noticed by ẂOJCICKI in [43]. The tautologies of this matrix form what is usually called
the infinite-valued Łukasiewicz logic. After their axiomatization by ROSE and ROSSER, and
independently by CHANG, it was proved by HAY [26] that Ł∞ coincides with the logic ax-
iomatized by those tautologies and the rule of Modus Ponens; see also [8, p. 101] and [25,
Theorem 3.2.13]. RODRÍGUEZ, TORRENSand VERDÚ proved in [37] that it is finitely, strongly
and regularly algebraizable, that its equivalent algebraic semantics is the classMV of all MV-
algebras and that on eachA ∈ MV the Ł∞-filters coincide with theimplicative filters, i.e.,
thoseF ⊆ A such that1 ∈ F andF is closed under Modus Ponens (ifa, a→ b ∈ F then
b∈ F ). As a consequence,Ł∞ is the logic defined by the class of matrices{

〈A, F 〉 : A ∈ MV , F ⊆ A is an implicative filter
}
. (23)

The proofs in [37] show that the set of equivalence formulas forŁ∞ is the set{p→ q , q→ p},
which can be replaced in this function by the single formulap↔ q.
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Recall that, as a particular case of Theorem 11,Ł
≤
∞ andŁ∞ are linked by the relation

ϕ0, . . . , ϕn−1 `
≤
∞ ψ ⇐⇒ `∞ ϕ0 ∧ · · · ∧ ϕn−1 → ψ. (24)

Concerning the other logics defined by preservation of truth from infinite subalgebras of[[[0,1]]],
one finds:

Theorem 21 The logicsŁS for an infiniteS ⊆ [[[0,1]]] depend only on the rationals contained
in S . That is, ifS and T are two infinite subalgebras of[[[0,1]]] then ŁS = ŁT if and only if
S∩Q = T ∩Q. Moreover, all the logicsŁS have the same theorems for all infinite subalgebras
S of [[[0,1]]].

Proof: It is obvious that ifS ⊆ [[[0,1]]] then the logicŁS is a strengthening ofŁ∞ . Hence all
theseŁS are algebraizable with equivalent algebraic semantics the quasivarietyQ(S), which is
a subclass of the varietyMV, and with the same equivalence formulap↔ q. Now, in Theorem
2.9 of [23] it is shown thatQ(S) = Q(T ) if and only if S∩Q = T ∩Q. Since an algebraizable
logic is completely determined by its equivalent algebraic semantics and its defining equations,
this establishes the first part of the statement. Now, again by algebraizability, the theorems of
ŁS are translated into the equations holding in the quasivarietyQ(S), which are those holding
in the variety generated byS . But it is a straightforward consequence of a well-known theorem
of L INDENBAUM [29, Theorem 16] that this variety is always (for an infiniteS) the whole
varietyMV, hence all theseŁS have the same theorems. This establishes the second part of the
theorem.

Thus, only the logics defined by preservation of truth inside afinite truth-value-algebra have
particular theorems. This constitutes another proof that the topic of the present section can only
be of interest for those interested in theinferentialside of logic: for infiniteS , the logicsŁS are
purely inferential strengthenings ofŁ∞ . Actually, the general theory of algebraizability shows
that any set of quasiequations definingQ(S) relatively toMV yields, when translated through
the equivalence formula, an axiomatization of the additional rules ofŁS with respect toŁ∞ . In
particular, in the cases whereS contains all rationals in[0, 1] theŁS is equal toŁ∞ .

For logics defined by preservation of truth, there is not a one-to-one correspondence between
logics and infinite subalgebras of[[[0,1]]]. The case of the logics defined by preservation of degrees
of truth the situation is even worse:

Theorem 22 If S is an infinite subalgebra of[[[0,1]]] thenŁ
≤
S = Ł

≤
∞ .

Proof: This is due to the fact that by definition all these logics are semilattice-based with re-
spect toS and hence, by the properties summarized in Section 3, with respect toV(S). As
I have already recalled in the previous proof, by LINDENBAUM ’s result [29, Theorem 16], for
an infinite S all these varieties are equal and coincide withMV. Therefore all these logics
coincide with the logic that is semilattice-based with respect toMV, that is, withŁ

≤
∞ .

Thusthere is only one logic defined by preservation of an infinite number of degrees of truth
in [[[0,1]]], namelyŁ

≤
∞ . Some of its properties follow from the general theory of Section 3: it is

selfextensional and has conjunction, andAlgŁ
≤
∞ = MV; moreover, on each of these algebras
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its filters are the lattice filters. As a consequence, in parallel with (23),Ł
≤
∞ is the logic defined

by the class of matrices{
〈A , F 〉 : A ∈ MV , F ⊆ A is a lattice filter

}
. (25)

From this one can also infer thatŁ
≤
∞ it coincides with the logic denoted asCV in [22]. In

this paper a Gentzen calculus is presented that is claimed (without proof) to be a Gentzen-style
presentation of this logic; a reasonable conjecture is that the Gentzen system defined by this
calculus is the (unique) Gentzen system fully adequate forŁ

≤
∞ , which exists by the general

theory of [16].

By Theorem 11, each logicŁS defined by the truth-preserving scheme is different from
the corresponding logicŁ

≤
S defined by the preservation of degrees of truth scheme. Corollary

18 provides an exact, Hilbert-style relationship between each two them in the caseS is finite,
and in Theorem 19 a global relationship between the two families has been established. By
Theorems 21 and 22, there is no hope that such results can be replicated in the infinite case, for
most of the logics of the first kind coincide, as doall those of the second. It is only reasonable
to expect that something similar holds for the weakest cases ofŁ∞ andŁ

≤
∞ . However:

Theorem 23 (GIL , TORRENS, VERDÚ) The logicŁ
≤
∞ is not protoalgebraic.

Proof: This result is in fact a corollary to Theorem 5 of [22] that characterizes the protoalge-
braic strengthenings of the logic denoted there asCV , which as observed before should be equal
to the logic here denoted asŁ

≤
∞ . Since [22] appears in a proceedings volume very difficult to

find, and moreover contains no proofs, it may be of interest to give here a direct proof.

An elementa of an MV-algebraA is archimedean, according to [8, Corollary 6.2.4], when
there is an integern ≥ 1 such that¬a ∨ na = 1; an MV-algebra all whose elements are
archimedean is calledhyperarchimedean[8, Definition 6.3]. LetA be any such algebra, for
instance the direct product of the algebrasSm for all m ≥ 2 (see [8, Chapter 6] or [40, Section
3.A]) and leta ∈ A be any non-archimedean element ofA. LetF = Fi(¬a) be the implicative
filter generated by¬a; this set is both anŁ

≤
∞-filter (thus, a lattice filter) and anŁ∞-filter.

This last logic is algebraizable, hence equivalential, therefore (2) can be used with∆(p , q) =
{p→ q , q→ p}. Sincea→ 0 = ¬a ∈ F by construction, and0 → a = 1 ∈ F because all
filters contain the maximum, by (2)〈a, 0〉 ∈ ΩA(F ). If by contradiction one assumes thatŁ

≤
∞

is protoalgebraic, then by [11, Corollary 1.1.11] from the fact that〈a, 0〉 ∈ ΩA(F ) it follows
thata and0 must belong to the sameŁ

≤
∞-filters onA that containF ; in particular this implies

that0 ∈ Filt(F , a), the lattice filter generated byF ∪ {a}. SinceF is itself a lattice filter, by
standard lattice-filter generation this means that0 = b ∧ a for someb ∈ F = Fi(¬a). Now
the characterization of implicative filters in MV-algebras found in [8, Proposition 4.2.9] or [40,
1.19] can be used, which is an algebraic version of the Local Deduction Theorem forŁ∞ , that
is, thatFi(¬a) = {c ∈ A : (¬a)n ≤ c for somen ≥ 1}. Hence(¬a)n ≤ b for somen ≥ 1
and thus(¬a)n ∧ a = 0, which by the De Morgan Laws for both the pairs(∧ ,∨) and(⊕ , ∗) is
equivalent tona ∨ ¬a = 1, which would mean thata is archimedean, against the assumption.
ThereforeŁ

≤
∞ cannot be protoalgebraic.

Thus, the general theory developed in [15] for protoalgebraic logics cannot be applied to
find out an abstract relationship betweenŁ

≤
∞ andŁ∞ . We can instead consider the following,
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truly general definition of a “strong version” of a logic: Given an arbitrary logicS , one can
always consider the logicSmin defined by the class of matrices{

〈A, F 〉 : A ∈ AlgS , F =
⋂
FiSA

}
,

that is, the logic defined by taking only the smallest matrix on eachS -algebra. Since each of
these matrices is of course anS -matrix, the logicSmin is a strengthening ofS . And in the
present case one obtains:

Theorem 24 (Ł
≤
∞)

min
= Ł∞ .

Proof: SinceAlgŁ
≤
∞ = MV and on any MV-algebra the leastŁ

≤
∞-filter is {1}, the logic

(Ł
≤
∞)

min
is the logic defined by the class of matrices

{〈
A , {1}

〉
: A ∈ MV

}
. But MV is

the equivalent algebraic semantics forŁ∞ and{1} is the designated filter on eachA ∈ MV,

therefore(Ł
≤
∞)

min
coincides with the logicŁ∞ .

Thus the relation betweenŁ
≤
∞ and Ł∞ is parallel to that found betweenŁ

≤
m and Łm for

each finitem: On one handŁ∞ is the logic defined by preserving truth from the same structure
(the real unit interval) with respect to whichŁ

≤
∞ is defined by preserving degrees of truth. On

the other side, the logicŁ∞ is the strong version, in a different abstract sense, of the logicŁ
≤
∞ .

There is also a version of Corollary 15:

Theorem 25 The logicŁ∞ is the inferential strengthening of the logicŁ
≤
∞ by any of the fol-

lowing proper rules

p , p→ q ` q (i.e., the rule of Modus Ponens)

p , q ` p ∗ q
p ` p ∗ p

or by the infinite set of proper rules

p ` pn for all n ≥ 2 .

Proof: AlgŁ
≤
∞ = AlgŁ∞ = MV and by Theorem 2.22 of [14], each logicS is complete

with respect to the class of matrices
{
〈A , F 〉 : A ∈ AlgS , F ∈ FiSA

}
; hence it is enough

to compare the filters of the two logics in the class of MV-algebras. It is true that anŁ
≤
∞-

filter on an MV-algebra is just a lattice filter, and that anŁ∞-filter on an MV-algebra is just an
implicative filter. And as a consequence of Proposition 9 of [18], see also [8, Lemma 4.2.7],
a lattice filter on an MV-algebra is an implicative filter if and only if it is closed under Modus
Ponens, and also if and only if it is closed under the rulep, q ` p ∗ q. This shows that the
first two rules do axiomatizeŁ∞ relatively toŁ

≤
∞ . In order to show that the apparently weaker

rule p ` p ∗ p also definesŁ∞ from Ł
≤
∞ , I show that anŁ

≤
∞-theory that is closed under it is

also closed under the rulep, q ` p ∗ q: Let Γ be any such theory, andϕ,ψ ∈ Γ . Take any
t ∈ [0, 1] and anyv ∈ Hom(Fm, [[[0,1]]]) such thatv(γ) ≥ t for all γ ∈ Γ . In particular
v(ϕ) , v(ψ) ≥ t. Since[0, 1] is linearly ordered, let’s sayv(ϕ) ≤ v(ψ). By monotonicity of
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∗, v(ϕ ∗ ϕ) = v(ϕ) ∗ v(ϕ) ≤ v(ϕ) ∗ v(ψ) = v(ϕ ∗ ψ). But by assumptionϕ ∈ Γ implies
ϕ ∗ ϕ ∈ Γ , and one concludes thatv(ϕ ∗ ψ) ≥ t. Sincet andv are arbitrary, this shows that
Γ `≤∞ ϕ ∗ ψ, which impliesϕ ∗ ψ ∈ Γ becauseΓ is assumed to be anŁ

≤
∞-theory. Finally, an

Ł
≤
∞-theory closed under the rulep ` p ∗ p is also closed under all rulesp ` p2k

for all k ≥ 1,
by iteration. Since byp2k ` pn whenn ≥ 2k is also a rule ofŁ

≤
∞ , such theory is also closed

under all rulesp ` pn for all n ≥ 2. That all these rules are proper follows from Theorem 11
and their mutual equivalence just established.

Again, as in the finite case, I do not know of a Hilbert-style presentation ofŁ
≤
∞ , while a

Gentzen-style one is proposed, without proof, in [22].

While the last results have been logical applications of the main results, I offer below an
algebraic application of the logical results:

Proposition 26 Let A be an MV-algebra, and letF be a lattice filter onA. Then the largest
implicative filter onA contained inF is the setG = {a ∈ A : ak ∈ F for all k ≥ 1}.

Proof: It is clear thatG ⊆ F , becausea1 = a. In order to see thatG is an Ł
≤
∞-filter,

one assumes thatϕ0, . . . , ϕn−1 `≤∞ ψ and thath(ϕ0), . . . , h(ϕn−1) ∈ G for someh ∈
Hom(Fm,A); by definition ofG this means that for allk ≥ 1,

(
h(ϕ0)

)k
, . . . ,

(
h(ϕn−1)

)k ∈
F . Now by Proposition 10.1 alsoϕk

0, . . . , ϕ
k
n−1 `

≤
∞ ψk , and sinceF is anŁ

≤
∞-filter, one con-

cludes thath(ψk) ∈ F for all k ≥ 1, that is,h(ψ) ∈ G. This shows thatG is an Ł
≤
∞-filter.

By its own definitionG is trivially a model of the rulep ` p ∗ p, hence by Theorem 25 it is
an Ł∞-filter, that is, an implicative filter. Finally, letH ⊆ F be another implicative filter, and
a ∈ H . Again by Theorem 25ak ∈ H for all k ≥ 1, soak ∈ F for all k ≥ 1, which implies
a ∈ G, that is,H ⊆ G. ThusG is the largest such implicative filter.

The final observation on the logics examined in this paper is a relation between the finite
and the infinite cases. At the end of Section 4 I promised to determine the lower bounds of the
families of logics generated by the two schemes from finite subalgebras of[[[0,1]]], that is, of the
families of all Ł

≤
m and of all theŁm . In doing this one finds an interesting fact: the desired

infima are not the same if computed in the (natural) lattice of all logics over the same language,
or if computed in the larger lattice of all consequence relations over the same language; such
sets are complete lattices, see [44, Section 1.5].

Theorem 27 The infimum of the family{Ł
≤
m : m ≥ 2} in the lattice of all (finitary) logics is the

logic Ł
≤
∞ , while the infimum of the same family in the larger lattice of all consequence relations

is a non-finitary logic different fromŁ
≤
∞ .

Proof: This uses TARSKI’s theorem [29, Theorem 20] thatV
(
{Sm : m ≥ 2}

)
= V

(
[[[0,1]]]

)
=

MV; see also [8, Proposition 8.1.2]. Then the following chain of equivalences should be obvi-
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ous:

ϕ0, . . . , ϕn−1 `
≤
m ψ for all m ≥ 2

⇐⇒ `m ϕ0 ∧ · · · ∧ ϕn−1 → ψ for all m ≥ 2 by (20)

⇐⇒ ϕ0 ∧ · · · ∧ ϕn−1 → ψ ≈ > holds inSm, for allm ≥ 2
⇐⇒ ϕ0 ∧ · · · ∧ ϕn−1 → ψ ≈ > holds inMV by TARSKI’s Theorem

⇐⇒ `∞ ϕ0 ∧ · · · ∧ ϕn−1 → ψ by algebraizability

⇐⇒ ϕ0, . . . , ϕn−1 `
≤
∞ ψ by (24).

SoŁ
≤
∞ = inf{Ł

≤
m : m ≥ 2} in the lattice of (finitary) logics (over the same language, of course).

Now putS∞ = infc{Ł
≤
m : m ≥ 2}, the infimum of the same family in the bigger lattice of all

consequence relations. That is, for allΓ ⊆ Fm and allψ ∈ Fm, Γ `S∞ ψ if and only if
for all m ≥ 2 , Γ `≤m ψ. Therefore,Ł

≤
∞ is the finitary part ofS∞ , and so seeing thatS∞ is

non-finitary and seeing thatS∞ 6= Ł
≤
∞ amount to the same thing. Consider the set of formulas

in two variables∆(p, q) =
{
(p↔ q)m−1 : m ≥ 2

}
. By Theorem 14,p, (p↔ q)m−1 `≤m q

for eachm ≥ 2, hence a fortiorip,∆(p, q) `≤m q for all m ≥ 2, and thusp,∆(p, q) `S∞ q.
However,p,∆(p, q) 6`≤∞ q. In order to see this, sinceŁ

≤
∞ is finitary andps ` pt whenever

s ≥ t ≥ 1, it is enough to see thatp, (p↔ q)m−1 6`≤∞ q for eachm ≥ 2. Form = 2 it is
enough to takev(q) < v(p) while for m > 2 takev(p) = 1/2 and m−3

2m−4 < v(q) < 1/2; a
straightforward computation shows that in both casesv(q) < v(p) ∧ v

(
(p↔ q)m−1

)
, which is

againstp, (p↔ q)m−1 6`≤∞ q.

Thus, this yields a beautiful, natural example that the lattice of all logics on a fixed language
is not acompletesublattice of the lattice of all consequence relations over the same language;
notice that by [44, Theorem 1.5.6] the former is indeed a sublattice of the latter. At the same
time, since by Theorem 14 allŁ

≤
m are protoalgebraic while by Theorem 23Ł

≤
∞ is not protoal-

gebraic, this also shows that the set of all protoalgebraic logics (over a fixed language) is not a
complete sublattice of the lattice of all logics either. As the logicsŁ

≤
m are all finitely equivalen-

tial, the same applies to the sets of all equivalential logics and of all finitely equivalential logics
(always on the same language). However, the issue of the order structure of all these particular
sets has not been touched in depth in the literature; it is however known that each of these sets
is closed under strengthenings, see [11, pages 71,187,316].

Finally, almost the same situation is found for the strong versions:

Theorem 28 The infimum of the family{Łm : m ≥ 2} in the lattice of all (finitary) logics is the
logic Ł∞ , while the infimum of the same family in the larger lattice of all consequence relations
is a non-finitary logic different fromŁ∞ .

Proof: The proof of the first part is similar to the first part of the proof of Theorem 27, but
using a much more recent and sophisticated algebraic result. By definition of the logicsŁm , the
entailmentϕ0, . . . , ϕn−1 `m ψ holds for allm ≥ 2 if and only if the quasiequation

ϕ0 ≈ > & . . . & ϕn−1 ≈ > ⇒ ψ ≈ > (26)
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holds inSm for all m ≥ 2, that is, iff (26) holds in the quasivariety generated by the family
of algebras{Sm : m ≥ 2}. Clearly, the union of all their universes contains all the rational
points in[0, 1], hence as a consequence of Theorem 3.8 of [23] this quasivariety coincides with
the variety generated by the same family, which by TARSKI’s Theorem used in the preceding
proof, is the whole classMV. Then, by the algebraizability ofŁ∞ with MV as equivalent
algebraic semantics, (26) holds inMV if and only if ϕ0, . . . , ϕn−1 `∞ ψ. This proves that
Ł∞ = inf{Łm : m ≥ 2}. In order to prove the second part of the theorem one considers
S∞ = infc{Łm : m ≥ 2}, the infimum of the same family in the bigger lattice of all conse-
quence relations. To reach a contradiction let’s assume that this consequence is finitary; then it
belongs to the smaller lattice and henceS∞ = Ł∞ . By definitionŁ∞ is the finitary part of the
consequence relation defined by the infinite matrix

〈
[[[0,1]]], {1}

〉
, which I denote byS∞ . As I

recalled before and is well-known,S∞ is not finitary, hence it is strictly stronger than its finitary
partŁ∞ . But for eachm ≥ 2, the matrix

〈
Sm , {1}

〉
is a submatrix of

〈
[[[0,1]]], {1}

〉
, and by [11,

Proposition 0.3.3] the consequence it defines is stronger than that defined by the larger matrix:
EachŁm is stronger thanS∞ , hence so is their infimum in the bigger lattice, that is,S∞ = Ł∞
is stronger thanS∞ , which contradicts the fact proved before thatS∞ is strictly stronger than
Ł∞ . This shows thatS∞ is non-finitary and hence different fromŁ∞ .

The distinction between the greatest lower bounds of each family in the two different com-
plete lattices does not carry over to their lowest upper bound: By Theorem 19 they coincide
with CPL = Ł2 = Ł

≤
2 , which is a member of both families, hence it is actually their maximum

inside the two lattices.

6 Conclusions

In this paper I have presented the theory of semilattice-based logics as a formalization, in the
context of Abstract Algebraic Logic, of the (already known) idea ofpreserving degrees of truth,
a scheme for semantic definition of logics particularly suited for multiple-valued logics opposed
to the (more standard) scheme ofpreservation of truth. After summarizing the main notions
and results in this theory, I have applied it, together with other more general parts of Abstract
Algebraic Logic, to the study of the logics obtained in both ways from a single subalgebra of
the real unit interval, endowed with Łukasiewicz’s operations. The algebraic counterparts of
these logics have been determined, and they have been classified according to the so-called
protoalgebraic hierarchy. Some further properties have been obtained, either of an algebraic or
of a logical character. The behaviour of the logics resulting from finite subalgebras has been
seen as much more standard and regular than that of those arising from infinite subalgebras; in
particular, the scheme of preservation of degrees of truth obtains only one logic in the latter case,
while the scheme of preservation of truth obtains a different logic for each infinite subalgebra
containing different sets of rationals from the real unit interval.

An interesting observation arises, that preservation of truth seems to depend on the rational
points belonging to the defining truth-value algebra, while preservation of degrees of truth seems
to do so only in case there are only a finite number of degrees of truth to be preserved. No
interpretation of this fact has been attempted at.

The development of the last two sections of the paper shows many examples of how the
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interplay logic-algebra works, and in both directions. General theories of logic and of its alge-
braization have been used, as well as central notions of universal algebra. More importantly,
several deep facts concerning the algebraic properties of the particular classes of algebras in-
volved have been used in an essential way in order to obtain some of the main logical results.

I have given just a sample of how these methods work when dealing with logics defined from
a subalgebra of the real unit interval. Clearly this does not exhaust the family of multiple-valued
logics defined by preservation of degrees of truth in this context; actually, there is one such
logic for each proper subvariety of the varietyMV of all MV-algebras. By LINDENBAUM ’s
and TARSKI’s Theorems quoted before, such a subvariety can contain only a finite number of
the subalgebrasSm and can contain no infinite subalgebra of[[[0,1]]]; KOMORI [27] described all
such subvarieties. The situation concerning subquasivarieties ofMV (which are related with the
logics obtained by preservation of truth) is far more complicated; those generated by families of
subalgebras of[[[0,1]]] have been classified and described in [23].

The paper also shows the importance of having a general framework, as a way of placing
the investigations on particular logics and/or particular classes of algebras in the context of a
more far-reaching research program. I think that the contents of the paper shows that Abstract
Algebraic Logic is a good candidate for playing such a role, and offers some powerful tools for
these tasks.
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[42] WÓJCICKI, R. Matrix approach in the methodology of sentential calculi.Studia Logica 32(1973),
7–37.
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